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HADAMARD’S THEOREM FOR DIRICHLET SERIES 


By S. Bocuner 
(Received October 31, 1939) 


If two functions with the expansions 
f(z) = a + az t+ ae +---, 
g(z) = bo + biz + bez” + --- 
are analytic in the stars S,, S, respectively then the composite function 
h(z) = dobo + aybyz + aebez” + --- 


is analytic in the composite star S, X S,. If in polar coérdinates (7, t), 0 S 
t < 2x, the vertices of S, and S are given by r = A(t) and r = B(t) then the 
vertices r = C(t) of the composite star are defined by 


C(t) = inf, A(r)B(t — 7). * 


The transformation z = e*, s = o + it transforms a star into a domain of 
the form 


g(t)<a< @ —w <i< oo, 


For arbitrary ¢(é) the latter domain will be denoted by Diy). The composite 
of domains D(v), D(W) is a domain D(x), and 


(1) x(t) = sup, {y(r) + ¥(t — 7)}. 
For Dirichlet series in general it is no longer true that if the functions 
F(s) = Dae, G(s) = Lib. (An 2 0) 
are analytic in D(y) and D() then the function 
(2) H(s) = 2D) anbne 


exists and is analytic in D(x). The problem was investigated by Mandelbrojt’ 
and he has established comprehensive results. 

In the present note we will give another type of generalization of Hadamard’s 
theorem. In some respects it will be less comprehensive than that of Mandel- 
brojt, however it will have the advantage of closely resembling the original 


‘This is a well known theorem of Hadamard. For a proof see e.g. 8S. Bochner and 
a Martin, Singularities of composite functions in several variables, Annals of Math. 
38 (1937), pp. 293-302, Annex. 

*See Vladimir Bernstein, Series de Dirichlet, 1933, Chapitre VIII. 
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theorem on power series and referring to almost periodic functions’ in general 
rather than to functions whose Dirichlet exponents d, form a monotone sequence. 

In what follows every function of the real variable ¢(r, etc.) will be assumed, 
or constructed to be almost periodic (in the original definition of H. Bohr). 
For any ¢(t) we will say that the function F'(s) belongs to class C, if it is analytic 
and bounded in D(g) and almost periodic in some half-plane D(a), a = constant. 
With these definitions the following theorem holds. 

TurorEeM. If F(s) belongs to C, and G(s) belongs to C, then H(s) exists and 
belongs to C,+s for any positive constant 6. 

The proof will consist of several steps. 

1. The existence of H(s) is quite easy to demonstrate. It can be constructed 
as a line “integral” by either expression 


M,{F(6 + ir)G(s — 6 — tr)} (6 > sup ¢(r)) 
M,{F(s — 6 — ir)G(6 + i7)} (6 > sup y(t) 


the symbol M,h(r) denoting as usual the mean value of the given almost 
periodic function h(r). The almost periodic nature, and the form (2) of the 
Dirichlet series of the function H(s) can be easily derived from either expression 
if we approximate either F(s) or G(s) by an exponential polynomial. 

2. We will use the symbol D(g; y) to denote the domain 


g(t)<o< vd), —2 <t<»; 


thus the previously defined symbol D(g) takes the place of D(g; «). Our first 
assertion is that if F(s) is analytic and bounded in D(g) then for any constant 
p > O and any constant a > p + sup ¢(é) the function F(s) is continuous uni- 
formly for s C Diy + p; a) and for | F(s) | S 1. 

If the assertion were false there would exist a sequence {F,(s)} and two 
sequences of points {a,} and {b,} in De + p; a) such that a, — b, tends to 0 
but F,.(a,) — Fn(bn) does not tend to0. Putting a, = p, + ig, we may assume 
(replacing the sequence of indices {n} by a subsequence) that the sequence of 
functions {g(t + qn)} converges uniformly to a limit function ¢*(t) and we may 
assume that for all n and ¢, 


| o(t + qn) — ¢*(t) | < 0/3. 
Thus the functions 
P,(8) = Fa(s + 1qn) 
would be analytic and uniformly bounded in D(g* + p/3), but for a sequence 
of points a, = Pr ¢ + 2p/3 < pa S a, and another sequence of points bs 


the difference a’, — b/, would tend to 0 but not the difference P,(a,) — Pa(bs): 
This nowever i is a contradiction to the fact that a family of functions which are 


3 For rae ‘eine functions of real and complex variables see A. S. Besicovitch, 
Almost periodic functions, 1932, 
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uniformly bounded in a domain are uniformly continuous in every compact 


subset of the domain. 
3. Furthermore, corresponding to any ¢« > 0 there exists a 5 = 4(e, y, p, a) 
such that the inequality 
| F(a + it)| 56 
implies the inequality 
|F(s)| Se fors C Diy + 9; a). 


Otherwise there would exist a sequence {F,,(s)} and a sequence of points {a,} 
in Div + p; a) such that 


sup: | F(a + it) | 0, 


but F,.(a,) does not tend to 0. Introducing all symbols as in 2, the sequence 
P,(s) would be uniformly bounded in the domain D(g* + p/3), convergent to 0 
on the line ¢ = a, but not uniformly convergent to 0 on a compact set of the 
latter domain, and this is a contradiction to Vitali’s theorem. 

4. If F(s) belongs to C, , if p is a positive constant, and if A(t) = o(t) + p 
then the function 

A) = FAW + i) 

is almost periodic. If {A(é)} is a set of functions belonging to a normal (that 
is compact) family* then the corresponding family {f,(t)} is again normal. 
We have to show that each sequence {7,} contains a subsequence {t,} such that 
the sequence of functions f,(¢ + t,) is convergent, uniformly in all ¢ and all X. 
We first choose {t,} in such a way that 


| e(t + tr) — o*(t)| < p/3 


holds. Then the functions F,(s) = F(s + it,) are analytic and uniformly 
bounded in D(g* + p/3). F(s) being almost periodic for ¢ = a we may now 
require from ¢, that the sequence F,,(s) shall converge uniformly in ¢ for ¢ = a. 
Denoting the limit function by F*(s) and denoting A(t + t,) by An(t) we have 


Alt + tm) — alt + the) = Fin(Am + tt) — Fa(An + it) 
= {Fa(Xm + tt) — F*(Am + it)} + {F*(Am + tt) — F*(A, + it)} 
+ {F*(A, + it) — Fa(dn + it)}. 
= Ri + Re+ Rs. 


Applying 3 to the functions F* — F,, and F* — F, we see that R, and R; tend 
uniformly to0 as m,n—> ©. Similarly, applying 2 to F* we see that Re tends 
uniformly to 0 if we impose the further requirement on {t,} that the sequence 
(M(t + ¢,)} shall be convergent uniformly in all ¢ and all \. This completes 


the proof of our statement. 
aM i. 

‘S. Bochner, Beitrage zur theorie der fastperiodischen Funktionen, Math. Annalen, 96 
(1926), 119-147, 5, 
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5. The symbols ¢, ¥, x being those introduced in the theorem, if 
(3) o(t) + p < golt) < v(t) + 2p, 


if go(t) has an almost periodic derivative, and if S is a compact set in D(x + 3p) 
then the family of functions 


h(t) = F(go(r) + t7)-G(s — go(r) — tr) sc 8 
isanormal class. In fact, writing s = o + itand A,(r) = o — g(t — +) we have 
G(s — go(t) — tr) = GA(t — 7) + a(t — 7)). 

However 
A(t) = « — got — 7) = x(t) + 3p — volt — 7) 
= g(t — r) + V(r) + 3p — gol(t — 7) = V(r) +p 


and our assertion follows from 4. 
In particular we conclude that the limit as 7’— © of the expression 





Hale) = Ft Plevls) + )-G(0 — ele) — i) (AO +) ar 


exists uniformly for s in S and thus defines a function which is analytic and 
obviously also bounded in D(x + 3p). 
Now the last integral is the curve integral 


[ rma - par 


taken along the path ¢ = g(t) + it from t = —T tot = T. By Cauchy’s 
theorem it is, for ¢ > a, the sum of the integral 


[ F(a + ir)G(s — a — ir)dr 


and of the expression 


[ F(x — iT)G(s — x + iT) dx — r 


¢o(—T) ¢ 06 


F(a + iT)G(s — x — iT) dz. 
T) 
Now, the last expression is bounded and therefore, for ¢ > a, 


i ~ ee 
and the right side is our function H(s) as we have shown in 1. 

6. Thus our function H(s) is analytic and bounded in D(x + 3p) if there 
exists a function go(t) which has an almost periodic derivative and for which (3) 
holds. Now, given g(t) and p > 0 we can approximate the function g(t) + 3p/2 
by an exponential polynomial go(t) to within p/2, and this completes the proof 
of our theorem. 


T 
[ F(a + ir)G(s — o — ir)dr 
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ON METRIC ARCS OF VANISHING MENGER CURVATURE’ 


By I. J. ScHoENBERG 


(Received August 10, 1939) 


Introduction 


1. Let I be a metric space which is a simple arc, that is the topological image 
of a closed linear segment. Menger introduced the following purely metric 
definition of curvature ((6], pp. 480, 481).?_ Let q, r, s be any distinct points of I. 
In virtue of the triangle inequality, their mutual distances qr, rs, gs are equal 
to the sides of a certain euclidean triangle. Let p(q, r, s) = 1/x(q, r, s) O < 
p< ~,0 Sx < @) denote the radius of the circle circumscribed to that triangle, 
hence x(q, ’, 8) is its curvature. In fact 


K(q, 7, 8) 


(1) 1 : 
~ grers-gs {(qr + rs + qs)(qr + rs — qs)(qr — rs + qs)(—aqr + rs + qs)}™. 


The space I is said to have in its point p the curvature «(p), provided 
lim x(q, r, 8) = x(p) 


as the distinct points g, 7, s converge independently and simultaneously to p 
(in the sense of the metric of ['). If the arc I is an ordinary straight segment we 
have x(q, r, 8) = O identically. The converse is also true and easy to prove. 
Of course, x(q, r, 8) = 0 implies «(p) = 0 in all points of T. Menger has raised 
the question whether the local limiting condition «(p) = 0, in all points of I, 
does insure that T is congruent to a segment. Menger’s negative answer to this 
question is already justified in view of the following trivial example: Let IT be 
an arc of a circle exceeding half the circumference and metrised with the shorter 
arc length. As any sufficiently small subarc is congruent to a segment we have 
k(p) = 0 without the arc as a whole being congruent to a segment. 

Menger’s investigation of additional conditions on I, which will insure that 
vanishing curvature should imply straightness of the arc, have led him to the 
following theorem ({6], pp. 488-492): 

THEOREM 1 (or MENGER). A simple metric arc T is congruent to a segment if 
and only if (a) T has vanishing curvature in all its points, (8) T enjoys the four-point 
property. 


‘Presented to the American Mathematical Society, December 27, 1939. 
3 Concerning the subject of curvature in metric spaces see Blumenthal’s book [3], Chap- 
terV. Numbers in brackets refer to the list of references at the end of this paper. 
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The additional four-point property (8) means that any four points of T are 
congruent with some four points of the euclidean space £; . 

In the proof of Theorem 1, Menger uses the following proposition ([6], p. 487) 
which will be referred to as the n-lattice theorem for metric ares: For any positive 
integer n, there exists an ordered subset po, Pi, +++, Pn, Of Nm + 1 points of I, 
with po , Pn coinciding with the endpoints of the arc T and such that pop: = pyp2 = 
+++ = Dnr+pn. A set of such points p, is called a n-lattice inscribed in I. 
As pointed out by F. Alt and G. Beer ((1]), Menger’s proof of the n-lattice theo- 
rem is inadequate, and they supplied a proof for the existence of n-lattices, 
provided the are T belongs to, or may be imbedded in a euclidean space. With 
Alt and Beer’s proof of the n-lattice theorem for euclidean arcs, Menger’s proof 
of Theorem 1 became effective, provided condition (8) be replaced by the stronger 
one that I is a euclidean are. 


2. The object of this paper is twofold. Firstly, we shall prove the n-lattice 
theorem for arcs T which are not necessarily metric, but only semimetric with a 
continuous metric (§I below).? Hence Menger’s proof of Theorem 1 becomes 
now fully effective. Secondly, we propose to relax Menger’s condition (8) on 
the are TI still further (§II below), as stated by the following theorem. 

THEOREM 2. A simple metric arc T is congruent to a segment if and only if 
(a)T has vanishing curvature in all its points, (6’) Ptolemy’s inequality holds 
throughout T. 

By Ptolemy’s inequality we mean the relation 


(2) ab.cd + ad-be = ac-bd. 


Condition (8’) of Theorem 2 requires that (2) should be verified by the mutual 
distances of any four points a, b, c,d of T. This clearly amounts to the more 
symmetrical statement that for any four points, the three products of crosswise 
distances 


ab-cd, ac-bd, ad-be 


be equal to the sides of a certain euclidean triangle. 

Let us say that a space is ptolemaic if the inequality (2) holds throughout the 
space. It is known that the euclidean plane E: is ptolemaic. But also F; is 
ptolemaic and therefore also EZ» (m = 1) as well as Hilbert space.’ The triangle 
inequality ab + be = ac, that is, the metricity of a space, neither implies nor 





* I am indebted to Professor L. M. Blumenthal for calling my attention to the problem 
of proving the n-lattice theorem for metric ares and for a stimulating correspondence 
during the preparation of this paper. 

‘In R. A. Johnson’s book [5], p. 64, is found an elegant proof (by inversion) of Ptolemy's 
inequality in the plane. In Johnson’s notation we always have A’C’ < A’B’ + BC, 
whence AB-CD + AD-BC = AC-BD. The proof remains unchanged if A, B, C, D are 
any distinct points in F; ; in this case we perform an inversion with respect to a sphere of 
center D. 
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is it implied by Ptolemy’s inequality (2). On the other hand the four-point 
property clearly implies (2), since E; is ptolemaic. The converse, however, is 
not true. Thus the quadruple of points a, b, c, d with the distances i) 


ab = ad = be = bd = cd = 1, ac = 2, 






is metric and ptolemaic, but not euclidean. It is thus seen that the require- 
ment “metric and ptolemaic” is not as strong as the requirement of the four- 


point property. 











3. In concluding this introduction we shall discuss further examples of non- 
curved and non-straight arcs which might contribute to clarify the contents of 
Theorems 1 and 2. An example due to Menger is the real interval —1 S x S 1 
metrised as follows: zy = |x — y| if z-y 2 0, zy = |z| + |y| — 2’y’ if ‘ 
z-y <0. In spite of its having everywhere zero curvature, no subare —e S ; 
z S< ¢, no matter how small, is metrically a segment ((6], pp. 483-485). i 
A wide class of arcs of this type is readily found as follows. Let the function 
¢(t), defined for t = 0, be subject to the following conditions: f 











(3) o(t) > Oif t > 0; (0) = 0; d(é) is continuous; if the positive numbers a, b, if ‘ 









care the three sides of a triangle also ¢(a), ¢(b), #(c) are sides of a triangle. 








If M is a metric space of distance function pq, it will still be metric if this dis- 
tance function pg be changed to ¢(pq). The space M, with the new metric 
¢(pq), is called the metric transform of M by the transforming function ¢(¢) and 
denoted by ¢(M). The conditions (3) are for example verified by any con- 
tinuous ¢(f) (¢ = 0) which is monotone increasing, concave downward (in the 
non-strict sense so as to include ¢(¢) = ¢) and vanishing at the origin ((2], p. 8, 
[8], p. 64). 
In addition to (3) let ¢(t) also satisfy the conditions 


(4) ¢(0)=1, ¢"0)=0, 9") = 90, 


which imply the existence of the derivatives ¢’(t), ¢’’(¢) in a certain neighbor- 
hood of the origin and their continuity at the origin. Now £, certainly has 
everywhere zero curvature. Consequently also the metric transform ¢(;) 
will have zero curvature, the reason being that the new metric ¢(| 2 — y |) so 
closely “osculates” the old metric | x — y | by virtue of (4), that the value zero 
of the curvature is an invariant of our metric transformation.’ Postponing a 
proof until §III, we state this result as 

Lemma 1. If the function $(t) (t = 0) satisfies the conditions (3) and (4), 
then the space @(Ey), that is the real axis with the metric ¢(| x — y |), has every- 
where zero curvature. 

On the other hand our space ¢(F;) is congruent to a straight line if and only 


raison 


* This is an extension of a remark by Wilson (loc. cit.) that if ¢(4) = ¢ + o(t), i.e.,¢’(0) = 
1, then are-length is left invariant by the metric transformation from M to¢(M). 
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if ¢(t) = t. We have therefore obtained a large class of non-curved and non- 
straight arcs. Indeed: Any ¢(t) satisfying the conditions (3) and (4) without 
o(t) being identically = t, gives rise to an arc $(E;) which has zero curvature 
(Lemma 1) without being congruent to a finite or infinite segment. All these con- 
ditions are e.g. verified if ¢(t) is monotone increasing, concave downward and 
satisfies (4), ie. the graph of u = ¢(t) having at least a third order contact at 
the origin with the graph of u = t, while ¢(t) # t. A particular example is 


(5) do(t) = t/(1 + 


As there is no e > 0 such that @(t) = tif 0 S ¢t S «, we see that no subarc 
of ¢o(£,) no matter how small, is congruent to a segment. 

This discussion shows that the class of non-curved, non-straight metric arcs 
is very large. It also throws some light on the additional conditions (8), or 
(8’), which force non-curved ares to be straight. Take e.g. the condition (6’), of 
Theorem 2, that the space ¢(E;) be ptolemaic. In terms of ¢(¢), this amounts 
to the identical inequality 


(6) — d(z)o(|y — zl) + o(y)o(l 2 — z|) 2 o@)o(lz—y|), (@y,220). 


Now the class of functions ¢(t) satisfying (3) and (6) is still rather large. For 
example, it certainly contains all functions ¢(t)(# 0) such that ¢(Z2), the metric 
transform of £2 by ¢(t), be congruently imbeddable in Hilbert space.° However, 
if we now require in addition that ¢’(0) = 1, ¢’(0) = 0, ¢’”(0) = 0, then we 
necessarily have ¢(t) = tfor0 S$ t < o. Let us state this consequence of 
Theorem 2 as 

Coro.tuary 1. A function o(t) (t 2 0) satisfying the conditions (3), (6), and 
(4), reduces identically to o(t) = t. 

For example, ¢o(t) of (5) above, does satisfy (3) and (4). As go(t) 4 t we 
conclude that it violates (6). 

A similar analytical statement, this time fully equivalent to Theorem 2, may 
be obtained in terms of a general distance function f(z, y) = zy used to metrise 
the real interval 0 < x < 1. It contains analogous local and global conditions 
which are necessary and sufficient in order that f(z, y) be an additive function 
of the interval (z, y). 


I. The n-lattice theorem for semimetric arcs 


4. Let S be a semimetric space, that is a set of points p, p’, --- , witha non- 
negative symmetric distance function pp’ such that pp’ = 0 if and only if 





‘As shown by von Neumann and Schoenberg, [7], the space ¢(E2) is imbeddable in 
Hilbert space, if and only if ¢?(t) = [ [1 — Jo(tu)]u-? dy(u), where Jois the Bessel function, 
0 


] 
y(u) is non-decreasing such that / u-? dy(u) exists. Such a(t) (if # 0) vanishes only 
1 
at the origin, hence it clearly satisfies the conditions (3). Hilbert space being ptolemaic, 
¢(/) also satisfies the inequality (6). , 
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p = p’. We shall furthermore assume that the metric pp’ is continuous, that 
is, the limiting relations pp, — 0, p'p, — 0 shall imply that p,p, > pp’. 

In this section we establish the following theorem. 

THEOREM 3. Let S be a semimetric space with a continuous metric pp’. Let 
the point p,, (0 S t S 1), describe in S a continuous image T of the real interval 
1:0 <t<1. This image may have any number of multiple points, but we require 
that it have distinct end points po , pi , hence 


(7) Pop: > 0. 


Given a positive integer n and arbitrary positive numbers yo , yi, --+ , Yn, we can 
pick along our arc T such points 


Po; Pty» Ptg,*** » Pt,» Pi; O<th<t<---<t <1), 
that their successive distances be all different from zero and proportional to 
Yo, Yi» °*°* 9 Yny that 18 
(8) Pope, /Yo ~ PtyPt,/V1 Py? Wore Pt,Pi/Yn . 


In case all the y,’s are equal, this statement implies the (n + 1)-lattice 
theorem. 
For convenience we set 


S(t, 8) = pips, O0stsSs 1). 


The continuity of p; and the continuity of the metric of S readily imply that 
our function f(t, s) is a continuous function of the point (t, s) in its triangular 
domain of definition 0 < ¢ S s S 1. Moreover we have 


(9) ft,s)20, fi, =0, f0,1)>9, 
in view of (7). Setting 
m=th, my =f —h,---,t=1l-—t,, 


we see that the requirement (8) of the theorem amounts to proving the exist- 
ence of numbers 2, 2%1,--- ,%n, Such that 


(10) Xo > 0, 1 >0,---,2, > 0, Mtuat:--- +2, = 1, 


and 


$0, 20)/Yo = f(xo , to + a1)/1 = f(to + U1, Ho + XH + X2)/y2 
mess beds = f(x% + es + Za-1, 1)/yn- 
Consider now in the (n + 1)-dimensional euclidean space E,4: referred to 


cartesian coérdinates 2%, 21, ---,2n, the closed simplex ¢, defined by the 
relations 


(11) 


(12) in: % 20, 14 20,---,2,20, mtut::-+r=1. 
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Denote by P a generic point of ¢, of codrdinates (a , 21, --- ,2,). Let us now 
map the simplex ¢,, in itself by means of the transformation P’ = ®P explicitly 
defined as follows: 


P’ = oP: Xo = f(0, %)/N, 
2} = f(x, % + m)/N, eee, Bq = f(% + ve 4 + tn1,1)/N, 


with N = f(0, xo) + f(ao, to + %1) + +++ +f(to + +++ +2n4,1). We want 
to show that the mapping P — P’ = ©P isa single-valued and continuous mapping 
of Gn in itself, i.e. the function ®P is defined and continuous throughout ¢, and 
@P ¢é,. Of especial importance here is the fact that the common denomi- 
nator N in (13) is a positive function of P throughout ¢,. Indeed, it is 
clear that N = 0. But N = 0 implies f(0, m) = f(m,% +m) =--- = 
f(m%o +--+ + M1, 1) = 0, hence pop:, = PyPi, = --- = PtP: = 0, whence, 
since S is semimetric, pp = pr, = --- = pi. Thus po = pr, or por = 0 and 
this contradicts our assumption (7). Thus Pe¢, implies N = N(P) > 0. 
As N(P) is a continuous function in ¢, and é, being compact and closed, we 
conclude that N(P) is uniformly bounded away from zero throughout 4, . 
Now it is clear that P’ = ®P is well-defined and continuous in 4, . 

In addition, our mapping P — P’ = @P has a further property which is to 
be discussed now. Let Ao, Ai, ---,An be the vertices of o,, that is the 
points of codrdinates (1, 0, --- , 0), (0, 1, 0,--- ,0),---, (,---,0, 1). 

If & = (Ai, Ai,---,Agl OS dK ti<---<% Sn;0 Sk Sn), 
represents the k-dimensional closed simplex of vertices A;,,---,Ai,, that is a 
closed k-face of &, , then 


(14) Pe& implies that P’ = Pcs. 


(13) 


In other words, our mapping P — P’ maps every 6, in itself, where k = 0,1, ---, 
or n. 

Indeed true, for the requirement P ¢ &, where P = (%, --- , Zn), is equivalent 
(besides >> x = 1) to the relations 


IV 


t%=0 if vAH,u,---,&, e200 if v= %,t,---,%. 


But then (13) likewise implies that 


’ ° ee , ’ . hehe . 
z=0 if VFM, Uy ss, tky xz, 20 if V=%,u,*** > tks 


since 2, = 0 implies that x} = 0. Hence P’ ¢&. 
We need now the following topological proposition which we state as 
Lemma 2. The property (14) of our mapping P — P’ implies that every point 
R of &, is an image point of this mapping. In symbols this means: 


®¢, DG,, hence Be, = Gr. 


We shall return to this lemma in a moment. Granted its truth it is now 
clear how the proof of Theorem 3 is to be completed. Consider the point R 
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where the half-line OR of direction parameters (yo , --- , yn) meets the hyper- 
plane % + --- +2, = 1. Risa point of o, and its codrdinates are 

(15) n=n/ Dw, tan! Damen] Dm. 

Hence, by Lemma 2, RF is the image of some point P = (a, --- ,2n) of &. 


But then, by equating the values of the x;’s given by (13) and (15), we obtain 
the desired relations (11), hence (8). Notice that the inequalities (10) also 
follow as a consequence. 


5. In order to prove Lemma 2, let us consider our simplex ¢, = [Ao, --- , An| 
as imbedded in the space E, defined by x + --- + 2, = 1. We shall operate 
now in this Z, exclusively. Suppose that to every point P of ¢, there is attached 
a vector PQ (P, Q « E,,) which varies continuously with P. If for every point P 
on the boundary of ¢, the corresponding vector PQ points into the interior of &» , 
then it is known that this vector field has at least one singular point in o, , that 
is, a point where PQ = 0 (P = Q). By “pointing into the interior” we mean 
that there is on PQ a point P, , between P and Q, such that the open segment 
PP, lies in o, .” 

This classical result implies our Lemma 2 without difficulty. Indeed, let Ro 
be a point of ¢, which is not an image point of the mapping P — P’. Without 
restricting the generality we may assume that Ryeo,, for if Roe é, — on, 
then Ro € ox, ox being some k-face of o,. The case k = 0 being obviously 
impossible, we may assume 1 S$ k S$ n — 1. Since 66, C & (property (14)) 
we may then repeat the present argument with & instead of ¢,. We now 
construct a vector field as follows. Attach to P the vector PQ = P’R,. This 
vector PQ is a continuous vector function of P which never vanishes (since P’ 
never = Rp). 

It remains to show that along the boundary of ¢, , PQ points into the interior 
of ¢,. Let P be on the boundary of ¢, and Peo, (0 S k S n — 1), hence 
also P’ «a. We may evidently choose in E, an oblique system of axes such 
that the defining relation of our simplices ¢, and o; are 


ont 20,---,yn20, wt--- tm Sl, 
(16) 7%: Yr: >0,---, ye > O, Yeu = +--+ = Yn = O, Ytes+ tyr <i. 





™ This well known result is most readily derived from Hadamard’s note [4] as follows. 
Choose a cartesian codrdinate system in E,. Let the equations 


PQ «9 (fi(P), f2(P), ee »fn(P)), PI = (gi(P), g2(P), ae gn(P)), 


indicate the components of the vector functions PQ, PI, where J is a certain fixed point of 
o,. Let us assume that PQ never vanishes, hence the f,(P) never vanish simultaneously in 
é,. This implies that the system {f,(P)} has zero index on the boundary of é» (loc. cit. 
p. 466). On the other hand, the index of the system {g,(P)} is clearly +1. Hence, by 
the Poincaré-Bohl theorem (p. 467), we conclude to the existence of a point P on the bound- 
ary of ¢, , such that PQ and PI lie on the same line and point in opposite directions. As 
PI points into the interior, PQ would point into the exterior, against our assumption. 
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Let P = (y:,---, yn), Ro = (m,--- , Mn), hence all nS are positive and the 
Ye ’s nayed the relations (16). Let P’ = np + ty Yn). Since P’ ¢ & we have 
Yin = ++: = yn = 0. Now PQ = PR, = (m — x15 --+ 590 — Yr). Let T 
bea aren on PQ of coérdinates 

t, = yw» + o(m — Yr); (0 < p< 1). 
By (16) we have t; > 0,--- ,& > 0, for rqeatg! small values of p. How- 
ever, if v : ? we have t, = ys + p(m — ¥ ) = pn, > 0, in any case. Finally 
i+. => Yr + p >» Ny — Pp > y, is <1, for sufficiently small p, in 


view of ma a ; amelie (16). Thus T €¢,, provided p is positive and suffi- 
ciently small. This concludes the proof of Lemma 2 and Theorem 3 is 
established. 


6. We conclude the discussion of the n-lattice theorem with two remarks 
concerning some of the assumptions occurring in Theorem 3. 

i. Suppose that we drop the assumption (7), everything else unchanged, and 
assume our curve I’ to be closed (po = pi, pi # Po). Ruling out the now 
always present trivial solution of a lattice with all sides equal to zero, the 
problem would be to show that there exists a subdivision 0 < 4) < --- <t, <1, 
such that pop:, = Piy,Pt. = ++: = Pt~i > 0. However, such a solution need not 
always exist. Indeed, consider in E, the curve defined as follows: z = ¢ if 0 < 
t<4,2=1-tif4}<t <1, ie. a closed polygon of two sides. Here there 
is obviously no non-trivial lattice of three sides (n = 2), nor of any odd number 
of sides. Such non-trivial lattices presumably always exist, provided our closed 
curve IT is simple, i.e. the topological image in S of a circle. Our proof, how- 
ever, does not cover this case, being essentially based on the assumption (7). 
Thus our method establishes the existence of n-lattices inscribed in open space- 
filling curves, but does not prove the existence of an equilateral triangle inscribed 
in a given ellipse with one vertex in a given point of the curve. 

ii. The assumption of the continuity of the metric of S is not only essential 
for our proof, but without it Theorem 3 breaks down. To show this, let us 
consider the are T: p, = t (0 S t S 1) with the following metric: let pp. = 
|¢ — s|, with the sole exception that if } < ¢ S 1, we set pyxpi = Pim = 
(1 — t)/2 (instead of 1 — #). IT is a semimetric space, since pip, = 0 implies 
t = s. Moreover, T is an open simple arc, since pop: = 1, while t, — ¢ implies 
Pi,Pt + 0. There is no 2-lattice inscribed in T, that is there is no value of t such 
that pop: = pip. For if 0 S t < 4 we have pop, = t < 1 — t = pips, while 
if } S$ t < 1 we have pp, = t = 4 > (1—t)/2= pp. The reason for this 
breakdown must naturally lie in the discontinuity of the metric, in view of 
Theorem 3. This discontinuity is apparent, for if t — 4 (t < }) we have 
Pipi — 4, while pijopi = }. 


II. On arcs of vanishing curvature in ptolemaic spaces 


7. Menger’s proof of Theorem 1 is based on two results: One is the n-lattice 
theorem which does hold, as we have just seen, in very general spaces. The 
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other result is a comparison theorem concerning finite sets of points in a space 
with the four-point property. We state it as follows in the special form actually 
used by Menger in his proof of Theorem 1. 

Lemma 3. Lel po, Pi,---, Pn be a set of n + 1 points enjoying the four-point 
property and let po, Pi, vee Dn be n + 1 points of a plane Ez such that 


(17) pop: = PxP2 = «++ = PnaPn = PopPi = PiPr = --- = Paapn > O, 

(18) pops S Pop2, PiPs S PMPs, -*- , Pa—2Pn S Pn-Pn, 

(19) The points Pr he on a circle K, of E:2 , of finite or infinite radius, such that 
the polygon PoPi «++ DaDo 18 convex. 

These assumptions imply that 


(20) PoPn S PoPn- 


This lemma is the only part of Menger’s proof of Theorem 1 in which the 
four-point property intervenes. Theorem 2 will be therefore proved, provided 
we can justify the conclusion pop, < pop, of Lemma 3 under the weaker assump- 
tion that the set po, 1, --- , Pnis ptolemaic. This we state as 

Lemma 4. The conclusion (20) of Lemma 3 is still valid if, everything else 
unchanged, we replace the assumption of the four-point property by the assumption 
that the set po, Pr pct Pn is Ptolemaic. 


PRoor. Let PoP = 81, PoP2 = 82, --*, PoPn = Sn. Since, in view of (17) 
and (19), pop: --- Dn is a regular polygonal line, we now have 
(21) DiPisk = &, O<i<i+k<n). 


By applying Ptolemy’s relation to the convex quadruples po , p,-2, P»-1, DP» 
(» = 3, 4, --- , m) inseribed in the circle K, we get among the s;’s the relations 
882 + 88, = 88,1. Setting a = s2/s,, this gives the following recurrence 
relation 


(22) 8,2 — AS). + 8, = 0, (v = 3,4,---, 2). 


Applying now Ptolemy’s inequality (1) to the quadruple p), p,-2, Pr-1, Pr, 
(3S » < n), we get 


PoPr—2° Pv-1P » + PoP» Prv—2P»-1 = PoP v—1* Pv—2P v . 


Setting 

(23) Le = PoPx ; (k = 0,1,---,n), 
this gives 2,98 + 2,8, 2 2y-1:Dy-2 Py = Xy-182 = X,-1a8,;. We thus have 
(24) D*x,_s = Ly-2 — AXy-1 + Ly = 0, (v ~~ 3, 4, igh: ,n). 


In view of (22) we get now the following identical relation among the z,’s 
8n1D* 2 + 8n-2D*ay twee H 8D’ rn-2 


= 810n + (Sn-2 — G8n-1)81 = 812n + (—8n)81 , 
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whence 

a(t — 8») = 8p—1(%2 — aa, + 20) + Sn2D°a + 8n-3D°xe + --- + 8,D° 2,9. 
But ax; = (82/81)8; = 82, % = 0. Hence 

(25) s(n — Sn) = Sn—1(2 — 82) + Sn—2Da, + 8-3D°a2 + --- + 8,D* 2-2. 


This relation completes the proof that pop, — PoP» = Xn — 8 2 O, in view 
of the inequalities (24) and our assumption (18) which implies that x2 — s, > 0.° 

We want to mention that (25) also implies the following: If pop, = pop, , 
hence z, — Ss, = 0, then z2 — se = O and all “second differences” D’x, (vy = 
1, --- , — 2) must vanish, since all terms of the right-hand side of (25) are 
non-negative. We then have the equality sign in all relations (24). Now (22) 
and (24) show that z, = s,, or pop, = Pop, (v = 1,---,m). Applying this 
argument repeatedly we conclude that our ptolemaic set po, pi, --- , Dn is 
congruent with the euclidean set * a pa, ap 

In conclusion it should be explicitly stated that only the special form Lemma 3 
of Menger’s Lemma ([6], p. 486 and pp. 491-492) allows the above replacement 
of the four-point property by the weaker assumption of Ptolemy’s inequality. 
Menger’s general Lemma allows no such weakening. This is readily shown by 
obvious examples. 


III. A class of arcs of vanishing curvature 


8. In this last section we prove the Lemma 1 of the Introduction to the 
effect that if the function ¢(¢) satisfies the conditions (3) and (4), then the 
space $(H#;) has everywhere zero curvature. 

Let 2, y, z be three distinct points of ¢(#;) andletz <y<z. Lety—z=a, 
z—y=b,hencez —- x =a+b. The sides of the triangle formed by the 
triple (x, y, 2) are therefore ¢(a), ¢(b), ¢(a + 6b). By (1) we have 


[o(a) + $(b) + o(a + d)I[o(a) + o(a + b) — o(6)] 
(x(x, y,2))? = -[e(b) + (a + b) — o(a)][o(a) + 9(b) — o(a + 4)) 
ina [o(a)o(b)o(a + 6)? 


and we must show that this expression tends to zero as the positive numbers 
a, b tend to zero independently. 








® It should be noticed that the recurrence relation (22), if applied beyond v = n, gives 
rise to an infinite sequence of numbers s; , 82, --- , which are by no means all positive, if 
a <2. Only 81, 82, -++, 8-1, are certainly positive and s, 2 0, on account of the con- 
vexity of the polygon pip; --- pip). In case a = 2 (the circle K is a straight line) our 
discussion reduces to the following geometrically obvious situation: Consider in a plane 
coordinate system the polygonal line joining successively the points (0, 0), (1, 21), (2, 22); 
‘++, (n,2n). If this polygonal line is convex downward, then z, 2 nz;. Moreover, tn = 
nz, implies that x, = va, (v = 1,2, --+ , n). 
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Since ¢’(0) = 1 we conclude that ¢(a)/a — 1, ¢(b)/b — 1, d(a + b)/(a + b) > 
1. It therefore suffices to prove that 


$(a)o(b)o(a + b) | 2 $(a) + $(b) + d(a + db) 
ease + b) | (x(x, Y; z)) ” a+b 


g(a) + o(a + b) — $(b) $(b) + g(a + b) — o(a) 9(a) + o() — o(a + b) 
a b ab(a + b) 


tends to zero with a and b. We now determine the limits of the four factors on 
the right-hand side. 
In the first place we have 


(a) +40) +4040), 
a+b : 


Indeed, by the mean-value theorem we get 
g(a) + oo) + ¢(a+b)_, 
| a+b 
_ | alg’(a:) — 1) + dlp’(b62) — 1) + (a + b)[p’(abs + b6s) — 1)| 
a+b 
S | 9'(ats) — 1| + | ¢’(02) — 1| + | G'(a0s + B65) — 1| 


and this last expression tends to zero with a and b since ¢’(t) > l ast — 0. 
The next two factors converge likewise to the limit two: 


g(a) + o(a + b) — (6)_ $(b) + o(a + b) — (a) _, 
5 


a 























Indeed, for reasons of symmetry it suffices to prove the first relation. Again 
the mean-value theorem gives 
g(a) + o(b + a) — (6) _ o(a) +.a9'(b + 0a) _ HO + 9'(b-+00) 9141 = 2. 


a a 








It therefore remains to prove that 


. (a) + o(b) — ofa + bd) _ 
~~ ab(a + b) alias 


b—0 





Indeed, by the symmetry in a and b we may assume 0 < a S b. Applying 
tepeatedly the mean-value theorem we have 


(a) + o(b) — o(a +b) _ 9(a) — 4(0) — [ob + a) — 900)] 














ab(a + b) ab(a + b) 
_ ag'(é) — ag’(n) _ o'(&) — om) _ 1E — 21-10") | 
ab(a + b) b(a + b) b(a + b) 





< 1¢"()! _ |e") — oO) |. 
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HH and this last expression tends to zero with b, since 
te" (5) — ¢”(0)1/5 > ¢'"(0) = 0, -£/b < 9/b < (a + b)/b S 2b/b = 2. 


Cosy COLLEGE, 
WATERVILLE, MAINE. 
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ON CONTINUITY AND PERIODICITY OF MEASURABLE FUNCTIONS’ 
By Rautpx Parmer AGNEW 
(Received October 4, 1939) 


1. Introduction. Let z(t) denote a complex-valued function defined for 
almost all ¢ and measurable in the sense of Lebesgue over —-~ <t< «. In 
§2 we show (Theorem 1) existence of a decreasing sequence H; > Hz > - 
converging to 0 with the following property: If hi , he, --- isa real sequence with 
|h, | < H, for each n = 1, 2, .-- then for each t with the exception of a null set 
(which may depend upon the particular sequence h,,) z(¢) is continuous at & over 
the set fo, t& + hi, & + he,---. In §3 we give theorems to show that lim 
a(t + h,) = x(t) may fail for each ¢ in a set of positive measure or for almost 
all even when x(t) belongs to a restricted class of functions and the séquence 


h,, he, --- is a decreasing sequence which converges to 0. In §4 we apply 
Theorem 1 to show that if x(t) and y(t) are measurable over — ~ <t < o, then 
(1) G(A) = m.u.b. | x(t — A) — y(t) | 

—w<cti<eo 


is a lower semi continuous function of X, i.e. that 
(2) G(ro) S lim inf G(A) —o2 <<, 


ho 
The measurable upper bound (m.u.b.) over — « < t< © of a real measurable 
function w(é) is the least number 8, which may be + ~, such that w(t) S £6 for 
almost all ¢. In §5 we give some results involving periodicity of measurable 
functions suggested by §4. While Theorem 4 of §4 is used at one point in the 
proof of Theorem 5, an alternative method of treatment is given which makes §5 
completely independent of earlier sections. 


2. Existence of the sequence H,. We now prove the following theorem in- 
volving a function x(¢) which may be unbounded and non-integrable over each 
finite interval. 

TororeM 1, If x(t) is measurable over — ~ < t < ©, then there is a decreasing 
sequence H, , Hz, --- of positive numbers converging to 0 such that if —H, < hy 
< H, for each n = 1, 2, --- then 
(3) lim x(t + hn) = x(t) 


no 


for almost all t. 





‘Presented to the American Mathematical Society October 28, 1939. 
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If x(t) is measurable over — © < t < ~, then the function y(t) defined by 
1 x(t) 
1+f1+|2( 


is measurable and | y(t) | < 1/(1 + @) so that y(é) is integrable over —~ <t < 
«©. Hence 


(4) y(t) = 





(5) tim [| y(t-+ 4) - yl |at = 0. 
This implies existence of positive numbers H; > Hz > --- such that H,— 0 and 
(6) [we + ha) — yl | at <2 | hn | < Hs. 


Let a sequence h; , he, --- for which | h, | < H, be fixed. The inequalities (6) 
and a fundamental theorem on termwise integration of series of non-negative 
terms imply that 


 [ Sive+h)-wold= ¥ f iye+a)-volar<s, 
the series 


(8) Dl vet ha) — | 


being convergent for almost all ¢. For each ¢ for which the series (8) converges, 
we have 
(9) lim y(t + Aa) = y(t); 
hence (9) holds for almost all ?. Since h, — 0, (9) and (4) imply (3). Therefore 
(3) holds for almost all t and Theorem 1 is proved. 

The null set of ¢ for which (3) fails to hold may depend upon the sequence h, . 
This is true for the function 2,(¢) which is 1 when ¢ is rational and 0 when ¢ is 
irrational. In fact if H;, Hz, --- is any sequence of positive numbers and ?’ is 


fixed, then it is easy to show existence of a sequence A. hs, -»+ such that 
0 <h, < H, and 
(10) lim sup | 2,(t’ + hn) — 2,(é’) | = 1. 


Thus when x = 2;, the set of ¢ for which (3) holds for each sequence h,, with 
0 <h, < H, is empty. 


3. Sequence h,, not satisfying the condition | h, | < H,. The gist of Theo- 
rem 1 is that if x(¢) is measurable and h, converges to 0 sufficiently rapidly, then 
lim a(t + h,) = x(é) for almost allt. The hypothesis that x(t) is measurable and 
h, is a decreasing sequence of positive elements converging to 0 does not imply 


—_ 





nd 


6) 
ve 


CONTINUITY AND PERIODICITY OF MEASURABLE FUNCTIONS 729 


that lim x(t + ha) = x(¢) for almost all t. This is a consequence of Theorem 2 
and the fact that there exist non-dense sets of vositive measure. 

TurorEM 2. If g(t) ts the characteristic function of a non-dense set W, then there 
isadecreasing sequence h, , he , -- - of positive numbers converging to 0 such that 
(11) lim sup | o(t + ha) — g(t) | = 1 te W. 

A set W is called non-dense when its closure W contains no intervals; and the 
characteristic function of W is the function ¢(t) for which g(t) = 1 when te W 
and g(t) = 0 otherwise. The complement B of W is open and hence is the union 
of a countable set of non-overlapping open “black” intervals B,, Be, ---. 
For each p = 1, 2, --- let J, denote the interval —p < ¢t < pand let C(p) = 
B, + Bo + --- + B,. The fact that W is non-dense implies that for each 
p = 1, 2, --- there is an index a, such that each subinterval of J,,: of length 
2” contains at least one point of C(a,). (It suffices to choose a, so great that 
((a») contains at least one point in each of the fixed set of subintervals of Jp: 
of length 2°?’ obtained by bisection of unit intervals and resulting subintervals.) 
Hence for each p = 1, 2, --- there isa finite set h{”, hi”, --- , hk (B,) of positive 
numbers, each less than 2~”, such that if te, — C(a,) then x + h{” € C(a,) 
for at least one n. (If r is positive and less than the length of the shortest of the 
a, intervals in C(a,), then a finite set of the numbers r, 2r, 3r, - - - will serve.) 
If A > 0, the set of all numbers hi”? greater than A isa finite set. Hence the set 
of all numbers h{”? can be arranged in a decreasing sequence converging to 0; let 
this sequence be denoted by hy, he, -- - 

Let te W be fixed. Choose P such that teZ, when p > P. Thentel, — 
C(a,) when p > P. Hence if p > P, then t + hi” €C(a) forsomen. Buteach 
number h{”) is an element of the sequence h,, he, --- between 0 and 2°”; and 
C(2) C B. This implies that if p > P, then ¢ + h, « B for some n such that 
0<h, <2”. Therefore ¢ + h, ¢ B for an infinite set of n. For each such n, 
we have 


(12) lot + he) — pH |=|0-1]=1. 


But | g(t + hn) — g(t) | S 1 for each n = 1,2,---. Therefore (11) holds and 
Theorem 2 is proved. 

TaeorEM 3. If D is a set of the first category, then there exist a real bounded 
measurable function y(t) and a decreasing sequence h; , he, --+ of positive numbers 
converging to 0 such that 
(13) lim sup | ¥(¢ + An) — ¥(t) | > 0 te D. 

The set D, being of the first category, is the union of a countable set of non- 
dense sets, say W., We, Ws, ---. For each p = 1, 2, --- let ¢,(¢) be the 
characteristic function of W,. Let 


(14) vi) = > 37? o,(t) ~w<t<o, 
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Then the functions ¢,(t) and y(t) are measurable, non-negative, and <1. By 


Theorem 2 there is for each index p = 1, 2, --- a decreasing sequence hi”, hi. 
- converging to 0 such that 
(15) lim sup | yp(t + hn”) — gp(t)| = 1 te W,; 


and it is obviously possible (simply by removing a finite number of the elements 


of the sequence h{”’ and using the remaining sequence) to obtain h{” < 2” for 


eachn = 1,2,---. Let theset of all numbers ai? n,p = 1,2, --- , bearranged 
in a decreasing sequence which we denote by hi, he,---. Then for each 
Pp = iL, 2, eee 

(16) lim sup | gp(t + ha) — op(t) | = 1 te W,. 


But the definition (14) of ¥(é) and the fact that | g(t + ha) — ¢>(t) | is always 0 
or 1 implies that 


a7) lim y(t + ha) = v(t) 
if and only if 
(18) him ert + hn) = p(t) p=1,2,---. 


Since (16) implies that (18) fails for each t e SW, , (17) fails and (13) holds for 
each t e 2W, and a fortiori for each te D = 2W,. This completes the proof of 
Theorem 3. 

Since the complement of a set D of the first category may be a null set (this 
will be the case if D = W; + We + --- where each non-dense set W, is the 
complement of an open set of measure less than 2 ”), it follows from Theorem 3 
that a bounded measurable function y(t) and a decreasing sequence hy, he, - -- 
converging to 0 exist such that 


(19) lim sup | ¥(¢ + ha) — y(t) | > 0 


no 


for almost all ¢. 


4. An application of Theorem 1. In this section we use Theorem 1 to prove 
the following theorem. 

THEeoreM 4. If x(t) and y(t) are measurable over —2 < t < ©, then the 
function G(A) defined by 


(20) GA) = m.u.b. | x(¢ +r) — y(t) | 
is a lower semi-continuous function of d. 

For example, if x(¢) = y(t) = t, then G(A) = |A|. If z(t) = y(t) =¢ — [4 
[t] being the greatest integer St, then G(A) has period 1, G(0) = 0 and G(A) = 
1 —|{A|when 0 <|A| S$}. If z(t) = y(t) = tan 2xt, then G(A) = 0 when 
4 = 0, +1, +2, --- and G(A) = + otherwise. 
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To prove that G(A) is lower semi continuous, assume to the contrary that some 
\) exists such that 


(21) lim inf G(A) < Go). 


A—Apo 


Then y < G(Ao) exists such that 


(22) lim inf Go + h) < 7. 
By Theorem 1, there is a sequence H, , Hz, --- of positive numbers converging 


to 0 such that if | h, | < H,, then lim x(t + h,) = x(é) for almost all t. The 
inequality (22) implies existence of a sequence h, , he, --- such that |h,| < H, 
and 


(23) Gro + ha) < ¥ £6 were 
Then, for each n = 1, 2,---, 
(24) | x(t + Ao + hn) — yl) |< 


for almost all ¢. Hence there is a set A; , whose complement is a null set, such 
that (24) holds for each n = 1, 2,--- whenteAi. The definitions of H, and 
h, imply existence of a set Az , whose complement is a null set, such that 


(25) lim x(t + do + hn) = x(t + Ao) te Ae. 


For each t € A; Az we can let n > © in (24) to obtain 
(26) | a(t + ro) — yf) | S te A,Ae. 


Since the complement of A; A¢ is a null set, this implies that G(Ao) S y. This 
contradicts the inequality y < G(Ao) and completes the proof of Theorem 4. 


5. Periodicity of measurable functions. A function z(t) is periodic, with 
period h, if h ¥ O and z(t + h) — x(t) = Oforeachtin-—~ <t< ». The 
following is a classic theorem. If x(¢) is continuous, periodic, and not a constant, 
then x(t) has a least positive period h and each period is an integer multiple of h. 
That this theorem would fail if the hypothesis of continuity of x(t) were deleted 
is commonly shown by some such example as the following. Let z(t) = 1 
when ¢ is rational and x(t) = 0 otherwise. Then each positive rational number is 
a period of x(¢), and there is no least one. The function z(t) of this example is 
essentially constant, i.e., there is a constant ¢ such that z(t) = c for almost all ¢. 

Let x(t) be termed essentially periodic, with essential period h, if h ¥ 0 and 
x(t + h) — x(t) = 0 for almost all ¢. Thus h ¥ 0 is an essential period of x(t) 
if and only if F(h) = 0 where F(a) is defined by 
(27) F(A) = m.wb. | z(t + A) — 2(2) |. 

—w<t<oo 
It is easy to show that F(A) is an even function of \; in particular if h is an 
essential period of x(), so also is —h. 
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If a function is periodic, then it is also essentially periodic. Hence all meas- 
urable periodic functions which are not essentially constant satisfy the hypoth- 
esis of the following theorem. 

THEorEM 5. If x(t) is measurable, essentially periodic, and not essentially 
constant, then x(t) has a least positive essential period h, and each essential period 
is an integer multiple of h. 

The hypothesis that x(t) is essentially periodic implies that x(t) has a positive 
essential period. Hence if x(¢) has no least positive essential period, then there 
is a decreasing sequence h; > hz > --- of positive essential periods. The 
inequality 


(28) |a(é+ Xr’) — a(t + )| Slat +d”) — ze) | 4+ | a(t +d) —- 2/0) | 
and the equality 


(29) mub. | a(t +” Fd’) — x(t)| = mub. | e(t+ 2”) — et ++) | 
—w<ct<o —n<ti<ce 


imply that, F(A) being defined by (27), 
(30) F(\” +d’) S F(A”) + FQ’). 


Let An = An — Anyi. Then d, > 0, lim dA, = 0; and using (30) and the fact that 
F(h,) = 0 for each n, we obtain F(A,,) = Oforeachn. Therefore 

(31) F(mx,) = 0 n=1,2,---;m= +1, +2,---. 
Since Theorem 4 implies that F(A) is lower semi-continuous, and (31) together 
with the fact that ,, — 9 implies that the set of \ for which F(A) = 0 is dense in 
—«* << ~, it follows that F(A) = Oover —~ <A < o~. 

Let x(t) = a(t) + tx2(t) where 2,(t) and 22(¢) are real. The hypothesis that 
x(t) is not essentially constant implies that at least one of 2,(¢) and 22(t), say 
x3(t), is not essentially constant. Then constants yi and y2 exist such that 
m.l.b. %3(t) < v1 < ye < m.u.b. 23(¢). Let A and B be bounded sets of positive 


measure such that 23(t) < y, forte A and 2;(t) > yofor te B. If g(t) and y(t) 
are respectively the characteristic functions of A and B, then 


(32) wir) = [owe +») at 


is the measure | C(A) | of the set C(A) of points ¢ such that te A and ¢t + A €B. 
Since 


(33) [wo a= [oa [ vetna=|A|/B1>0, 


we can choose do such that u(A») > 0. Since 


(34) | x(t + do) — aa(t)| 272-11 > 0 t € C(do) 
and | C(Ao) | = u(Ao) > 0, it follows that 
(35) m.u.b. | x(t + Ao) — x(t) | > 0. 


—o<t <0 
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Therefore, since 23 is either 2, or x2, F(Ao) > 0. This contradicts the previous 
conclusion that F(A) = 0 over —~ < ¢ < o, and accordingly proves that 
z(t) has a least positive period h. Use of Theorem 4 can be avoided by varying 
the above argument as follows: That fact that 


(36) | u(A + 6) — (A)! S r | W(t + 8) — v(t) | dt 


and the integral on the right converges to 0 as 6 — 0 implies that u(A) is con- 
tinuous. Hence u(A) > 0 for each A in some interval containing \) and hence 
u(A) > 0 for some A of the form md, ; this gives a contradiction of (31) without 
use of Theorem 4. 

Existence of a least positive essential period h of x(t) having been established, 
it follows easily from (30) that each of the numbers +h, +2h, +3h, --- is an 
essential period of z(t), and that z(t) can have no other essential period since 
otherwise the difference of two essential periods would be a positive essential 
period less than h. This completes the proof of Theorem 5. 

If z(t) is periodic, then each period of x(t) is also an essential period of 2x(¢). 
If x(t) is not essentially constant and h, is a period of z(t), then one of the finite 
set of essential periods of x(t) which are positive and less than or equal to hy 
must be the least positive period of x(t). It is easy to complete the proof of the 
following theorem. 

TueorEM 6. If x(t) 1s measurable, periodic, and not essentially constant, then 
x(t) has a least positive period h and each period is an integer multiple of h. 

It is obvious that if x(t) is essentially constant, then the function 
(37) F(A) = m.u.b. | a(t + A) — 2(Z) | 

—w<ct <0 
vanishes for — 0 <> < o, and Theorem 5 implies the converse. This fact 
and Theorem 5 imply that if z(t) is measurable, then the set of Z of zeros of 
F(A), which must be closed by Theorem 4, must have one of three simple forms. 
Kither F(A) # 0 for \ ¥ 0, in which case z(¢) is not essentially periodic; or 
h > 0 exists such that F(A) = 0 when A = 0, +h, +2h, --- and F(A) ¥ 0 other- 
wise, in which case x(t) is essentially periodic but not essentially constant; or 
F(\) = Oover — © <t < @ in which case 2(#) is essentially constant. Likewise 
the set of zeros of G(A), defined by (20) must be very simple; for if G(A) = 0 for 
ay A, say Xo, then y(#) = x(t — do) for almost all ¢ and therefore G(A) = 
(\— Wy). 
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THE DIMENSION OF THE RATIONAL POINTS IN HILBERT SPACE 
By Pau Erpds 


(Received May 24, 1940) 


Let H denote the Hilbert-space consisting of all sequences of real numbers 


i (1) & = (%1,%,---) 

i ; such that 

} i ti < © 

i=1 

ih ; with the distance defined as usual. R will denote the setof points of H having 
4 all coordinates rational. Ry will denote the set of points of H of the form 


AN sy 
aie 


where n; are positive integers. 

Let Ri = Ry. Clearly Ry C RC R. 

THEorEM. Dim Ry = dim R; = dim R = 1. 

Before we proceed with the proof let us remark that the cartesian product 
R, X R, is homeomorphic to R;. Hence we obtain that 

There exists a metric separable complete space X such that dim X = dim 
XXX =1. 

This seems to be a new contribution to the “product problem’” of the theory 
of dimensions. It might also be worth noticing that R; is disconnected between 
any two of its points. 

Proof that dim Ry > 0. Let U be an open subset of H of diameter less than 5 
and such that UR, ¥ 0. Let therefore (2) belong to U. 

We shall define a sequence of natural numbers m , mz, --- such that 


(3) n= (2,4 a san oe a 8 +) eU 


? a i» ’ ’ 
m Me Mp1 ME NK+1 Nk+2 





1 
(4) w= (1,4...., agen. ne ees 
m, Me Me-1 My, — 1° Mey Me+e 


Suppose that the m; are already defined for i < k. Let m, be the smallest 
integer such that (3) holds. Since the diameter of U is less than } it is clear 
that m, > 1 and that (4) holds. 








1The problem of computing the dimension of R was proposed to me by Professor W. 
Hurewicz. 

*See L. Pontrjagin, C.R. Paris 190 (1930), p. 1105 and W. Hurewicz, Ann. of Math. 
36 (1935), p. 194. 
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Since U is bounded there is a number N such that |»%| < N. Therefore 
2 
> (<) < o and the point 
Mm 


i=l 


ACE (3 1 ) 
re ee garg oP 
m, Me 


isin R. Clearly » = lim». Since |” — uw, | = and m— « 


mE, (m, = | ) 


. we have also u = lim y,. In view of (3) and (4) wis then on the boundary of U. 
This proves that Ro has positive dimension at every one of its points. The 
same holds for R, and R. 
Proof that dim R S 1. Let S be the sphere consisting of all points (1) such 
that 
ving >, 4% = 1. 
i=1 
It is clearly sufficient to prove that dim R-S = 0. Let 
p= (ri, 72, a) 
be any point of R-S. Given any positive irrational number 6 choose n so that 
luct (5) > <6. 
i=n+1 
dim Let Vs be the set of all points (1) such that 
ory b » r1i4%,>1-—6. 
een i=1 
- Clearly V; is an open set. If a point (1) is on the boundary of V; then 
2 
Fi rz, = 1-5 
i=1 
hence 2, 42, --+ , 2», cannot all be rational. We have proved therefore that 
the boundary of V; contains no point of R. 
Since p e S we have ye ri; = 1, therefore by (5) 2 ae r; > 1 — 6 and 
pe V; ° 
To finish the proof it is therefore sufficient to prove that the diameter of 
st S.V; tends to zero as 6 tends to zero. Let 
ar 
f= (%1, %2, vee) 
v. be a point if S-Vs. We have then 
DL (r, — a) = Vrit+ Dai -2 Ln -2 De ti. 
i=l i=1 i=1 i=l i=n+ 
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Since p and é are in S and £ is in V, therefore 


>. - a) <1+1-91-H 49 > 1; Xj. 


i=1 i=—n+1 
Using Schwarz’s inequality and (5) we have 
C-) oo 4 hed 2 
} > at (= a) (3 “t) < 3, 
i=n+1 i=1 i=1 


Therefore 


x (7; _ ai)" < 26 + 28° 


i=1 


which completes the proof. 


INSTITUTE FOR ADVANCED Stupy. 
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ON TWO FORMULATIONS OF THE THEORY OF STOCHASTIC 
PROCESSES DEPENDING UPON A CONTINUOUS 
PARAMETER 


By J. L. Doos anp.W. AMBROSE 
(Received September 25, 1939) 


Introduction 


The theory of stochastic processes depending upon a continuous parameter is 
the theory of measure (probability) relations on a collection of functions, 
(z(t)}, ¢ ranging over the real numbers. There is some difficulty however in 
finding an appropriate collection of functions on which to consider the measure 
relations. On the one hand it is desirable to consider as large a class of func- 
tions as possible while on the other hand it is desirable that the functions con- 
sidered have enough regularity properties, both individually and as a class, 
that one may systematically make use of known theorems from the theory of 
functions in investigating these measure relations. One way of choosing the 
collection of functions to be considered has been given by Doob (II);' he con- 
siders first a measure defined on the space of all real-valued functions, x(t), and 
carries this measure over to certain subspaces. Then he shows that in certain 
cases these subspaces will have desirable regularity properties. Another ap- 
proach was given by Wiener (V and VIII), who takes a function, f(t, x), subject to 
certain regularity conditions, and then considers the collection of ¢-functions 
obtained from f(t, x) by fixing x and allowing ¢ to vary. Wiener defines a 
measure on this space of ¢-functions in terms of a measure on z-space. The 
principal result of the present paper is the establishing of some relations between 
these two approaches to the theory of stochastic processes depending upon a 
continuous parameter. In section 1 we give the precise formulations of these 
two kinds of stochastic processes, in section 2 we show their equivalence, and in 
section 3 we obtain some further theorems relating the two. 


1. Definitions 


In this section we shall give the formulations of Doob and of Wiener of the 
notion of a stochastic process depending upon a continuous parameter. We 
shall then establish an equivalence relation between these two formulations. 

Let 2* be the space of all real-valued functions of a real variable. We intro- 
duce a topology on Q* by defining neighborhoods as follows: if t,---, t is 
any finite set of real numbers and if a; , --- , @, and b;, --- , b, are real numbers 





‘Roman numerals refer to the bibliography at the end of this paper. 
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lA 


satisfying — © S am < b; 
of 2* which satisfy 


oo (¢ = 1, --- , m) then the set of elements, z(é), 


a; < x(t;) < b;, 7=1,---,n, 


is a neighborhood. Let P*(A*) be a probability measure’ which is defined for 
those sets in 2* which are Borel sets, and then complete this measure.’ Those 
sets for which P*-measure then is defined will be called P*-measurable. We 
define the outer P*-measure for every set, M*, to be the lower bound of numbers 
of the form P*(A*), where A* ranges over the P*-measurable sets which in- 
clude M*. 

Derinition 1. Let Q be a subset of Q* of outer P*-measure 1. If A is any 
set of the form A = A*Q, where A* is P*-measurable, then we define the prob- 
ability measure, P(A), by P(A) = P*(A*).“ The space © together with the 
probability measure P(A) is a stochastic process (as defined by Doob in II). 

Those sets, A, for which P (A) is defined will be called P-measurable. Al- 
though a stochastic process as defined here is a space plus a measure, we shall 
frequently find it convenient to speak as though the space alone were the 
stochastic process (as when we speak of Q* containing a stochastic process). 
The context will always make the meaning clear. 

We shall now give Wiener’s definition of a stochastic process. Let X be any 
space of points, x, on which a probability measure, m(E), is defined.’ 

DeFIniTIon 2. A random function is a function, f(t, x), defined on T X X 
(where 7’ is the space of real numbers and X is a space with the properties just 
mentioned) which is a measurable function of x for each value of ¢. 

In this formulation of stochastic processes the space of ¢-functions on which 
the measure is considered is the collection of t-functions that can be obtained 
from f(t, z) (where f(t, x) is a random function) by fixing z and allowing ¢ to 
vary. Probability relations on this space of ¢-functions are defined in terms of 
the probability measure which is given on x-space. If ¢ and k are real numbers, 
then the probability that z(t) < k (or, in other words, the measure of the set of 
t-functions, x(t), for which x(t) < k) is defined to be 


mif(to, x) < kj. 


Then in terms of these elementary probabilities it is possible to define more 
complicated probabilities on this space of t-functions; i.e., having this measure 
defined by a random function for every collection of t-functions, x(¢), which is 
defined by a condition of the form: z(t) < k, it is possible to extend this measure 





* A probability measure is a completely additive non-negative set function for which 
P*(Q*) = 1. 

* A measure is completed if it is defined for every subset of each set whose measure is 
zero; it is possible to complete any measure. 

‘It is shown in II that this uniquely defines P(A). It is easy to see that P(A) is a 
completed measure. 

‘ Strictly speaking, the measure is not defined on X but rather on those subsets of X 
which lie in a certain Borel field. 
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to the Borel field’ determined by these collections of ¢-functions. This space 
of -functions together with the probability measure thus defined is a stochastic 


. . 7 
process 1n the sense of Wiener. 


2. The Equivalence of the Two Kinds of Stochastic Processes 


We shall now establish the equivalence of the two kinds of stochastic processes 
whose formulations we have just given. Theorems 1 and 2 of this section 
together show that a stochastic process which is determined by a random func- 
tion is a stochastic process in the sense of Definition 1. Theorem 1 shows that 
with a proper P*-measure on Q* the collection of ¢-functions obtained from 
f(t, x) by fixing z and letting ¢ vary will have outer P*-measure 1 ; then Theorem 2 
shows that the P-measure on this collection of functions will be the same as the 
measure on them which is obtained from z-measure by the method of Wiener. 
A few remarks suffice to show, conversely, that a stochastic process in the sense 
of Definition 1 is always determined by a random function. 

Let f(t, z) be a random function; if A* is any set in Q* then we denote by 


[ft¢, a) € A*] 


the collection of z-points for which the ¢-function f(t, x) belongs to A*. We now 
define a P*-measure on 2* in terms of f(t, x); if A* is any Borel set in 2* then its 
P*-measure is defined by 


P*(A*) = m[f(t, x) € A*).° 


Upon completing this P*-measure we have a P*-measure of the type considered 
insection 1. We shall refer to this P*-measure as the P*-measure determined by 
f(z). Weshall denote by Q(f) the collection of ¢-functions obtained from f(t, x) 
by fixing z and allowing ¢ to vary. 

TozoreM 1. [If f(t, x) is a random function and if P*-measure is the measure 
on Q* determined by f(t, x) then Q(f) is a stochastic process (in the sense of 
Definition 1). 

Proor: To prove this theorem we must show that the outer P*-measure of 
Q(f) is equal to 1; to prove this it is sufficient to show that if A* is any Borel set 
in 2* which includes Q(f) then P*(A*) = 1. Let, then, A* be any Borel set in 
® which includes Q(f); the fact that A* includes Q(f) implies that X = 
If (t,x) € A*]. Using this and the definition of P*-measure we have, 


P*(A*) = m[f(t, z) « A*] = m(X) = 1, 


a8 was to be proved. 
ee EE 

* This Borel field is considered more carefully later on. 

‘This formulation of a stochastic process is more general than that given in V. We 
shall also refer to it as a stochastic process determined by a random function, f(t, z). 
_ * This definition of course assumes the easily verified fact that if A* is any Borel set 
in Q* then UG, x) ¢ A*] is a measurable z-set. 




























Fe 
Ne as ay ~~. 








740 J. L. DOOB AND W. AMBROSE 


| If f(t, x) is a random function then with every pair of numbers, ¢ and k, we C01 
can associate the z-set, by 
t fur 
Ut, 2) < H, - 

ths 


and we shall denote by F the Borel field of z-sets determined by z-sets of this 
form; because every set in ‘Ff will be z-measurable we have a probability measure 






















(the original measure on X) defined for sets of F. We denote by ¥ the collection . 
of z-sets obtained by completing F with respect to this measure. 

Now consider the correspondence, x — w, of X into Q(f) defined by making 
correspond to each x the é-function, f(t, x). If A is any set in Q(f) then we 
denote its origin’ under this correspondence by A’, i.e., A’ = [f(t, xz) A]. If , 

£ e 

A* is any set in 0* and if A = A*Q then it is obvious that 3) 
m 

[f(t, x) € A] a (f(t, x) € A*). fu 

It is easy to see that although the transformation z — w does not necessarily o 
have a single-valued inverse, every x-set A’ in Fis the origin of an w-set A. ( 


The following theorem describes the exact relation between P-measure and 
x-measure. 2 r 
TuHErorEM 2. A is P-measurable if and only if A’ € §; also m(A’) = P(A)." 
Proor: We shall show first that if A = A*Q(f) where A* is a Borel set in 0* 


ae oe ; ep : Ww 
then A’ ef. This is obvious in case A* is a neighborhood and it is easily verified Me 
that the collection of sets, A*, for which A’ ¢ Fis a Borel field; because the Borel by 


sets constitute the smallest Borel field in Q* which includes all neighborhoods ‘ 
it follows that if A* is a Borel set then A’ will be in &. By a similar proof one 
can show that if A’ e and A’ is the origin of A then A must be the intersection 
of Q(f) with a Borel set in 2*. In this case, where A’ ¢ Ff, we see directly from 
the definitions of P*(A*) and P(A) that m(A’) = P(A). 

We shall now show that if A is any P-measurable set then A’ e F and P(A) = 
m(A’). If A isany P-measurable set then A = A; + Ae where A; is of the form 
A; Q(f), with Ay a Borel set in 9*, and Az; = A? Q(f), with A; a subset of a Borel 
set, A3 , whose P*-measure is zero. Then A’ = A; + Ag where A;e F and 
m(Ai) = P(A) (this was proved in the preceeding paragraph). A, is a subset ; 
of A; for which (again by the preceeding paragraph) m(A;) = 0. Therefore i 
m(A2) = 0; hence A’ ef and m(A’) = P(A). Similarly it can be shown that 
if A’ e & then A is P-measurable. This completes the proof. ‘ 

Having shown in detail how a random function determines a stochastic 
process (i.e., a stochastic process in the sense of Definition 1), we shall now show, 








® We use the word “‘origin’’ rather than the word ‘‘inverse’’ because this correspondence 
need not be one to one. 

10 In the statement and proof of this theorem we adhere to a fixed notation with A* 
for a set in 0*, A the intersection of A* with Q(f), and A’ the origin of A under the corre- 
spondence between X and ( $F). 
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conversely, that any stochastic process in the sense of Definition 1 is determined 
by a random function. Let Q be such a stochastic process and consider the 
function «,(w), whose domain is 7 X @ (where T is the space of real numbers), 
defined as follows: if (t , wo) is any point in 7 X Q then the value of x,(w) at 
that point is the value which the function wo(wo ¢ 2* and hence is a function of 
a real variable) takes when ¢ = &. Then 2,(w) will be a random function 
which determines the stochastic process. 


3. Random Functions and Measurable Stochastic Processes 


In the formulation of the theory of stochastic processes a fundamental notion 
is that of a measurable stochastic process." In this section we first give the 
definition of a measurable stochastic process and then we characterize (Theorem 
3) those random functions from which the stochastic process obtained will be 
measurable in this sense. We conclude with some further theorems about such 
functions and about measurable stochastic processes. 

If 2 is any stochastic process, then in terms of P-measure on 2 and Lebesgue 
measure on 7’ we can define a measure on the product space 7’ X © in the usual 
(multiplicative) way; we suppose also that this measure on T' X Q is completed. 

DeFINITION 3. If Q is a stochastic process such that z,(w) is measurable on 
T X 2 then Q is a measurable stochastic process.” 

Let f(t, z) be a random function and let ‘fF be the Borel field of z-sets associated 
with it, as defined in section 1. Let denote the collection of Lebesgue meas- 
urable sets on the t-axis with Lebesgue measure defined on them. We denote 
by § X F¥ the smallest Borel field of sets in 7 X X which contains all sets of 
the form E X F, where Ee § and F e §, and we denote by Sf X F the col- 
lection of sets obtained by completing {* X {F with respect to the usual (multi- 
plicative) measure defined on it. 

Derinition 4. f(t, x) is strongly measurable if it is measurable with respect 
tof x F.8 

In section 1 we considered a correspondence, determined by a random func- 
tion, f(t, x), between X and Q(f) (where Q(f) is the collection of ¢-functions ob- 
tained from f(t, x) by fixing x and allowing ¢ to vary). We consider now the 
product spaces 7’ X X and T' X Q(f) and in terms of the correspondence between 
xX and Q(f) we define a correspondence between these product spaces as follows: 
if %) wy under the correspondence between X and Q(f), then we define the new 
correspondence by making (t, 2) — (¢, wo) for every value of ¢. If A is a set 











'' See II where such processes are discussed in detail. 

” That this definition is non-trivial is shown in II, Theorem 2.2, p. 113. The function 
%(w) was defined in the last section. 

* Because Fis, in general, a subcollection of the z-measurable sets, the condition of 
strong measurability is more stringent than the condition of (¢, z)-measurability. Theo- 
tem 5 below shows that if f(t, z) is a measurable (¢, z)-function, it will be measurable with 
respect to some field Ff X , where {fi contains besides the sets of {f, certain sets of 
t-measure 0. 
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in T X Q(f) we shall denote its origin under this correspondence by A’. Using 
this notation we have 

Lemma. A is measurable in T X Q(f) if and only if A’ ef X F. If A is 
measurable in T X Q(f) then its measure is equal to the measure of A’. 

Proor: Let § be the Borel field of sets in T X Q(f) determined by the sets 
which are direct products of sets in { and P-measurable sets so that § differs 
from the collection of measurable sets in 7’ X Q(f) in that § is not completed 
with respect to the measure which is defined on it. Then, as in the proof of 
Theorem 2, we can show that A §, if and only if A’ eS X F. Denoting by 
A, and by At respectively the w-set for which (t, w) A and the z-set for which 
(t, x) « A’ we see that if A’ is the origin of A under the correspondence on the 
product spaces, then for each #, A; is the origin of A, under the correspondence 
between X and Q(f). IfA’e J X Feach A; ¢ F, and if Ae &, each A, is P-meas- 
urable. Hence, by Theorem 2, if A’ ef XK F 


P(A.) = m(Ai), 


for all ¢, which (by Fubini’s theorem) implies that in this case A and A’ have 
the same measure. 

Now, knowing this theorem to be true if we consider only the Borel fields 
§ and § X an argument like that used in the last part of the proof of Theorem 
2 completes the proof of this lemma. 

THEOREM 3. [f f(t, x) 1s a random function then Q(f) ts a measurable stochastic 
process if and only if f(t, x) is strongly measurable. 

Proor: Let k& be a real number and consider the sets: 


A(k) = [eslw) >k] = A’(k) = UG, xz) > kj. 


It is easily seen that (for every value of k) A’(k) is the origin of A(k) under the 
correspondence considered above. By the Lemma just proved we see that A(k) 
is measurable in 7 X Q(f) for every value of k if and only if A’(k) «SF X § for 
every value of k, i.e., that z,(w) is measurable on T X Q(f) if and only if f(é, 2) 
is strongly measurable. 

Theorem 3 makes it desirable to have some explicit conditions under which a 
random function will be strongly measurable. For that reason we state a 
theorem which has been proved by Ursell.” 

TuroreM 4. [If f(t, x) is a random function which satisfies either one of the 
following conditions, then it is strongly measurable: 

1) for each value of x the t-function f(t, x) is continuous. 

2) for each value of x the t-function f(t, x) is monotonic. 

Because of Theorem 3, we see that a random function f(t, x) may be (é, x)- 





measurable without Q(f) necessarily being a measurable stochastic process. , 





4 See Theorems 8 and 13, pp. 326-330, of VII. The theorems stated by Ursell are not 
as strong as the theorem which we state; with trivial modifications, however, his proofs 
can be used to establish our theorem. The authors are indebted to Dr. P. R. Halmos for 
some very helpful discussions of these matters. 
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We now consider a different question: if f(t, x) is a random function which is 
(t, z)-measurable, and if P*-measure is taken to be the measure determined by 
ft, ) (see section 1), then must 2* contain a measurable stochastic process? 
The answer, as given by Theorem 6, is in the affirmative. 

Derinition 5. If f(t, x) is a random function and if g(t, x) is a function 
which, for each t, equals f(t, x) except for an z-set (depending on ¢) of measure 
zero, then g(t, x) is equivalent to f(t, x). 

TuzorEM 5. If f(t, x) is a random function, then a necessary and sufficient 
condition that there exist an equivalent function which is strongly measurable is 
that there exist an equivalent function which is (t, x)-measurable. 

Proor: Because the necessity of the condition is obvious, we need prove only 
its sufficiency. Let g(t, x) be a (¢, x)-measurable function which is equivalent 
to the random function f(t, x). Define ¢,(t) by 

k=0,+1,:--, 
gn(t) = k2-" if (k — 1)2" <t S k2™ 
n=1,2,---. 
Let c be any real number. Since for (k — 1)2-" < t S k2™ 
glen(t) + ¢, x] = glk2-" + ¢, a], 


glyn(t) + ¢, 2] is (t, z)-measurable on each (¢, x)-measurable set determined by 
(k — 1)2”" < t < k2", so that gly,(t) + c, x] is (¢, z)-measurable. It has 
been shown that there is a number c, and a sequence {a,} of integers such that 


lim gl¢a,(t) + c, 2] = g(t + ¢, x) 


no 


for almost all (¢, x). This implies that there is a ¢-set S of Lebesgue measure 
0 such that if ¢ ¢ S, 


lim gl¢a,(t) + c, 2] = g(t + ¢, x) 


for almost all z. Then if ¢¢ 8S, | 
lim fly, (t) + ¢, a] at ft + ¢, x) 


for almost all x. Since 


IV 
3S 


g(k2-") = k2, . 
gla; (k2-”) + ¢, x] = g[k2-” + ¢, x}, a;2 Nn, 


so that S does not include any k2-" + c. Define fi(t, x) by filé + ¢, 2) = 
ft, z),t¢S 


filt + c, x) = lim sup flg.,(t) + ¢, 2], te S, 
no 
'*Doob II, p. 113. The proof is given there for x-space the interval 0 < x < 1, but the 
proof is perfectly general. 
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if the superior limit is finite. The function f[g,(t) + c¢, 2] is (¢, z)-measurable, 
by the same proof used for g[y,(t) + c, x]. Then the above limit superior is 
+ © on at most a (¢, x)-measurable set of measure 0, and we define f,(t, x) as 
0 on this set. The function fi(t, x) is a (¢, z)-measurable random function, 
equivalent to f(t, x), and 


k=0,+1,..., 
n=1,2,.... 


fi(k2™" + ¢, x) = f(k2” +, z) 


We shall show that fi(t, x) is strongly measurable. Let $f, be the smallest 
Borel field of x-sets including the z-sets 


k = 0, +1,..., 
[fi(k2-" +c, x) < 1] = [f(k2" + ¢, x) < I, n=1,2,..., 
—o <Il< ow, 


It will be sufficient to show that f,(t, x) is measurable with respect to the field 
5S X §,. The proof of the (t, z)-measurability of fly,(é) + c, 2] shows the 
measurability of that function with respect to the field { x {§,. Therefore 
lim sup flga,(t) + c, 2] is also measurable with respect to the field Sf x {fF , and 


fi(t, x) only differs from this superior limit on a set in Sf x ‘fF, of measure 0, so 
fi(t, x) is measurable with respect to the field Sf & {f,, as was to be shown. 

Corotiary. [If f(t, x) is a random function, and if there is a (t, x)-measurable 
function g(t, x) such that when t is not in some set, E, of Lebesgue measure 0, 
f(t, z) = g(t, x) for almost all x, then f(t, x) is equivalent to a strongly measurable 
function. 

Unless the set E is empty, Theorem 5 is not immediately applicable, but we 
can redefine g(t, x), fort « EZ, to be equal to f(t, x), obtaining a (é, x)-measurable 
function equivalent to f(t, x), and then apply Theorem 5. 

We now combine Theorem 5 with Theorem 3 to obtain 

THEOREM 6. Let f(t, x) be a random function, and let P*-measure be the measure 
on Q* determined by f(t, x).° Then, if f(t, x) is equivalent to a measurable (t, x)- 
function, Q* will contain a measurable stochastic process. 

Proor: If f(t, z) is equivalent to a measurable (¢, x)-function, then, by 
Theorem 5, it will be equivalent to a strongly measurable function, g(t, 2); 
this function will of course determine the same P*-measure as f(t, x). Because 
g(t, x) is strongly measurable, Theorem 3 implies that the ¢-functions obtained 
from it by fixing x and allowing ¢ to vary will form a measurable stochastic 
process. 

This theorem, besides relating the two formulations of a stochastic process 
which were considered in section 1, is useful because it enables one to prove an 
important condition, due to Kolmogoroff,” for the existence of a measurable 





16 The P*-measure determined by f(t, x) is defined in section 1. 
7 See I, p. 71, where the Kolmogoroff theorem has been obtained from a special case 
of Theorem 6. 
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stochastic process and because it shows that to find a condition upon P-measure 
that there be a measurable process with that measure, it is only necessary to 
fnd a condition upon a random function f(t, x) that it be equivalent to a measur- 


able 


(t, x)-function. 
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MINIMALLY ALMOST PERIODIC GROUPS 


By J. v. NEUMANN AND E. P. WIGNER 
(Received November 7, 1939) 


1. Given a group % it is of some interest to decide which elements of § can 
be “told apart” by almost periodic functions of § or, which is the same thing 
(cf. below) by finite dimensional bounded linear representations of §. That is: 
For two a, b eG we define a ~ b by either of these two properties: 

(1) For every almost periodic function f(x) in G f(a) = f(b). 

(Il) For every finite dimensional linear unitary representation D(x) of § D(a) = 

D(b). 

The general theory of almost periodic functions in groups’ deals with these 
questions. The equivalence of (I) and (II) is shown in Ap, p. 480, Theorem 33. 
It is also known there, Ap, p. 481, Theorem 34, that the above notion determines 
an invariant subgroup % of $, such that a ~ b holds if and only if a and b belong 
to the same coset of % in G. 

The smaller % , the more almost-periodic functions—and finite-dimensional 
bounded linear representations—% possesses. Hence we termed § maximally 
almost periodic if Go = (1) (i.e., a ~ b for a = b only), and minimally almost 
periodic if S$) = G (i.e. always a ~ b), ef. Ap, p. 482, Def. 17. 

Maximally almost-periodic groups GY are easily constructed; obviously every 
finite dimensional, linear, unitary group is such. For more general examples cf. 
Ap, pp. 482-483, Theorem 36, A and B. 

Minimally almost-periodic groups § are somewhat pathological; they are 
characterized by the fact that their only almost-periodic functions are the con- 
stants: or equivalently, their only finite dimensional, linear, unitary representa- 
tion is D(x) = 1. The existence of such groups was shown in Ap, p. 483, using 
an interesting theorem of B. L. van der Waerden, combined with earlier results 
of J. v. Neumann and the representation theory of the affine group. (Cf. loc. cit.) 

Thus these examples are really obtained in a rather complicated way. 

In this note we will construct examples of various kinds of groups, including 
minimally almost-periodic ones, by simpler direct methods. All these examples 
will be enumerably infinite (discrete) groups, whereas those of Ap (cf. above) 
are continuous (Lie) groups. We will also gain some general viewpoints con- 
cerning the nature of maximal and minimal almost periodicity. 


2. If S’ is an invariant subgroup of § with finite index, then its factor group 
$/S’ is finite. Hence the regular representation of $/9’ is finite dimensional, 





1J. v. Neumann, Almost periodic functions in a group, Amer. Math. Soc. Trans. 36 
(1934), pp. 445-492. To be quoted as “Ap”. 
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linear, unitary. Itisthesamefor%. It represents any two different elements of 
g/9’—hence any two elements of which belong to different cosets of $’ in S— 
differently. Hence % & $’. 

We see therefore: If §, is the intersection of all invariant subgroups $8’ of § 
with finite index, then 


&o&. 


We do not have in general, however, % = %. Let S be the group of all 
proper rotations in 3 dimensions. Since § is itself a finite dimensional, linear, 
unitary group, so it is maximally almost periodic. Hence % = (1). On the 
other hand one verifies easily that the only invariant subgroup $’ of $ with finite 
index is §’ = G, therefore $, = G. 








3. Abelian groups—if they are separable and locally compact, which is the 
case for the enumerably infinite (discrete) ones—are maximally almost periodic, 
cf. Ap, pp. 482-483, Theorem 36, B. Hence one might be led to expect that the 
minimally almost-periodic groups—especially the enumerably infinite ones— 
will be found at the other extreme: among the free groups. This is not so, 
however. The free group of h(= 2, 3, ---) generators, § = F, is maximally 
almost periodic. Indeed, the reader who is familiar with the general theory of 
the F” will find no difficulty in constructing for any ae F”, a ¥ 1, an invariant 
aubgroup 9’ of F” with finite index, such that a ¢9$’. Hence we have $; = (1) 
and a fortiori S = (1) for § = F™, ef. §2 above. (For another example of a 
maximally almost-periodic group which is closely related to free groups, cf. 
§ = § in §5 below.) 

Thus both extremes—Abelian groups as well as free groups—are maximally 
almost periodic. The minimally almost periodic groups must be somewhere in 
between. 


4. Our examples are based on the following lemma: 
Lemma 1. Let U be a finite dimensional unitary matrix. Assume that there 
exists for every s (= 1,2, ---)at = t(s) (= 1, 2, ---) which is an integral multiple 
of 8 such that for a suitable pair of reciprocal matrices V; , V;' there is U' = V; 
UV". Then U = 1. 

Proor: Let n (= 1, 2, ---) be the dimensionality (order) of the matrices 





under consideration. Let a, ---,@n be the characteristic values of U,—in 
an arbitrary order, but with the right multiplicities. 

Consider a t = t(s). U‘ has the characteristic values aj, ---,a, while V.UV;" 
has again the characteristic values a1, ---,a@,. Therefore the a1, --- , an 
must be a permutation of the aj, --- , an. | 

Since there are infinitely many different ¢ = ¢(s) (as t(s) 2 sso s — © implies 
(8) + ©), and only a finite number of a1, --- , an , 80 for everyi = 1,---,n 


bam tt’ 


two different ¢; , tj with a! = aj‘ exist. Soa‘ ‘* = 1, thatis: All a; are roots 
of unity. Now choose s, and a fortiori t = t(s), as a common multiple of the 
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root of unity exponents of a, ---,a,. Then aj = --- = a, = 1, and as 
a, +++, @, are a permutation of aj, --- , a, , thereforea; = --- = a, = 1. 

So all characteristic values of U are equal to 1, and consequently U = 1. 

From this we conclude immediately : 

Lemma 2. Let $ be a group, and % as described in §1 above. Consider a fixed 
ae. Assume that there exists for every s (= 1, 2,---)at = t(s) (= 7, 2, ---) 
which is an integral multiple of s, such that for a suitable b; ¢ S there is a‘ = b,ab7’. 
Then ae. 

Proor: Apply Lemma 1 to U = D(a) and V, = D(b,), where D(z) is a finite 
dimensional, linear, unitary representation of §. Then D(a) = 1, hence a e% 
by (II) in §1. 


5. We will now discuss the following groups as to their types of almost peri- 
odicity : 
(a) § = §, the group of all linear transformations 
a’(u, v): ra’ =urt+y, 
where u ¥ 0, u, v rational. 
(8) § = §, the group of all rational transformations 


U v UL v 
a”( ’ ): t-27'= + 


w, 2 wx + z 





where Det c *) = uz — w =1, 
u,v, w, 2 rational integers. 
(vy) S$ = §™, same as above, but u, v, w, z must be rational. 
Discussion of (a): Since 
a’(s, O)a’(1, v)a’(s, 0) * = a’(1, sv) = (a’(1, v))’ 
(s = 1, 2, ---), so Lemma 2 applies to a’(1, v) (with ¢ = t(s) = s). Hence 
a’(1,v) eG. 

On the other hand D,(a’(u, v)) = (exp (277d In | u |)) is a finite (one!) dimen- 
sional, linear, unitary representation of 9°” for every real \. If wu # 1, then 
D,(a'(u, v)) ¥ 1 for some suitable real \, hence a’(u, v) ¢ Go in this case. 

Thus % is the set of all a’(1, v), and consequently $ is neither maximally nor 
minimally almost periodic. 

Discussion of (8): This is the modular group; we observe (without giving the— 
well known—proofs, since these facts are not essential in our deductions): 
g® is generated by the two elements 


a, = a”(? oP ror'= -, 
’ 


» 5 1 
= git ’ ‘ OS ate 
ae a bs 1 ): tr = z+1 1 


We have a; = a; = 1, and these are the only relations which hold for a1, 42. 
So 8 is the free group of 2 generators of order 2 and 3. 
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The almost periodic character of g is determined as follows: 
at a U, v ° U, v - 1, 0 
For any p = 2,3, --- thea S ’) with (“ ’) = (5; ') --+ mod p form 


’ , 


an invariant subgroup 9%, of §. Two a’ ms . and a” z 2 belong to the 
’ ’ 


same coset of 9} in G if and only if iS > = i 4 -»» mod p. Hence the 
? ’ 
number of these cosets is finite, i.e.: the index of $}, in G is finite. 


Therefore if a = a’”’ S ’) e%, (cf. §2 above), then a” = ’) 9, for all 
WwW, 2 Ww, z 


bd ’ 


p= 2,3, -++,Le.: (“ “ =(¢ ‘) .-- mod p for all p = 2,3, --- . Conse- 
’ ’ 
quently S ’) = i ). a=1. Hence %, = (1), andso a fortiori % = (1) 
? ’ 


(cf. §2 above). Thus 8 is maximally almost periodic. 
Discussion of (vy): Since 


nie Alb Vale QA nfl €o = («"(% ‘yr 
“( ie" e(e st ~*\0, 1 si 


s s 


(s = 7, 2, ---), so Lemma 2 applies to a” ms ') (with t = ¢(s) = s°). Hence 


0, 
1, v 
” ’ 
a ¥ _ € Go ‘ 
Since % is an invariant subgroup of S$, we can now infer successively that the 
following further elements belong to % : , 


0, -1 1, -v 0, -1\" 1 ‘) 
7 ’ ” ’ ut ’ _ ” ’ 
ar(? a ")ar(? 0) a ae 
a’(h 2) an(h, OV (ls 2) _ a’(? + v2, 1 +03 + “ag 
0, 1 ve, 1 0, 1 Ve 1 + 203 
The general ar( ’) with uz — vw = 1; u, », w, z rational, has the above form 
if w ¥ 0: For this purpose we must determine 1 , v2 , vs With 
ve = w, 1 + owe = u, 1 + vev3 = z, V1 + Us + Vos = Vz 


The three first equations can be satified directly by choosing v2 , 11 , vs respec- 
u, v 


tively. The last one then holds automatically,since uz—vw=1. Soa” a 
’ 


«% when w # 0. In particular a’”’ ” ry 
’ 


w{ 2, Ww (9, —~§ = C 7 
2 “)° (: 0) “\w, 2/’ 


) «% . Since 
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the same can be asserted when z ~ 0. And as uz — vw = 1 excludes w = z = 0), 


we have thus a” os *) e % unrestrictedly. 


’ ‘ 

Hence % = %, and consequently 9°” is minimally almost-periodic. 

It seems to be worth emphasizing that the fundamental difference between the 
groups g and § is brought about by requiring u, v, w, z to be rational only, 
instead of requiring them to be rational integers. 

As §® is a subgroup of 9°”, the interesting situation arises that there are 
representations of § which are not contained in any representation of 9°’, 
It is well known that this could not occur for finite or compact groups. 

We mention finally that’ the minimal almost-periodicity of the common 
Lorentz group can be readily inferred from earlier work.” 


INSTITUTE FOR ADVANCED STUDY AND 
PRINCETON UNIVERSITY 





2E. P. Wigner, On unitary representations of the inhomogeneous Lorentz group, Annals 
of Math., 40 (1939), pp. 149-204. Cf. in particular pp. 164-168. 
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NOTE ON THE RELATIVE STRUCTURE OF p-ADIC FIELDS 


By Saunpers Mac LANE 
(Received February 3, 1940) 


This paper contains the solution of a problem stated and partially solved in a 
previous paper’ on fields with discrete valuations. It also contains a correction 
of certain results given previously for non-discrete valuations. 


1. The Problem of Relative Structure 


A p-adic field K is a field of characteristic zero, complete under a valuation 
function V(a) with integral values, such that the rational prime p has the value 
V(p) = 1. The structure theorem states that such a field K is uniquely deter- 
mined (up to an analytic isomorphism) by the field & of its residue classes (mod 
p). The original proof of Hasse and Schmidt for this structure theorem involved 
certain difficulties” with Steinitz towers of fields, but recently a different analysis 
of these towers has been found which re-establishes’ a modified form of the 
Hasse-Schmidt proof. 

Let K and K’ be two p-adic extensions of a given p-adic field k, both with the 
same residue class field R. (Then & is an extension of the residue class field f 
of the original k). K and K’ are analytically equivalent over & and k if there is an 
analytic isomorphism which maps K on K’ and leaves each element of k and each 
residue class of & fixed. The relative structure problem is that of finding condi- 
tions on the residue class extension §/f under which any two extensions K and 
K’ are analytically equivalent. It suffices (loc. cit., Theorem 8) to assume that 
R “preserves p-independence” in f, in the sense defined later. This condition is 
also necessary. 

THEorREM. Let & be any extension of the residue class field f of a given p-adic 
field k. A necessary and sufficient condition that any two p-adic extensions of k 
with residue class field R be analytically equivalent over R and k is the requirement 
that R/€ preserve p-independence. 

Our proof that this requirement is necessary is an extension of a previously 
given example’ of two non-equivalent extensions for the special case when & 
is an inseparable algebraic extension of f. The employment of this type of 
example requires that we first (Lemma 1) break up an arbitrary extension &/f 
which does not preserve p-independence into parts, one of which is an inseparable 
extension. 





*S. MacLane, Subfields and Automorphism groups of p-adic fields, these Annals, vol. 
40(1989), pp. 423-442. Subsequently referred to as ‘‘subauto.” 

*S. MacLane, Steinitz field towers for modular fields, Transactions of the American 
Mathematical Society, vol. 46(1939), pp. 23-45. 
_ ‘See a forthcoming paper Uber inseparable Kérper, by F. K. Schmidt and 8. MacLane, 
in Mathematische Zeitschrift. 
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2. Extensions Preserving p-Independence 


All residue class fields of p-adic fields necessarily have characteristic p. Ina 
filed of this characteristic a subset X is said to be p-independent if no element of 
X lies in the field obtained by adjoining all the other elements of X to R”, the 
field of all p powers of elements in ®. An extension &/f is said to preserve p- 
independence’ if every subset of f p-independent in f remains p-independent in &. 

Lemma 1. An extension & of a field £ of characteristic p fails to preserve p- 
independence if and only if R contains a subfield & > f and an element n not in & 
such that n” lies in a field L(y , «++ , Yn) generated over X” by elements y; from f. 

Given such an % and 7, one readily verifies that certain elements y p-inde- 
pendent in f must become p-dependent in &. Conversely, if &/f does not 
preserve p-independence we can find a finite set T = [y1, --- , Yn] of elements of 
f p-independent in f but not in R. T is then also p-dependent in some subfield 
of generated over f by a finite number of elements. Let us add these elements 
to f one at a time, taking care to make each such adjunction either a transcen- 
dental extension, a separable algebraic extension, or the addition of a p™ root. 
There is then some one of these elements n, the adjunction of which to the 
previously obtained field % first brings about the p-dependence of [. This 
element 7 can be neither transcendental nor separable algebraic over &, for an 
extension of either of these types is known’ to preserve p-independence. There- 
fore 7 is a p™ root of some element of &. 

By definition the p-dependence of I in &(m) means that some one element of 
I’, say yi , can be written as a polynomial 


(1) v1 =S(v2,--- 


with coefficients in 2”, and with degree at most p — lin y’ orinanyy;. Sincel 
was not p-dependent in the field 2, this polynomial actually involves 7’. There- 
fore 7” satisfies the separable equation (1) over @°(y1,---,7¥n). But 7” also 
satifies over 2” a purely inseparable equation, for (7”)” is in 2”. Therefore 7” 
lies in 2’(y1 , --- , Yn), a8 asserted. 

Suppose again that &/f does not preserve p-independenee, and return to the 
proof of the Theorem. The conclusion of the Lemma siates that 7 can be 
written as 


(2) n = aiBi + afBe+ --- + abBn, a; in &, 


where each 8; is a power product of elements 7; , and hence is in f. Extend the 
given p-adic field k to obtain two p-adic fields L and L’, both with the residue 
class field &. For each residue class 8; of (2) choose in k some representative bi , 
and for each a; choose representatives a; and a; in L and L’, respectively. Since 
the residue class equation (2) is an irreducible equation of degree p in 7, we know 
that corresponding equations over L and L’ must be irreducible. Let y and y’ be 
defined by two such equations, 


»Yny n’) 





‘ A discussion of such extensions appears in S. MacLane, Modular fields. I. Separating 
transcendence bases. Duke Mathematical Journal, vol. 5(1939), pp. 372-393. 
5 Such an extension of a p-adic field is possible, by Theorem 1 of “‘subauto.”’ 
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(3) y= > afb oy? =(1+ p(X az” by). 


These elements generate p-adic fields L(y) and L’(y’). Since y and y’ both have 
the residue class 7 defined by (2), these fields both have the residue class field 
@(n). Again extend’ these fields L(y) and L’(y’) to the p-adic fields K and K’, 
respectively, with the extended residue class field &. 

We assert that these two p-adic extensions K and K’ are not analytically 
equivalent over R and k. For suppose instead that K and K’ were equivalent 
under some isomorphism aoa’. Since T is to leave k and residue classes of & 


fixed, we know that 
bf - bi, a; = a;(mod P); y" = y’ (mod p). 
According to Lemma 1 of “subauto,” this implies 
(a?)” = a;"(mod p’), —(y”)” = y’”(mod p’). 


Substitution of these in the first equation of (3) and subtraction of the second 
gives 


p( 2. a:7b;) =O (mod p’), 2) ai?b; = 0 (mod p), 


a contradiction, for the residue class 7 of > a’b; is not 0. The existence of 
the two non-equivalent fields completes the solution of the relative structure 


problem, as stated in the Theorem. 


3. A Correction 


H. L. Kaplansky has called to my attention the fact that Theorems 3 and 4 
of “subauto” cannot be correct without restriction in the case of non-discrete 
valuations. The difficulty arises because a non-discrete complete field L can 
have a proper complete extension L which has the same value group and residue 
class field as does L. Then K is an immediate extension of L in the sense of 
W. Krull, who observed this phenomenon in connection with power series 
fields. 

In the proof of Theorem 4, this difficulty appears in the argument that 
K™ = K’ (p. 428 of “subauto”). The same trouble arises in Theorem 3. 
Both Theorems remain valid for discrete valuations, so the subsequent Theo- 
rems of the paper, which treat only this case, are not affected. The argument 
given for Theorem 3 in the non-discrete case does in fact prove a modified 
Theorem 3* which asserts, not that 7* is an analytic isomorphism of K on a 
subfield of K’, but that 7* is an analytic isomorphism of some subfield Ko of K 
on a subfield of K’, where Ko and K have the common residue class field &. 


Harvarp UNIVERSITY 


_. 


°W. Krull, Allgemeine Bewertungstheorie, Journal fir die Mathematik, vol. 167(1932), 
pp. 160-196. 
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ON THE RATIONAL AUTOMORPHS OF 2? + 2x3 + x3 
By Gorpon PAu 


(Received July 5, 1939) 


1. Notations. References followed by Q refer to an associated article.1 We 


use the notations of §1Q. In addition to the sets 2, ©, Mt there defined, we 

employ German capitals for the following sets: 

2: the 48 automorphs obtained from any one by shuffling rows; 

%: all automorphs obtained from a given one by shuffling rows and shuffling 
columns; 

: the pure quaternion residues (mod m) obtained from a set It by shuffling 
V1, V2, U3; 

R: all pure quaternions obtained from a pure one z by shuffling 7, 2, 23. 

Here shuffling denotes “permuting and changing signs of.”” In §3, letters which 

elsewhere represent integers denote real numbers. 

We shall establish a one-to-one-to-one interconnection between the rational 
automorphs of x} + 22 + 23 and certain sets of solutions of (1,Q) and (1:Q). 
Numerous arithmetical properties of the automorphs and some additional 
properties of quaternions are obtained. 


2. The rational automorphs of z} + 23 + 23 are the matrices 
(1) A = (das/m) 
(a, 8 = 1, 2,3; ged (ay, aye, --- , A33, m) = 1;m > 0) 
such that, if A* denotes the transpose matrix and I the identity, 
(2) A*A =I = AA*, A* = A”. 
Here | A | = @ = +1, and the relations (2) expand into the following: 
(3) x ap = yD Aja = Mm’, x AepAyg = 0 = 2 Apadgy a ~ ¥, 


(4) the cofactor of each element dag in (Gag) iS 0MAag « 


If m could be even (3:) would imply that every ag is even. Similarly no 
prime factor 4f + 3 of m can divide any dag. 

THEOREM 1. The denominator m of any automorph (1) is odd. Each row and 
column of (dag) satisfies 


(5) ai + x2 + 23 = m’, 





1G. Pall, On the Arithmetic of Quaternions, Trans. Amer. Math. Soc., vol. 47 (1940), 
pp. 487-500. This article was originally intended to precede the present article in these 
Annals, but was transferred to the Transactions. 
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(6) the g.c.d. of 21 , X2 , Xs being 1 or a product of primes 4f + 1. 
Trivially, two %q in (5) are even and one is odd. If m > 0, 
(7) the even tq in (5) are = Oif m = 1, = 2 if m = 3 (mod 4). 

In §8Q we proved a generalization of the fact that 
@n=H+h-&—t&, t%=2-bl + th), t= 2(tl + th) 


is the general solution of (5)—(6) with x, odd, ¢ being a proper quaternion of 
norm m. For the purpose of proving (7), since any common factor of the 
tq is = 1 (4), it will suffice to show that every proper solution of (5) with 2, 
odd is given by (8) for a proper ¢. Since x = 7,2; + 2% + 1323 is proper and 
Nz = m’, x = vt with Nt = m by Theorem 1Q, Nv = m, v = fa with Na = 1 
since ¢ = —z has ¢ for a left divisor, whence x = fat; x, being odd and fat = 
(Nt)a (mod 2), a = +t; the case a = —7; reduces to a = %,, since f(—%)t = 
diu if t = igu. Expanding x = fi,t gives us (8). Finally, (7) follows on con- 
sidering (8) with one or three of the ¢; odd. 
An automorph will be called odd if 


(9) | A | = 1, and ay, 22, a3 are odd. 


A class % contains four odd automorphs obtainable from each other by changing 
signs of two rows. 


3. The matrix function ((¢) of a real quaternion ¢, defined by 

O+ti-—@—t A—-bt+hh) 2Abh+th) 
WAtots+ tite) to —ttth—t 2(—-th + th) 

A—bh+hb) AWbhths) H-h-b+h 

is considered in this section. By the homogeneity, 

(11) Q@(At) = Q(é) for any real number ) + 0. 


If a matrix B = (bag) is of the form (@(¢) for some real quaternion ¢, then ¢ is 
unique up to a factor X. For by choice of \ we can suppose Ni to have any 
valuem > 0. Equating (10) to (bas) = (Gas/m) we get the ten equations 


(12) 4 = m + ay + aoe + ass, 4t; = m+ an — Gee — Gs3,---, 
(13) 4tot; = Azo — O23, 4tets = Gozs + Qz2,---,; 


which determine t,t,(f, 9 = 0, 1, 2,3) and hence an unique +4. 

If further m and the bag are rational, every ¢7 and t/t, is rational; t; = un'(f = 
0,1, 2,3) with rational uy and n, B = @(u). Choice of a factor \ makes wu proper. 
Hence we have 

Lemma 1. Jf a matrix B with rational elements is of the form Q(u) for some real 
quaternion u, then there are two and only two proper integral quaternions, t and —t, 
such that Q(t) = B. 


(10) @) = ii 
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The matrix %(¢) has the multiplicative property 
(14) Q(t)-Q(u) = Q(tu). 
This can be verified as follows. Let x denote either the 
(15) pure quaternion 7,7; + i2%2 + %3%3, or matrix (x,) of one column; 


similarly for y. The columns of NéQ(t) are tial (a = 1,2,3). Hence NiQ(i)z 
corresponds to )> Zatiel = t()> tata)é = tat, that is, if A = Q(t) the matrix 
equation 


(16) At=y 
corresponds to the quaternion equation 
(17) tri = my, where m = Nt. 
Hence (14) follows when we observe that for arbitrary z and y, 
t(uxtt)t/(NuNt) 
Q()Q(u)x = y is equivalent to Q(tu)x = y. 


y is equivalent to (tu)a(tu)/N(tu) = y, 


For any non-zero real quaternion ¢, @(¢) is a real automorph of xj + 2; + 23; 
for by taking norms in (17), Nx = Ny. Also | @(é) | is +1, and not —1, for 
every ¢t, since by continuous transformation of ¢ we can reach ¢ = +1 when 
(f(t) is the identity matrix. It is worth noting the following identity in the 
Zq and ¢;, the expressions in the matrix of (10) being substituted for the dag : 


(ci +a2+a3(6+ ++ 6) = } a (Ga1%1 + Gee te + es%s)’. 


We now prove conversely that every real automorph of aj + x} + 23, with 
determinant +1, is of the form ((¢) for real ¢; and it will follow from lemma 1 that 
every rational automorph is of that form for proper t. 

It suffices to prove that if m > 0 and (3)-(4) hold with @ = 1, the ten equations 
(12)-(13) are solvable in real ¢;. By (3;) and (4), 


2 2 2 2 2 2 
(18) 32 — Q23 = G13 — O31 = Agi — Ai2 (= €, say), 
(19) MA\2 = 23031 — 21033 , MA2, = Ay3032 — Ay2M33 , etc. cyclically. 


Thus a2 = +42; implies d23431 = 44332 with the same sign; and similarly on 
permuting subscripts cyclically. Hence, if e = 0: 

a) we can set d23 = md32 etc., each 72 = +1, mons = 1; 

b) if aes , asi , OF Giz Vanishes, at least two of them vanish. 

Case I, e = 0, at least two of ae3 , a3; , 12 ZeTO; SAY G3; and dy. Then 423 = 
+d32. For the + sign, (3) and| A | > 0 imply a3; = —aee, an = —m; take 
to = th = 0, 2tets = aes, 2 + t§ = m; then az, = m — a}; = (t — &), and by 
permuting tz , fs , dex = t — 3. The rest of (12)-(13) follows. If ass = —4:, 
te = t; = O yields a similar result. 
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Case II, ¢ = 0, no dag = O(a ¥ B). According to the cases 
On=n=n=1, 1l)mn=nm=—-1, 2)n=m=—-1, 3) m= m= 1, 
we take & , ti, te, or ts to be zero. Three of equations (13) become trivial, the 
rest determine an unique -tt, and imply respectively: 0) 2¢; = as:d:2/ao3, --- ; 
1) 2t) = Ge10,3/Qe2s , Qs = dyg0e3/d2, , 2f3 = G21423/a13 ; and similarly in cases 2) 
and 3). Equations (12) now follow. For example in case 0), by (4) and (32), 
ay(m + } i Qaa) = A201 + Gy2de2 + ay2(m + dg3) = A120 + Ge2d21 + Azid32 = 0 
= Atoais ’ e3(m + Gi — dee — dss) = 210g; — A22A32 — A23033 = 20203, = 4tidas , 
etc. In case 1), des = Gg2, @s1 = —4i3, and di: = —d2,, whence for example, 
ays(m + Dd Gaa) = 12031 + AagQe2 + Ae3Qz3 = — erg, + Geese + Aes033 = — 2ae10s1 
= 4tde3 . 

Case III,e #0. Then all of (13) are implied by the conditions 16%tilet3 = ©, 
Atots = eg + ase , 4ist; = Ag, + Qi , 4tt. = Qe + Qa , which determine +¢ 
uniquely. Also (12) follow. For example:by (19), 


(ay2 + de) (m + G11 + Gee + gs) = GigQg2 + Gs123 + G21041 + Gy2Q22 + A21422 +201 
= (ase — des) (ais — Ag1) = 4t9(a21 + ai2) by (13). 


4, THzorEM 2. A rational automorph A = (Gas/m) of denominator m and 
determinant +1 is of the form Q(t) for an unique pair of proper quaternions +t; 
Ntis m, 2m, or 4m according as A contains three, one, or no odd daa . 

The first part follows from §3. If in (10) the denominator reduces to m, 
Nt = hm for some integer h dividing all nine elements of the matrix NiQ(é). 
Since ¢ is proper and obvious combinations of the diagonal elements with Nt 
produce 4¢7(f = 0, 1, 2, 3), h = 1, 2, or 4. Conversely if ¢ is proper and N¢t is 
m, 2m, or 4m (m odd), the denominator to which ((é) reduces is indeed m; for 
any prime dividing m and the three diagonal terms divides each ¢;. The 
possible parities of the ¢; in each case show that three aa. are odd if Nt = m, 
one is odd if Nt = 2m, and all even if Nt = 4m, every t; odd. 

TuEorEM 3. Let ube proper,modd. If Nu = 2m, Q(u) can be derived from an 
odd A by interchanging two rows and changing the signs of one row. If Nu = 4m, 
(t(u) is obtainable from an odd A by permuting the rows cyclically. 

For if 2| Nu, the u; are congruent (mod 2) in pairs. Hence u = (1 + tZa)é 
with ¢ integral, a = 1, 2, or 3; Nt = 4Nu, Q@(u) = Q(1 + 7.)@(t); and 


10 0 
@1i+%)={0 0 -1 
01 0 


The case Nu = 4m is solved by two applications of this process, and 

Lemma 2. The three automorphs obtained from (Q(t) by changing the signs of 
two of its rows are Q(ist), Q(iet), A(ist). 

The four odd automorphs of a class & (end §2) are, in view of Theorem 2 and 
lemma 2, associated with an unique set Q (§1Q). 
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We denote the set of quaternions conjugate to those of € by G*; the set of 
automorphs transpose to those of 2% by %*. Thus G* = € if and only if 


(20) an equality occurs among 6 , ti , t , t3 , 0. 


THEOREM 4. As ¢ ranges over a set € (or Q) of odd norm m, Q(t) ranges twice, 
as @(t) = @(—1#), over the odd automorphs of a set A(or 2) of denominator m. If 
% corresponds in this way to ©, A* corresponds to &*. 

The proof for Q and % was given above. We can restrict ¢ to one value in 
every subset © of &, say that given in lemma 13Q. By forming the automorphs 
(t(n), for » in (15Q), we find that @(ntq#) = Q@(n)@(Q(q) is obtained by the 
following respective operations: 


(21) identity, Ga, GatiTatiat2, Fat2Tatiet+2,  TWatlat2,  Talatl,at2; 

23, isla,  T321, ‘Weta; (a = 1, 2,3). 
Here the subscripts are to be reduced (mod 3) to 1, 2, 3; ¢. denotes the operation 
of changing the sign of the a-th row, then of the a-th column; zag indicates 
the interchange of the a-th and 6-th rows, then of the a-th and 8-th columns; 
23 represents a cyclic permutation of rows, and then columns. 

If an odd A’ is derived by shuffling (§1) rows, and columns, from an odd A, 
any rearrangement of rows must be accompanied by the same rearrangement of 
columns, and since | A | > 0, the number of sign-changes must be even. All 
such possibilities, except for sign-changes of two rows, which are provided 
for in the &-classes, are expressed in (21). Theorem 4 follows, the last part 
being obvious from (10): @(é) =. @*(é). 

It may be observed from the last part of §3 that some ¢; vanishes if and only if 
e = 0, and that then A becomes symmetric on changing signs of certain rows. 
From (10) we see that if 1 = te, then ay = doz, G31 = Ge3, Gis = Aso, and A 
becomes symmetric on interchanging the last two rows; and similarly if any 
equality occurs among @, ft, &, 3,0. Conversely, by (10), if au = azz, then 
ti = & ; if awe = ag , then & = —t, or te = ts ; the possibility ay, = =a; implies 
(fo + th)” = (te + ts)’ and is excluded by residues (mod 2) if Nt is odd. Thus we 
have two theorems: 

THEOREM 5. If some two elements not in the same row or column of A are 
numerically equal, then the class 2 of A contains a symmetric automorph. 

THEOREM 6. A class % contains a symmetric automorph if and only if two of 
to , ti , ts , ts , 0 are equal in the corresponding proper &. 


5. In view of the equivalence of (16) and (17), the identities 
Ut — bjt = (t— w)Nt, ttt + ta)d = (tia + ta)Nt, 


give us the lemma and corollary: 

Lemma 3. On multiplying by Q(t) on the left, the column vector (t, t, ts) 
becomes (t , tz , ts), (to, —ts , te) becomes (to , ts, —te), (ts, tr, —ti) becomes (—bs, 
b F) ti), (—é, i, to) becomes (4, —h, to). 








, of 


ice, 

If 
in 
yhs 
the 


Cn Ss 


RATIONAL AUTOMORPHS OF z; + 23+ 23 






CoroLtaRY 1. If Q(t) = (das/Nt) in (10), then 
ps dag¥s = 0(mod Nt) (a = 1, 2, 3) for each of (y:1, ye, ys) | a 
B eg 





(22) 





sad (4, le, ts), (b, —t, te), (ts, bo, —t), (—t, hh, to). 


In fact (22) gives the identities in the proof of Theorem 5’Q. Hence 
Corottary 2. If p’| Ntand p X% t + ty, the four congruences 


Ut; + Usto + Uats — Usle = 0, 
Uots + Ute — Usti + Usl = 0, 



















Ulo — Usty — Uste — Usls = 0, 








(23) 








Uot2 — Usts + Ualo + Usti = O, 








obtained on expanding ut = 0 (mod p’), can be expressed as linear combinations of 
(231) and (23.041). 
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6. THEorEM 7. For any automorph (1) we can choose pure quaternions u and v 
such that 
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(24) ap = Uavs (mod m), a, B = 1, 2,3. i 


Here u and v must satisfy 
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(25) Nu = Nv = 0, u and v proper (mod m). 






Also, u and v are uniquely determined (mod m) except that we can replace (u, v) 
by (eu, fv), where e, f are any integers such that ef = 1 (mod m). 

By the Chinese Remainder Theorem it suffices to determine wu and v (mod 
p’), for each p’ dividing m. Some agg is prime to p,? say ay. Then let u = 1, i 
Ug = dig, and determine uz and uz from de, = U2 , G31 = Usd ; (24) holds for i 
every a and 8, since by (4) every minor determinant of order 2 in (@ag) is divisible } 
by p’. ue: 

Since m, ay, @2, «++ , 33 are coprime, u and v must be proper; this with (3;) VEE 
implies that m | Nu and Nov. 

If wavs = Ugg (mod m), (a, 8 = 1, 2, 3), we can find integers ra , 8s such that 
Tle = le >, Save (mod m). Sete = 2. su3,f = > Tale. Then te 
Dd Uadess = Ds Wangs = cuz, vp = fog, and ef = D) 538 Do rave 

Dd rasslavs = D. >> ra8savs = 1 (mod m). 
If B = (bag/n) is an automorph of denominator n, and m | n, we write 
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(26) B ~ v (mod m) 





to indicate that the three rows of (bas) belong to the set Yt (mod m) determined 
by v. By (24), A ~vand A* ~ u (mod m). Since wu is proper (mod m) the 
set 2 (mod m) containing all three rows of mA is evidently unique. 


—_— 







*Examples with no dag prime to m may appear when m has three prime factors 4f + 1. 4. 
If m = 5-13-17, v = 775i; + 5lie + 533s is effective for Q(t), t = 28 + 11i: + 10i2 + 10%; HE 
likewise for t = 24 + 22i; + 6i2 + 3is, every dag is divisible by 5, 13, or 17. Hie 
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Lemma 4. If vis pure and proper (mod m), and m | No, we can secure 
(27) m? | No 


by adding multiples of m to v; and v2 . 

Set Nv = sm, w = hi, + kig. Then N(v + mw) = m(s + 2hvi + 2kve) + 
(h> + k’)m’, and we can choose h and k to make m|s + 2hv; + 2kve, since 
V1 , Ve, Mm are coprime. 

Lemma 5. If (24) holds for the automorph (1), and m’ | No, the integers has 
defined by Gag = Uatg + Mhag satisfy 


(28) > hasvs = 0 (mod m), a = 1, 2, 3. 
For on substituting deg = Wag + mhgg in (3) and using (27) we get 
(29) m|Ua Dy hapg, m| Uy DY hess + Ua Dy heprs . 


Multiply the latter by u,. Since m, ue , uv, are coprime, (28) follows. 
Corotiary 3. With the same hypotheses, m’ | >> aasvs . 
Lemma 6. If vis pure and proper, and Nv is odd, 


(30) @(v) ~ v (mod N?). 


For ((v) is then of denominator Nv; (30) follows from (10) with ¢ replaced by 
v, Uo = 0: Gag = 2wavs (mod m). 
We note here the similar fact that for proper ¢ of odd norm, 


(30’) if tb = ty ; (t(t) ~ 2t12; + (te £4 ts)%e + (te + 13)t3 (mod Nt); 


two like results being obtained by permuting subscripts 1, 2, 3 cyclically. 

CoroLuary 4. The preceding remarks furnish quickly a value of v for any 
symmetric automorph. 

Lemma 7. If x is proper and Nx odd, and x = ut, Nt = m, then the rows of 
NxQ(x) are in the set M (mod m) containing the rows of mA(t). 

For by (14), Na@(z) = Nu(@(u)-NtQ@(t), whence the rows of N2(t(x) are 
linear combinations with integer coefficients of the rows of m(@(t). 


THEOREM 8. Let v be pure and proper (mod m), m| No, t proper, Nt = m; 
then 


(31) Q(t) ~ v (mod m) if and only if t is a right divisor of v. 


By adding multiples of m to the v. we make v actually proper and of odd norm; 
then (30) holds. I. Let v = ut. By lemma 7, if @(t) ~ 2(m), Q(v) ~ 2(m). 
By (30), v and z are proportional (mod m), @(t) ~ v(m). II. Conversely, let 
(@(t) ~ v(m). By lemmas 4 and 1Q we can make m’| Nv. Set Q(t) = (das/m), 
ap = Uads + mhos asin lemma 5. Let v = uy, Ny = m. We must show that 
t and y are left-associates. By case I, @(y) ~ v(m). Set @(y) = (bas/m), 
bas = Wats + mkag asinlemma5. Then Q@(t7) = @(t)Q(y)* = (cay/m’), where 


Cay = 2) Aapbyp = UaWy >. v8 + Mua Dy kapvp + mwy D> hase +m DY) haskrs s 





nce 
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is divisible by m”. Hence @(tj) has denominator 1, tg = mn with Nn = 1, 
t= ny. 

In (24) if A is odd, and corresponds to ¢, the vectors u and v are, respectively 
pure right and left multiples of ¢«. By Theorem 3Q all left multiples (and 
similarly all right multiples) are proportional (mod m). By Theorem 9Q, u 
and v belong to the same set © if and only if (20) holds. 

If A ~ v(m), and v’ is obtained by shuffling 1 , v2 , v3 , and A’ is obtained by the 
same shuffle of the columns of A, then A’ ~ v’ (m). Theorems 4, 7, 8, and 4Q 
imply 

THEOREM 9. Every set It (mod m) contains all three rows (Xm) of the auto- 
morphs in one and only one class % of denominator m, and conversely; likewise 
for Gand %. 

We have thus, for any odd positive m, a one-to-one-to-one association between 


sels 2%, M, OQ; and A, E, C. 


7. THEOREM 10. Let x be proper and of odd norm m”’, m|m", A” = (Q(z). 
The rows and columns of m'’A" are in the same set © (mod m) if and only if 


(32) m divides one of x7, 27 + 2,(f #9), MeAMAtAmM+AM. 


For set x = at, ¢ = bt’, Nt = m = Nt’. By Theorem 8Q, (32) holds if and 
only if ¢ and ¢’ are in the same set €. The columns of (@(z) being the rows of 
(t(@), the theorem follows from lemma 7. 

Corotitary 5. If mA is symmetrical (mod m), the class % of A contains a 
symmetrical automorph. 

For the sets It containing the rows and columns of mA coincide. 


8. Factorization of Automorphs. We call A a right divisor of A” if 
(33) A” = A’A, and m” = m’m holds for the denominators. 


Then every automorph in the set & of A is a right divisor of every automorph 
in the set 2 of A’’. 

Lemma 8. If A is a right divisor of A’, and t and t” are in the corresponding 
sets Q and Q”, then t is a right divisor of t’’. 

For we can suppose A and A” replaced by odd automorphs in their sets &, 
and have (33) with A = Q@(t), A” = Q(t’). A product of odd automorphs 
being obviously odd, we have A’ = A’’A* = ((¢’’é) of denominator m’, whence 
tt = dt’, Nt’ = m’. By thenorms\ = +m. Hencet” = +1. 

Lemma 9. If z is proper (mod m), and t is a right divisor of z of norm m, then 
Q(t) is a right divisor of Q(z). 

For we can write z2 = dvy, where ) is an integer prime to m, Nv = 2’, y proper, 
Ny odd. Then Q(z) is in the class & of @(y) and is of denominator Ny. By 
Cor. 1’Q, the right divisors of y and z of norm m are the same. Hence y = ut, 
({(t) is a right divisor of @(y), hence of Q(z). 

However, A need not be a right divisor of A’A, for the denominator of A’A 
may be less than m’m. By shuffling rows of A, columns and rows of A’, the 
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problem is reduced to the case where A’ and A are odd, say A’ = @(u), A = 
(t(t). If ut is proper, A is a right divisor of A’A. This is trivially the case if 
m’ and m are coprime (e.g. by lemma 9Q). We now have: 

(a) The right divisors of denominator m of an automorph whose denomi- 
nator is divisible by m, form an unique class &. 

(b) An automorph of denominator mymz - - - m, (each m, odd) can be expressed 
in the form A’A” -.- A“ where A” is of denominator m,(v = 1,---,8), in 
essentially only one way; the general such expression being 


(A'K’*) (K'A"K"'*) (K"A'"K"""*) ee "Fa". 


where the K“ are integral automorphs. That is, the K are matrices having 
one element +1 in each row and column, the rest 0; whence KAK’ is in the class 
% of A, and KA in the class &. 

(c) If z is proper (mod m) and m | Nz, the right divisors of denominator m of 
(@(z) and @(z + xm) are the same. 

(d) If (33) holds, suppose A’ ~ v (mod m’’). By lemma7, A ~ v (mod m). 
Conversely, let A’’ be of denominator m’”” = m’m, A” ~ v(m”), and let A ~ 
v(m). The right divisor of denominator m of A” being also ~ v(m), it is in the 
class of A. Hence A is a right divisor of A”’. 

It may be worth noting that if (33) holds, mA” = (wavs) + m’’(hag), and 
(m'’)’ | Nu and No», as in lemma 5, and we set 


mA = (Sas) + m(kas), m’A’ = (wars) + m’ (las), 
then, as is easily seen by multiplying out mA = mA’*A”, 


Sa = (1/m’) > uylya (mod m), rg = (1/m) >> kava (mod m’). 


9. A natural application of automorphs is in transforming solutions of 
(34) tita+t+a=n 


into other solutions. We employ the double interpretation (15) for 2, y. If 
A = (das/m) the equation Ax = y expands into 


(35) D> dap tp = MYa, a = 1,2,3. 
p 


We say that A 7s integrally effective on x, if x and Az are integral. 
As A ranges over a set %, Ax ranges over a set & (§1) precisely 2/k times, where 
k, called the weight of 8, has the following values: 


k 


2, if no two of yi, y2, ¥3, 0 are equal; 
(36) k = 1 af there is only one equality among yj , y2 , Ys , 0; 
k = 3, 3, £ resp. for the types (g, g, 0), (9, 9, 9), (g, 9, 9). 


As A ranges over the four odd automorphs of a set %, Ax ranges over a set 
[y]((23Q)). We can then use the notation (17). 
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TuzorEM 11. Let Nt = m, t proper, mas always odd. Use the double notation 
(15), x integral but not necessarily proper. Then (X(t) is integrally effective on x, 


that 1s 
(37) (txt) /m is integral, 


if and only if tis a right-divisor of X + x for some integer X . 

Sufficiency. 2% + x = ut, tat = t(ut — a)t = (tu — 2)m. 

Necessity. Let Q(t) ~ v(mod m). By Theorem 8, v = ut. By Theorem 7, 
the condition that @(¢) be integrally effective on z is equivalent to 


(38) VjX1 + Vote + v3%3 = O (mod m). 


Corollary 7Q completes the proof. In place of cor. 7Q we may use 
Lemma 10. Let m not have a factor in common with two of v1, v2, v3. Every 
integral solution x of (38) ts of the following form for certain integers w; , We , Ws : 


(39) Xt, = Wov3 — Wele2 , Lo = Wz, — Wy03 , r3 = Wye — Wel) (mod m). 


By the C. R. T. the proof reduces to modulus p’. Let ve and v3 be prime to p. 
Solve wavs — W3ve = 21(p’) for we and ws ; (38) becomes v3(23 + viwe) = ve(viws — 
a) (mod p). Hence 23 + vywe = wy for a certain w; , amd wy; = vyw3 — Ze. 

Set 2% = > Waa. Then 2% + 2 = w = (wu)t (mod m). 

THEOREM 12. Let x be pure and proper (mod m). An automorph A of denomi- 
nator m is integrally effective on x if and only if A is a right divisor of Q(a» + x) 
for some integer 2 . 

We can replace A by an odd automorph, A = (((é), in its class %. If Az is 
integral, x) + x = ut for some 2%, by Theorem 11. By lemma 9, (t(é) is a right 
divisor of @(a + x). Conversely, if (@(¢) is a right divisor of @(% + 2), set 
% + « = d\vy as for lemma 9. Then (Q(t) is a right divisor of @(y), y = ut by 
lemma 8, zo + 2 = (Avu)t. By Theorem 11, (t(é) is integrally effective on z. 

By lemma 1Q and corollary 6Q we have 

Lemma 11. The &-classes of denominator m which are integrally effective on x in 
Theorem 12, are different for incongruent values x, and the same for congruent 
values xo (mod m). 

THEorEM 13. Let x be pure and proper (mod m), Nx = n. The number of 
sels of denominator m which are integrally effective on x, is equal to the number of 
solutions xo (mod m) of 


(40) ty = —n (mod m). 


For x + x has an unique set Q of right divisors of norm m. 

The number depends only on n and m, not on the particular proper z. If 
m= p',(—n|p) = 1, the number is 2; if (—n | p) = —1, zero. 

Corotuary 6. Let x be a proper pure quaternion of norm n, m odd and positive. 
To each solution a» of (40) appertains uniquely: 
(a) a set Q of proper right divisors of norm m of xo + 2; 
(b) a set Q of proper quaternions t of norm m satisfying txt = 0 (mod m); 
(c) a@ set M of pure quaternions v (mod m) all satisfying (38); 

















Spada tively nes Ren 


764 GORDON PALL 


(d) a set % of automorphs of denominator m integrally effective on x. 

Conversely each such set corresponds to one and only one x(mod m). Hence the 

number of such sets is in each case equal to the number of solutions of (40). 
Coro.tuary 7. The two sets appertaining to x) and —2x (mod m) are in the 

same &, ©, ©, % respectively if and only if (32) holds; hence certainly if two of 

ti, X2 , 23, 0 are equal. 


10. The degenerate cases, in which a set % contains less than 24 sets & are 
worth classifying. For any such case, 


(40’) v = k(+ twa + t2vg + i3vy) (mod m) 


for a choice of signs, permutation a, B, y of 1, 2, 3, and k prime to m. 

If v = k(—2,, ve, v3) then since ged (ve, v3, m) = 1,k =1,y=0. Ifve= 
k(v1, v3, —v2) then vo = —k’ve, 09 = —k'v3, k* + 1 = 0, k — 1 prime to m, 
v», = 0. Similarly in all cases oa, Ga+1Tat+1,a+2» Fat+2%ati1,a+2 In (21), m| ve. 
The only possible corresponding column of mA is by (3;), (4m, 0,0). By (3) an 
automorph 


m Q O 
(41) 0 e f]im 
0 -f e 


is contained in %. If e is odd comparison with (10) gives m = % + &,e = 
ti, — ti ,f = tt in coprime integers h , th . 

If v = k(v, , vs , v2), ve = k’ve , vs = k’vs, k” = 1;k + 1is prime to m, for else a 
prime p would divide m and 1, , v + v3 = Nv — vj}, 23, ve, 3 5k = 1, ve = 05. 
Similarly in all cases ra41,042 , CaTati,a+2, iN (21), Vay: = +4Vay2. We can take 
the first two columns congruent (mod m), a4, = e and dg: = g odd and positive, 
the remaining a. and aa2.even. If a3; = a32 + 2m, a32 = * m, and we have (41). 
Hence a3; = ds, dip = € — M, do, = g — me + ayy = Ain + g° by (31), 9 = &. 
The two columns are (e, e — m,f), (e — m, e, f), where by (3), f? = 2e(m — é). 
The third column is determined by cofactors as in (4), and we find (42), where 
m= ty + 26 ,e = i ,f= Qlots : 


e e—m f 
(42) e—m e f m, m? = (2e — m)’ + 2f’. 
f f m — 2e 
If v = k(ve, v3, 1), k = 1; if v = k(—ve, v3, 11), k* = —1. In either case 


each vais prime tom, ove =n(1 +R +kh),1 +h k =0,r1 + mm + 0s =0. 
Thus in the last eight cases (21), & contains an (aa) With de: + Gaz + Ges = 0. 
By the parities, @a1+ daz +@as = +m, whence as ), dag = M’, Aaida2 + Gaxtas + 
Ata = 0. If (e, f, g) and (q, r, s) are two rows, an easy elimination from 
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ft+fo + ge = 0 = eq + fr +gs and ge + rf + sg = gr + rs + sq yields g/e = 









€ the r/f = s/g; which leads to (43) with m = t + 3, ,e = t — 7, ete.: 

n the efg 

ro of 43) |g e S}fm etf+g=m €4+f'+g=m. 
fge 

are The case m = 3 belongs to both the types (42) and (43): 














—1 2 2 
2 -1 3 3. 
2 3 -!l 


THEOREM 14. The automorph sets characterized by (41)—(43) are the only ones 
in which a set % contains less than the maximum number, 24, of sets %; they are also Hey 
the only ones corresponding to sets © in which (cf. (20)) i | 









(44) 














(45) two equalities occur among th, ti , t2 , ts , 0; Py 





also the only ones in which two rows of (das) form, apart from shuffling of the xa, 
the same solution of (5). 
To prove the last part observe that distinct rows of (as) cannot have the same i 
divisor. Hence if two rows become identical after shuffling, their divisors are 1, 
and as is evident from (24), (40’) holds non-trivially. 
The number of sets & contained in an Y is easily verified to be 


(46) 4 for (44), 6 for (41); if m > 3, 12 for (42), 8 for (48). 


The same proportions hold for sets Q in an &, and sets Min a GC. 
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11. Let m be prime to the square part of n, 2 a solution of (40). The form | 
y = [m, 2a, 1] of determinant —n, is primitive. A certain completeness is He 
obtained in treating simultaneously automorphs of denominator m appertaining 
to % or —2%. As in §6Q every [z] of norm n is carried by ¢ into a certain [y], 
and by y’ = [m, —2za», I] into a certain [z]. Here x + x = ut, y = (tat)/m = 
tu — %;—ay +2 = vw, z = w+%;Nt = Nw =m. Similarly, [y] and [z] 
are each carried by ¢g and ¢’ into [z] and one other set [] not necessarily new. 
This chain of transformations eventually closes, and if it does not exhaust the 
pure quaternions of norm n, we can start a new chain with any z not already 
included. ; 

If x’ is obtained from x by interchanges and sign-changes of the z., then 
according as the number of these changes is even or odd, z’ is carried into the 
similarly formed [y’] and [z’] by ¢ and ¢’, or ¢’ and g; (cf. (16Q)). Thus an 
entire set & = R(x) is carried by odd automorphs in two sets %, and % appertain- 


ing to % and —2» , into two entire sets R; = R(y) and KR, = R(z). Here %, = 
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%. if (32) holds. Evidently if & is of weight 2, either R; # ®2, or Ri = Rs and 
is also of weight 2. 

Sets R of weights 3, 3, } are carried into themselves. For example, Az is 
integral for x = (g, g, 0) only if integral for (1, 1, 0). 

If x, = 0, then = ix) ; —% + T = 11(% + X)ty = (tyu)(ths), (t4s)(iu) + 
wy = —(tu — %) = —y; Ri = Ke. If also m| a, é and éi are in the same Q, 
(2(t) is of type (41) and carries zx into (0, y2 , ys) of the same type. 

If x2 = 23, then t’ = & — ati — tots — iste is a right divisor of —2x + z, Q(t’) 
differs from @(t) mainly in having the last two columns interchanged, and again 
RK; = R2. If also m| 2%, ¢t and @’ are left-associates, (f(t) is of type (42) and 
carries x into a vector (yi, yz, + Y2) of the same type. 
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k-SET GROUPS 
By Dante. T. Siegiey 


(Received September 21, 1939) 


1. Introduction. The distribution of the non-invariant operators of a finite 
abstract group into conjugate sets has been studied by Burnside,’ Miller,” and 
the author.’ Some significant results which have been obtained are: The order 
of a finite abstract group which contains precisely k, k > 1, complete sets of 
non-invariant conjugate operators has an upper bound depending on k and, 
therefore, the number of such groups for a particular value of k has a finite upper 
bound.’ All groups for which 0 < k < 6 are known.’ There is no group for 
k= 1, 

Corresponding investigations for non-invariant conjugate subgroups have not 
received explicit attention, although the determination of all the permutation 
groups on n letters is equivalent to the study of the distribution of the subgroups 
of the symmetric group of degree n into conjugate sets. The Hamiltonian 
groups, composed of all non-abelian groups in which every subgroup is invariant, 
have been studied by many authors. Dedekind’ was the first to give a complete 
characterization of them. _ 

The object of this paper is to study the finite abstract groups which contain 
precisely k complete sets of non-invariant conjugate subgroups. Such groups 
will be designated by the term k-set groups. The k-set groups are considered 
to be generalizations of the Hamiltonian groups. The 1-set and 2-set groups 
are determined. 


2. Existence of conjugate sets of non-invariant subgroups. It is well known 
that the number of complete sets of conjugate operators in the direct product of 
two groups H, and He which contain N; and Nz such sets, respectively, and which 
have no operators in common except the identity, is Ni:N2. In this theorem the 
complete sets of conjugate operators include each invariant operator of a com- 
plete set of conjugates. 

We shall state two auxilliary results concerning the existence of conjugate 
sets of non-invariant subgroups in the form of lemmas. The proof of these 





Burnside, W., Theory of Groups of Finite Order, 2nd ed., (1911), Note A. 

*Archiv der Math. und Phys., vol. 17 (1910), p. 199. Trans. Amer. Math. Soc., vol. 
20 (1919), p. 262. Amer. Journal of Math., vol. 54 (1932), p. 110. 

*Duke Math. Journal, vol. 1(1935), p. 477. 

‘Loe. cit., footnotes 1, 2. 

‘Loe. cit., footnote 2. 
si Miller, Blichfeldt, and Dickson, Theory and Applications of Finite Groups, (1916), p. 
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lemmas depend upon the theorem that a necessary and sufficient condition that 
two non-commutative operators generate a group which contains at least one 
complete set of conjugate non-invariant subgroups is that they do not generate a 
Hamiltonian group. 

Lemma 1. Let H be any finite abstract group, and let S be any operator of finite 
order which transforms H into itself. Let the order of S be prime to the order of H, 
and let S be non-commutative with at least one operator of H. Then S and H gene- 
rate a finite abstract group which contains at least one compoete set of non-invariant 
conjugate subgroups. 

Lemma 2. Let H;,7i = 1, 2,---, m, be a complete set of non-invariant con- 
jugate subgroups in an abstract group G of finite order. Let H be an invariant 
subgroup of G, each of whose operators is commutative with each of the operators of 
H; fori = 1,2,---,m. Let the order of H be relatively prime to the order of H;. 
Then the subgroups of G which are the direct product of H and H; are non-invariant 
and conjugate under G. 


3. On the order of a k-set group. In general, the order of a k-set group has no 
finite upper limit which depends on k, as may be illustrated by the fact that the 
non-abelian groups of order pg, where p and q are distinct prime numbers, are 
l1-set groups. We can, however, state a theorem which gives some information 
concerning the order of a k-set group. 

THEOREM 1. The order of a k-set group, k > 0, is divisible by less than k + 2 
distinct prime factors. 

For k = 0, Gis Hamiltonian. If Gis a simple group, the theorem is true. If 
G is composite, assume that the order g of G is divisible by as many as k + 2 
distinct prime numbers. Either (i) every Sylow subgroup of G is invariant, or 
(ii) G contains at least one complete set of non-invariant conjugate Sylow sub- 
groups. Under (i) Gis the direct product of its Sylow subgroups and at least one 
of these Sylow subgroups is non-abelian and non-Hamiltonian. From Lemma 2, 
§2, G contains at least k + 1 complete sets of conjugate subgroups correspond- 
ing to the k + 1 direct products of the invariant Sylow subgroups and a Sylow 
subgroup which contains a set of non-invariant conjugate subgroups. Hence, 
G contains at least k + 1 complete sets of non-invariant conjugate subgroups. 

Under (ii), let G contain z, 1 < x < k + 1, invariant Sylow subgroups, and 
let the Sylow subgroups of the remaining k + 2 — zx orders form k + 2 — 2 
complete sets of non-invariant conjugate subgroups. With the use of Lemmas | 
and 2 of §2 it follows that G contains at least N = (x + 1)(k + 2 — 2) complete 
sets of non-invariant conjugate subgroups. Since every finite abstract group 
whose order is divisible by as many as k + 2 distinct prime factors involves at 
least k + 1 complete sets of non-invariant conjugate subgroups, the theorem 
follows. 

For k = 1, the order of G is divisible by the maximum number of distinct 
prime factors that is allowed by the theorem in the non-abelian groups of order 
pq, where p and q are distinct prime numbers. It appears that a better lower 
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jimit for the number of distinct prime factors which divides g may be obtained 
for larger values of k. 


4, Existence theorem. THEOREM 2. There exists at least one k-set group for 
every value of k. 

The theorem will be proved by showing how to construct such a group. 
First, if there exists a cyclic group which contains precisely k proper subgroups, 
then there exists at least one k-set group. For, if k = 0, this proposition is 
true. If k > 0, let n be any number of the form n = 2“pf'ps* .--. Select a 
prime p from among the terms of the arithmetic progression ni + 1,7 = 1, 2, --- 
and let n contain precisely k proper divisors (excluding 1 but not n). The group 


G with defining relations 
P= §* = 1, S'TS = ) cae where j” = 1, mod p, 
(1) 


j” # 1, mod p when n > m 2 1, 


isa k-set group. Now the number of divisors of n (excluding 1) is given by 
the formula 


(2) u(n) = (a + 1) I] (a; + 1) — 1. 


Thus a and a; can be chosen so that the number 7 contains exactly k divisors 
(including n but not 1). 


5. 1-set groups. Every k-set group for k < 4 is solvable. For if k < 4 and 
(is insolvable, G contains a simple group as an invariant subgroup or an in- 
variant subgroup H such that the quotient group G/H is isomorphic to a simple 
group. Since every group whose order is divisible by less than three distinct 
prime factors is solvable, the simple group contains Sylow subgroups of three 
different orders none of which are invariant. The Sylow subgroups of each of 
these orders is cyclic and of prime order, otherwise an additional set of non- 
invariant conjugate subgroups or an invariant subgroup would result. But we 
have arrived at the contradiction that the order of a simple group is not divisible 
by the square of a prime number. 

By theorem 1, the order of a 1-set group G is of the form p “q or p", where 
p and q are distinct prime numbers. If the order g of G i is. of the form p’q’, 
either (i) the Sylow subgroups of each of the orders p* and q’ are invariant, or 
(ii) G contains one conjugate set of non-invariant Sylow subgroups, say, of 
order g’. Under the first case, G is the direct product of its Sylow subgroups. 
That there is no 1-set group in this case follows from lemma 2. 

In the second case all subgroups of G except those of order q’ are invariant. 
The non-invariant conjugate subgroups are cyclic. If p is odd, the Sylow 
subgroup of order p’ is abelian’ and cyclic. An operator of whe prime to p 
from the group of isomorphisms of the cyclic group of order p’ is not commu- 
tative with any operator of the cyclic group of order p*, except the identity. 
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Hence a = 1. There is a single 1-set group of order pg’, where p and q are 
distinct prime numbers with p odd. It has defining relations: 


(3) S?=T’=1, T'ST=S', 6#1, &=1, modp. 





If p is even, the Sylow subgroup of even order is abelian or Hamiltonian. 
In either case no 1-set group exists. This completes the proof that the only 
l-set group whose order is divisible by two distinct prime numbers has the 
defining relations (3). 

The only 1-set group of order p’ is that of odd order which contains operators 
of order p’ and is non-abelian. Assume that the order of G is divisible by the 
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fourth power of the prime number p. G contains an invariant cyclic subgroup 7 
of index p. The commutator subgroup is of order p and the central is of index ( 


p under G. The only 1-set group of order p”, m > 3, exists for p even or odd 


and has defining relations: ; 
(4) S*=7?=1, T'ST=S"'" g>2. ti 

The complete sets of non-invariant conjugate subgroups in the 1-set groups 
of prime power order contain subgroups of order p. The results of this section , 
may be summarized in the following theorem. \ 

THEoREM 3. The only 1-set groups are the following: (A) S’ = tT = l, ; 
TST = S°,s ¥ 1,6" = 1, mod p, pand q prime numbers with p odd; (B) S” = 


T? = 1,T'ST = S” '* a > 2; and (C) the non-abelian group of odd prime 
power order p’ which contains operators of order p’. 

There are 194 0-set groups of order n (including 1) for nm < 100. Of these 13 
are non-abelian and hence Hamiltonian. There are 41 1-set set group of order 
less than 100, of which 7 are of prime power order. 


6. 2-set groups. The results of the determination of the 2-set groups may 
be summarized in the following theorem. 

THrorEM 4. The only finite abstract 2-set groups are the following: (A) the 
direct product of a 1-set group G of order g and a cyclic group of prime order r, 
where r is prime to g; (B) the group G generated by extending an abelian group of 
order p’, type 1°, by an operator of prime order q which transforms the subgroup of 
order p’ into itself and is commutative with only the identity; (C) the group G 
obtained by extending a cyclic group H of prime order p by an operator of prime 
power order q°, where q is odd or even and not equal to p, and which transforms H 
according to an isomorphism of order q’, (p — 1 divisible by q°); (D) the dicyclic 
group of order 16; and (E) a group of order 2°” with defining relations gs” = 
T =1,T'ST = S',a22. 
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LATTICES WITH UNIQUE IRREDUCIBLE DECOMPOSITIONS 


By R. P. Ditwortx 


‘(Received June 6, 1939) 


Consider a lattice S in which the ascending chain condition holds. Then each 
element of G has at least one reduced’ representation as a cross-cut of irre- 
ducibles. Now it is well known that the requirement that this representation 
be unique considerably restricts the structure of the lattice. For example, 
(arrett Birkhoff [1] has proved that a modular lattice in which every element is 
uniquely expressible as a reduced cross-cut of irreducibles is distributive. 
Furthermore, Morgan Ward has shown that unicity of the irreducible decomposi- 
tions implies that the lattice is a Birkhoff lattice.” These results suggest the 
interesting problem of characterizing a lattice in which every element has a 
unique reduced representation as a cross-cut of irreducibles in terms of the 
structure of the lattice. We give here a complete solution of this problem. 
We show, namely, that such lattices are simply those Birkhoff lattices in which 
every modular sublattice is distributive. The detailed statement of our theorem 
is as follows: 

THEOREM 1.1. Let S be a lattice with unit element in which every quotient lattice 
is of finite dimensions. Then each element a of S is uniquely expressible as a cross- 
cut of irreducibles if and only if S is a Birkhoff lattice in which every modular 
sublattice is distributive. In this case, for each element covering a there is exactly 
one irreducible not dividing it but dividing the remaining elements covering a. These 


wreducibles are the components of a. 


1. Throughout the paper unless otherwise stated © will denote a lattice of 
elements a, b, c, --- and unit element 7 in which every quotient lattice’ is of 
finite dimensions. a covers b will be written a > b. An element a is said to be 
irreducible if a = [b, c] implies a = b ora = c. 

DEFINITION 1.1. © is said to have unique irreducible decompositions if every 
element of S has a unique reduced representation as a cross-cut of irreducibles. 

DEFINITION 1.2. © is said to be a Birkhoff lattice if a > [a, 6] implies that 


(a,b) > b.* 





' A cross-cut representation is said to be ‘‘reduced”’ if no member of the representation is 
superfluous. 
: * This result was mentioned to the author in conversation. 
in definition 1.2. 

*If a Db, the quotient lattice associated with a and 6 is the sublattice of elements z 
such that a > x Db (Ore [1]). 

‘Cf. Klein (1). 


Birkhoff lattices are defined 
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If S is a Birkhoff lattice, then there exists a rank function p(a) (Birkhoff [2] 
with the properties 

(i) p(t) = 0. 

(ii) a > b implies pb = pa + 1. 

(iii) pla, b] + p(a, b) = pa + pb. 

DEFINITION 1.3. A set S of elements of © is said to be cross-cut independent 
if the cross-cut of any finite number of elements of S is not divisible by any of the 
remaining elements of S. Similarly S is said to be union independent if the 
union of any finite set of elements of S divides none of the remaining elements 
of S.° 

Our proof of theorem 1.1 rests on a series of lemmas. The first lemma proves 
the necessity while the remaining lemmas are devoted to proving the sufficiency. 

Lemma 1.1. If S has unique irreducible decompositions, then © is a Birkhof 
lattice in which every modular sublattice is distributive. 

Proor. Leta > [a, b] and suppose that (a, b) > b; > b where (a, b) ¥ by, 
and b; ~ b. Furthermore let a = [q, --- , q] be the irreducible decomposition 
of a. Then since b > b; there is an irreducible component g of b such that g > b; 
andq =a. Hence [a, b] = (gi, , ---, qi, , g] 1 S kis an irreducible decomposi- 
tion of [a, 6]. Similarly let q’ be an irreducible component of b; such that 
qd pa. Then [a, b] = [9¢;,,--- , dim » Q'] m S kis an irreducible decomposition 
of [a,b]. Butg # q’ andg#qi(i=1,---,k). Thus {a, b] has two irreducible 
decompositions which contradicts our assumption. 

Now if there exists a modular sublattice which is not distributive, then © 
contains a sublattice {u, a, b, c, d} where (a, b) = (b,c) = (a,c) = wand [a, b] = 
[b, c] = [a, c] = d (Birkhoff [2]). Let b = [qm , --- , qx] be the irreducible de- 
composition of b. Furthermore let p,, --- , pn be the irreducible components 
of a which do not divide b and let p; , --- , Pm be the irreducible components of c 
which do not divide b. Then d = [a, b] = [qm ,--- , Qe, M1, -°-+ 5 Pn] and drop- 
ping superfluous elements we get an irreducible decomposition d = [qi, , ---, 
Gi,, Pi,, ++, Pi,]. In a similar manner we get an irreducible decomposition 
d= [dis 9°** Gi» Di, ies P;.,)- But Pi; ” D;,(r sa 1, , v) since otherwise 
we would have p;, D (a,c) Db. Similarly p:;, ¥ q;,(r = 1,---,u). Hence 
d has two irreducible decompositions contrary to the hypothesis of the lemma. 

Now let S be a Birkhoff lattice in which every modular sublattice is 
distributive. 

LemMA 1.2. a, d2,--- 
x D> a; for some i. 

Proor. We prove the lemma by induction and assume that the lemma is 
true for any a and k — 1 covering elements. Now (a, --- , a) > (#, a1) 24. 


,a, > aand (m4, ---,a) Dx Da, x # a imply 


If (x, a1) = a, then a, Dx Daand z = a since a, > a. Hence x > a, and 
the lemma holds. We may thus assume that (z, a1) ¥ a. 
a we have (a, @2), --- 


But then since 


[a , do] = --- = [a , a] = , (a, , ax) > a, by definition 





5 Cf. MacLane (1), Whitney (1). 
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12. Hence by the induction assumption (zx, a,) D (a, a2) say. But then 
(a, °° a) D (x, a1) D (@1, Ge). If (x, a1) = (a1, a2) then (a, , a2) Dx Da 
and x > a or & > az by our induction assumption. We may thus assume that 
(2, a) # (a , ae). Now (a, a2, Qs), wees. (a , a2, ax) > (a, a2). For (a, ’ 
a, 4;) > (1, @2) Or (41, Gz, Gi) = (a1, ae) by the Birkhoff condition. But if 
(a; , @2 , @i) = (1, Ge), then (a; , a2) Da; Da, a; ¥ aand a; D aq or a; D az by 
the induction assumption. But this is impossible since a, , --- , a, are distinct 
elements covering a. Now since (a, --- , a) = ((@1, 2,43), --- , (a, de, a&)) 
we have (x, a1) D (ai, de, a3) say by assumption. Continuing in this manner 
we find that either the lemma is true or (x, a:;) > (a), de, --- , @e-1). Hence 
(aj, ++» ,@x) D (x, a1) D (G1, G2, ++ , Gea) and (4, --- , ax) > (41, a2, ---, 
a1). If (2, a1) = (1, --- , Ge), then (a1, ---,@e1) DX Daand x Da; 
for some 7 by the induction assumption. Hence we may assume that (2, a) = 
(,--:,@) =u. Let a; = (a2, ---, a). Clearly (z, ai) = uwsince otherwise 
a} Dxand x Da; by the induction assumption. Nowa; >[a;,z] Da. Hence 
if (a; , 2] ~ a, thenz Da; by assumption. We may thus assume that (a; ,z] =a. 
Similarly we find [a; , z] = a and [a,, a;] = a. But then {u, a, a, 2, a} isa 
modular, non-distributive sublattice which contradicts our hypothesis on ©. 
Since the lemma is obviously true for k = 1, the proof is complete. 

CoroLLary 1.1. The elements covering any given element of S are union 


independent. 
CoroLuary 1.2. There are only a finite number of elements covering any given 


element of S. 
Lemma 1.3. The elements covering any element a of S generate a finite Boolean 


algebra which is dense in ©. 

Proor. Let a, ---,@, denote the elements of S covering a. Let B be 
the sublattice generated by a1, ---,@n. Let (a1,--+,@,) DX Da,x Day, 
‘+5 Qe, and © DD diy1,--+,@n. Then (,---,@n) D © D (a1, +--+ , a). 
Now (a, , 2 > Gy, +1), ghia (a, com iy Gn) > (a, ree , Ax) by definition 
1.2 and corollary 1.1. Then if z # (a, --- , ax) we have x D (aq, --- , & , @;) 
Dajk +1575 nbylemmal.2. This contradicts7 Da;k +1 Sj Sn. 
Hence x = (a, ---, ax). In particular, each element of % is the union of the 
a; which it divides. Set up the correspondence x «> S, where S, is the set of 
elements a; divisible by z. This correspondence is clearly 1 — 1 by corollary 
1.1. Furthermore Si = Sz: + Sy and Sjzy, = Sz A S,. Hence % is a 
Boolean algebra. 

Lemma 1.4. Let a Birkhoff lattice S have the property that any three elements 
covering any given element of S generate a Boolean algebra of order eight. Then 
a,b > [a, b]; q1 , @2 > a; qi , G2 DP b where qi and q. are irreducibles, imply q. = 4 - 

Proor. Suppose that gq: ~ gz. If [m, 2] ¥ a, then[m,q@] Dai >a. But 
then b; = (a,b) > aby definition 2.landq,g@22a,u,@ph. If[u, a] # 
a, then [q: , g2] D ae > a, and be = (bh, %) > tis H, % D a2; M1, G2 DP be. 
Hence by the ascending chain condition we may assume that q: , g2 Da; q , g2 PD 
bl, q@] =a. Letq: Dai: > a,q2 a2 >a. This is always possible since if 
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q = a then gq ~ a and gq > (a, b) D> b which contradicts gq.  b. Now a, + 
(a, b) since otherwise gq > b. Similarly az # (a, b). Hence (a, b), a; , az are 
three distinct elements covering a and thus generate a Boolean algebra by 
hypothesis. Let a; = (a, a2), a3 = (a1, (a, b)). Then a, > a, a; > ay and 
a, and a; are distinct. Now qm p a; since otherwise q, > b, and qi D a; since 
otherwise a = [un , Ql > a2. Hence there exists an dust a; distinct from 
a, and a3. such that q, > a, >a. Butthena , M2, As generate a Boolean algebra. 
Hence an is reducible and as before there exist elements ay, a; , as such that 
« > ote ie > a; , a3 and m Da; >a. But thena Ca, CeCceac 

. is an infinite ascending chain which contradicts the ascending chain condition 

Lemma 1.5. Let © satisfy the hypothesis of lemmal.4. Then any set of elements 
covering a given element a of S is union independent. 

Proor. Let us suppose that the lemma is true for any a and any n — | ele- 
ments covering a. Let a,---,@, > aand suppose that (a1, --- , dn_1) Da,. 
Then (a;, a2), --- , (€1, Gn) > a and (a1, a2), --- , (@1, Gn) are distinct since 
any three elements covering a generate a Boolean algebra by assumption. 
But then ((a;, a2), --- , (@1, G@n-1)) D (G1, an) which contradicts the induction 
assumption. Hence a, --- , @, are union independent. 

Lemma 1.6. Let © satisfy the conditions of lemma 1.4 and let a, --- , a, 
be the elements covering a. Then for each a; there is one and only one irreducible 
qi such that qi D ai, qi D (Qi, +++ , Gia, Giz, ++ , An). 

Proor. Leta; = (a), +++, @i-1,@i41,-++,@n). Thena; > a; by lemma 1.5. 
Hence there exists an irreducible qi such that q; p Gi» gi >a;. Suppose there 
were a second irreducible qi such that q; pa, Gi Da;. Thena;, a; > [a;, ai 
j¥i,gi,q Dajandq;:,qitpa;. Hence q; = q; by lemma 1.4. 

We will designate the irreducibles of lemma 1.6 as the irreducibles belonging 
to a. We have then 

Lemma 1.7. Let S satisfy the conditions of lemma1.4. Then each element of S 
is uniquely expressible as a reduced cross-cut of irreducibles. These irreducibles 
are simply the irreducibles belonging to the element. 

Proor. If a is irreducible the lemma is trivial. Let a be reducible and let 
a = [pi, --- , px] be a reduced decomposition of a into irreducible components. 
Now if p; Dp (a1, --- , dn), then p; a; forsomej. Also p; > a; for some k since 
pi Da. Now let q; be the irreducible belonging to a; according to lemma 1.6. 
Then q; p a; and gq; Da. Hence p; = q; by lemma 1.4. Thus either 


pi > (a, --+ , Gn) Or ps; = gq; for some j. Furthermore for each q; there is a 
pi such that q. = p; since otherwise a = [p;, --- , px] D a, which is impossible. 
Hence if p; D (a1, --- , dn), pi is superfluous in the decomposition of a which is 


contrary to assumption. Thus with suitable numbering p; = q: . 

Lemmas 1.2, 1.3, and 1.7 together give theorem 1.1. 

The following corollaries are a consequence of theorem 1.1.: 

Corouiary 1.3. The number of irreducible components of an element a of a 
lattice having unique irreducible decompositions is equal to the number of distinct 
elements covering a. 
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CoroLLaRY 1.4. Let both the union and cross-cut decomposition of a lattice & 
be unique. Then © is distributive. 
For both S and its dual satisfy the Birkhoff condition. Hence S is modular 
and thus distributive by theorem 1.1. 






2. This section will be devoted to some applications of theorem 1.1. We 
first give a new characterization of finite Boolean algebras. 

THEOREM 2.1. A complemented lattice of finite dimensions is a Boolean algebra 
if and only if every element is uniquely expressible as a reduced cross-cut of irre- 
ducibles. 

Proor. Let wu be the union of the points of S. If u’ ¥ z, then u’ D p and 
(u, u’] > p which is impossible. Hence u’ = z and u = 7. Thus the Boolean 
algebra generated by the points of S according to lemma 1.3 is identical with ©. 

In a paper on the algebra of lattice functions, Morgan Ward has proved that a 
modular, non-distributive lattice satisfying the ascending chain condition always 
contains a complete,° modular, non-distributive sublattice of order five. Theo- 
rem 1.1 gives a generalization of this result. 

THEOREM 2.2. Let S be a Birkhoff lattice. Then if S contains a modular non- 
distributive sublattice it also contains a complete, modular non-distributive sublattice 
of order five. 

Proor. Since S contains a modular, non-distributive sublattice, not every 
element of © is uniquely expressible as a reduced cross-cut of irreducibles by 
theorem 1.1. Hence by lemma 1.7 there exist three elements covering an 
element a of S which do not generate a Boolean algebra. These three elements 
must then generate a complete, modular, non-distributive sublattice of order five. 

In lemma 1.3 we found that any set of elements covering a given element of S 
generate a Boolean algebra if S has unique irreducible decompositions. This 
result may be generalized as follows: 

TurorEM 2.3. Let S be a Birkhoff lattice. Then the sublattice generated by 
any union independent set of elements covering a « S is a Boolean algebra. 

Proor. Let a;, --- , dm be a union independent set of elements covering a. 
Let U be the set of elements of S which can be expressed as a union of the a; . 
U is obviously closed with respect to union. Let now a = (a1, +--+, Qk, Gey, 
+ ,4), b = (a, +++ Qk, 1; orev , Om) where @,---,@, thee: eH a. 
are distinct. Now since a, --- , @, are independent, r(a;, --- , ax) = k where 
r(t) = p(a) — p(x). Hence ra, b] < ra + rb — r(a,b) =k+m—(k+m-— l) 
=I. But [a, b] D (a, ---,a:). Hence ra, b] = 1. Thus ra, 6] = | and 
[a,b] = (a, --- , a). Hence U is also closed with respect to cross-cut and is the 
sublattice generated by a; ,+++,@n. If we set up the correspondence zr <> S, 
where x ¢ U and S, is the set of elements a; divisible by x, then the correspondence 
is] — Land Sty = Sz + Sy, Stem = Sz A Sy- 

If S is modular it can be shown that the Boolean algebra is dense in @. How- 


—— ) 








*A sublattice S’ of S is said to be complete if a > bin S’ implies a > bin ©. 





























ee 
p ~ ‘s > -) 














SAE se ke ee Re eo tig = 
De SRE SPIRO Cee et te SFE Ab ——— 

































































776 R. P. DILWORTH 


ever for Birkhoff lattices the Boolean algebra is in general not dense in © as js 
easily shown by examples. 

For lattices having unique irreducible decompositions the direct product 
decomposition may be characterized as follows: 

TuHEeorEM 2.4. Let © be a lattice satisfying the ascending chain condition in 
which every element is uniquely expressible as a reduced cross-cut of irreducibles. 
Then © is the direct product of sublattices S; and Ss if and only if the irreducibles 
of S can be separated into two disjoint subsets A and B such that the set sum of any 
cross-cut independent set of A and any cross-cut independent set of B is again cross- 
cut independent. 

Proor. Let A and B be sets of irreducibles having the property of the 
theorem and let S; and Sz be the sublattices generated by A and B respectively. 
Then zx ¢e S has the representation x = [pi, --- , Pr, i, +++ » Qs] Where pi, ---, 
preA and q,--:,qQ.¢€B and pi, --+ , qs. are cross-cut independent. Hence 
x = [a, b] where ae G,, be Se. Let x = [a’, b’] where a’ e SG and b’ eG. 
Leta’ = [pi,---, pi] b’ = [a1 , «-* » Qu] be the reduced representations of a’ and 
b’. Then p;¢A and q;¢ Band hence p;, --- , P:, 91, -* + » Qu are independent by 
assumption. Hence [p;, --- , gu] is a reduced decomposition of [a, b]. Thus 
with suitable numbering p; = p;, 9; = gq; anda = a’,b = b’. If x = [a, 5], 
Y = [a,, 6], then clearly [X, Y] = [[a, ai], [b, bij]. Also (X, Y) = [(a, a), 
(b, b;)]. Hence © is the direct product of S, and Ge. 

On the other hand let 6 = ©; X G.. Then each irreducible belongs either to 
Gi or S.. Let pi, --- , p, be a cross-cut independent set of irreducibles of 
G,andq@, --- , g, be a cross-cut independent set of irreducibles of S.. Suppose 
that pi > [pe,---, Pr, ,°+:,Qs). Then p: > [pe, --- , p-] contrary to the 
assumption that pi, ---,p, are cross-cut independent. Hence py, --- ,7,, 
qi, -*+* 4 Qs are independent. 

If S has unique irreducible decompositions then a > b does not necessarily 
imply that each component of a divides some component of b. We show that 
this holds if and only if © is distributive. 

THEOREM 2.5. Let S have unique irreducible decompositions. Then © is 
distributive if and only if a > b implies that each component of a divides some 
component of b. 

Proor. Let a > 6b imply that each component of a divides some component 
of b. Let q > [a, b] where q is irreducible. Then g > [pi, --- , Pr), °°* 9 Gl 
where pi, +--+, Pr > @; %,--+,4 > b and [p,, --- , qe] is the irreducible 
decomposition of [a, b]. Then by hypothesis g > p; or g  q; and hence g > 4 
org>b. Thus every irreducible isa prime. Let ({a, 6], [a, c]) = [p:, --- 5 Pri. 
Then p; > [a, b], pi > [a,c]. If p; a, then p; Db, pj Dc. Hence either 
pi D aor p; > (b,c). Thus in either case p; > [a, (b, c)]. Therefore ((a, 5], 
(a, c]) > (a, [b, c]). Hence ({a, b] [a, c]) = (a, [b, c]) and GS is distributive. 

Conversely if S is distributive, then every irreducible is a prime (Ward [1)) 
and a > bimplies p; D [qm , --- , g.] implies p; D q; for some j. 


onl 


= =a &-> TD 
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Theorem 1.1 gives finally the following result on the sublattice of a lattice 
having unique irreducible decompositions. 

TueorEM 2.6. Let © have unique irreducible decompositions. Then a sub- 
lattice S’ of S has unique irreducible decompositions if and only if it is a Birkhoff 
lattice. 
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TOPOLOGICAL TRANSFORMATION GROUPS. I 


By Dreanr MontTGOMERY AND LEO ZIPPIN 


(Received September 8, 1939) 


1. A topological group G is said to be a transformation group of a space E 
if the following conditions are satisfied: 

1. To every element g in G, there is associated a homeomorphism, g(x) of E 
into itself. 

2. To the identity, go , of G is associated the identity homeomorphism. 

3. If gi: and ge are any two elements of G, then 


gilge(x)] = (gige)(z). 


4. The function g(x) is continuous simultaneously in the two variables g 
and x. 

The group G will be assumed to be compact and metric or the equivalent of 
this in some other formulation." We recall that G is said to be an effective 
transformation group if every element of G, with the exception of go , moves 
at least one point of H. An orbit of G is a set of points G(x) of HE; that is the 
set of all points g(x) where z is fixed and g is allowed to vary over G. For any 
y in G(x), it is true that G(x) = Gy). 

If G is not effective and if G* is the subgroup leaving every point of E fixed, 
then G* is invariant’ and closed and G/G* may be defined in a natural way as a 
transformation group of E which is effective. In case G* is any (not necessarily 
the maximal) closed invariant subgroup leaving EF fixed, then G/G* may be 
defined as a transformation group of E though it is not necessarily effective.’ 

In studying transformation groups we are interested in relations among the 
properties of G, the orbits of G, and the space E. The space E will be subjected 
to various restrictions but for the sake of definiteness we shall always take E 
to be metric, although for some of our theorems this condition can be relaxed. 
An important tool in studying transformation groups and a concept of interest 
in itself is that of the orbit space. This is a decomposition space (Zerlegungs- 
raum) in which the orbits G(z), for z in E, are regarded as points. The topology 
of this space is the usual one for decomposition spaces, the orbits being compact 





1 This is a blanket assumption running through the entire paper and we do not restate 
it in every hypothesis. Many of the definitions used in this paper will be found in earlier 
papers. See (5, 6, 7) where numbers in parentheses refer, as is conventional, to the bibliog- 
raphy at the end of the paper. 

* More generally the subgroup leaving any invariant set fixed is invariant. It is also 
closed. 

* The method of defining G/G* as a transformation group is as follows: Let 9 be any 
element of G/G* and let g be any element of G which is mapped into g by the homomorphism 
G — G/G*. Then g(x) is defined to be g(z). 
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subsets of the metric space #; and as we have noted elsewhere the transforma- 
tion from E to its decomposition space is interior. 

In the present paper we point out certain facts concerning the structure of ye 
orbits which follow from the known structure of G. It is shown that the local se 
structure of a finite dimensional orbit is similar to the local structure of a finite 
dimensional compact group. A fact which is useful in many connections is that 
points of E which are on orbits of dimension at least k form an open set. If G 
acts effectively on a finite dimensional orbit then the group is finite dimensional; b 
in other words if @ is transitive and effective on a finite dimensional space, | a 

| 
; 











then G must be finite dimensional; in fact an upper bound for the dimension 
of G is obtained. If G acts effectively on a locally Euclidean space and if its 
orbits are locally connected then G must be a Lie group. This, it should be 
noted, is a theorem purely about the structure of G and not a theorem about 
the way G acts on the space. Some of the theorems of the paper could be more 
easily proved if one made, as we do not, the assumption that G is finite dimen- 
sional. 








eS ae ORS, Cg = 
See eee : “ 
5 a P + 


2. If x is any point in E there is a certain closed subgroup of G, possibly 
containing only go , which leaves x fixed. This subgroup, denoted by G, , may 
or may not be invariant but at any rate it divides G into a continuous family of 
left cosets, that is sets of the type gG,. This space is, of course, homeomorphic ; 
to the orbit G(a) and hence the study of orbits is closely connected with the We 
study of coset spaces. We will now study certain properties of coset spaces 
by means of the structure theorems for compact groups (3, 5, 9, 11, 12). 

Let G be any compact group and let 


(A) A, , He, H3,--: ; H; = fi(Hin) 


be its defining sequence of Lie groups,’ where the f;’s are continuous homo- 
morphisms. Let G* be a closed subgroup of G, not necessarily invariant. If 
H? is the subgroup of H; associated with G* then H ; , is a closed subgroup of a I a 
Lie group, is also a Lie group (2) and Hi , H2 , H; , --- is a defining sequence 

of Lie groups for G*. Consider the sequence of coset spaces (these are mani- 
folds; see 13). 



















(B) H,/H; , H2/H: , Hs/H; , --- 
with a transformation Hj/H} = fi(Hiw1/His:) defined as follows: 
(C) af hy = Si(hiss), then fi (hinsHis) = hiHi . 







THEorEM 1. The functions f; defined in (C) are continuous, uniquely defined, 
and the system given by (B) and (C) has a limit which is homeomorphic to the 
coset space G/G*. 








‘Spaces, whether group spaces or not, which are defined in terms of such sequences 
are thoroughly treated in (4). The fact that any compact group can be represented as in 
(A) is proved in the references already given on structure theorems. 
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It will first be shown that the definition of £ is unique. Let Ai, and Meas 
be two elements of Hi4; yielding the same coset, hii:H tae = hiqH eas Then 
there is a giz, in H 41 such that hiss = hissgiza so that, by the definition of a 
homomorphism h; = hig: where g; is in H ;. Then h;H? = hiH; and the 
uniqueness of the definition has been shown. 

The continuity of f; follows from the fact that if hi.H tu and GissHins are 
cosets which are near each other then there is no loss of generality in assuming 
Jix1 and hj; to be near each other. Then g; and h; are near each other and 
their associated cosets are near. 

It has been shown that (B) and (C) satisfy the usual conditions used in 
defining a space by this method. There is yet to be shown the fact that the 
space thus defined is homeomorphic to G/G*. 

Let gG* be a coset of G/G* where g = (hi, he, --- ). Then we have a func- 
tion defined on gG* to the limit space if we associate with the above element 
the element 


(D) (nt , heH? , --- ). 


The correspondence thus defined is single valued; it is furthermore one-to-one, 
because if gG* and g’G* are distinct cosets of G/G* the correspondence yields 
two distinct sequences (D). 

If the cosets gG* and g’G* are near each other g and g’ may be taken near 
each other. This shows that the correspondence is continuous and hence 
topological. 

Lemma 1. If Q is an invariant subgroup of G then for any x and y in the same 
orbit Q(x) and Q(y) are homeomorphic. 

Let y = g(x). Then Q(y) = Qg(x) = gQ(x), that is Q(y) is obtained by 
operating on Q(x) with g. 

In particular we see that if Q(x) is a point then Q(y) is a point for all points y 
in the orbit of x and the group Q is idle (inoperative) on the orbit. Hence if a 
group is effective on an orbit no invariant subgroup can have a fixed point. 

The word discontinuum is used throughout this paper as meaning a compact 
zero dimensional set; in particular cases, then, such a set maybe finite or a 
single point. 


3. THEOREM 2. Let G be an n-dimensional connected group effective on an orbit 
M = G(x). Then M is locally the topological product of a k-cell, 1 Sk = %, 
by a discontinuum. 

Let Z be the central subgroup of G such that G/Z is an n-dimensional Lie 
group and such that G is locally the direct group product of Z by a local Lie 
group L. Let G* denote the set of elements g of G such that g(x) = 2(x) for an 
appropriate choice of zin Z. The set G*(x) C Z(x); these sets are in fact iden- 





5 The subscript 7 is used to convey that these elements are in H; , that is for example 
hi = fi(hiys). 








hiss 
hen 
of a 
the 


are 
ning 


and 


d in 
_ the 


unc- 
nent 


one, 
elds 


near 
once 


ame 


| by 








TOPOLOGICAL TRANSFORMATION GROUPS. I 781 


for the identity only because of the fact that G is effective. 

We will show now that G* is a group. Let g: and ge belong to G* so that for 
some choice of 2; and 22, gi(x) = a(x) and g2(z) = z2(x). But then gigo(x) = 
qize(t) = 20gi(%) = Zezs(r) = 2(x) and gigs belongs to G*. 

If g(x) = 2(2) it follows that z = g‘2(x) = zg ‘(x) and hence z ‘(r) = g™'(z) 
and g belongs to G*. These two facts show that G* is a subgroup of G and it 
should be noted that it is a closed subgroup. 

The group G* contains G, and Z. Moreover for g in G*, g(x) = z(x) and 
r= 2 g(x). Therefore zg isin G,. Since g = zz ’g it follows that if g is 
in G* it may be represented as the product of two elements one in Z and one 
inG,. Furthermore G, and Z have in common only the identity for this is the 
only element of Z leaving x fixed. Then G* is the direct product of G, and Z, 
for these groups clearly commute. 

Since Z is a discontinuum it follows that the component of G* is K,, the 
component of G, . 

As we have said Z and L, a local Lie group, are such that their product gives 
us an open set which is a local subgroup of G. Let L, denote the intersection 
of G, and L. Then L, as a closed subgroup of a local Lie group is a local Lie 
group (2). The local group L may be chosen as so small that every element 
of L, is in the component K, of G,. Because Z X L is open in G and because 
the mapping of G on M is an interior one, it follows that (Z X L)(z) is an open 
subset of M. 

Let L' be an open local subgroup of L chosen so that L'L’ is in L. It will 
now be shown that if the sets zL’(x) and z’L’(x) have a point in common then z 
coincides with z’. Assuming this to be false we have zg(x) = 2z'g'(x) for g 
and g’ in L' and z and 2’ distinct. From this we deduce that g’‘g(x) = 
z‘z'(x). The element g’ belongs to L by the choice of L’ and it also belongs 
to G* as the relation above shows. The direct product character of G* shows 
that it has no elements in L except L,. Therefore g’ ‘g isin L, and z 2’ leaves x 
fixed from which it follows that zz’ must be the identity. 

This assertion shows that (L’ X Z)(z) is the topological product of the set 
L'(z) and Z (x). This last set is a discontinuum homeomorphic to Z(r). The 
set L'(z) is locally euclidean because it is isomorphic to the space L'/L; where 
L: is the local Lie subgroup of L’ which leaves z fixed (see 13 for a discussion 
of a similar point). In order to obtain the desired local representation of M 
it is only necessary to choose a subset C of L(x) which is an n-cell and take 
the product of C and Z(z). 


4. It is understood in the following corollaries that the hypothesis is the 
same as for the above theorem. 

Corottary 1. For any two elements z and z’ of Z the sets zL’(x) and 2'L'(z) 
have no common point. 
This was shown in the course of the above argument. 


tical. Since the group Z is central every subgroup is invariant and 2(z) = x 
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Corouuary 2. The group G, is a Lie group. 

The group G/Z is a Lie group. In the mapping G, is carried into a closed 
subgroup which must be a Lie group (2). This group is G, factored with respect 
to the intersection of G, and Z; but this intersection is the identity alone. 

Corouuary 3. dim G, + dim M = dimG. 

The dimension of M is equal to the dimension of L'(z) which is equal to 
L'/Li. The above relation is equivalent to the following one which is not 
difficult to see: dim Li + dim L'/L} = dim L’. 

Corotuary 4. The following inequalities are true: 


1 <dimM <n, 0 Ss dimG, S n — 1. 


The second inequality follows from the first and the first follows from the 
fact that M is connected (since G is) and not merely a single point. 

Corouuary 5. The group G contains a one-parameter local subgroup T which 
operates on M = G(x) in such a way that if t and t' are distinct elements in T, 
then t(x) ¥ t'(a). 

By corollary 4, L; is of dimension at least one less than dim L. Hence L 
must contain a one-parameter local subgroup 7* which has only the identity 
in common with L,. We shall show that a suitable germ in this operates on x 
as required by the corollary. 

If no such germ has the desired property then there is a pair of distinct ele- 
ments g and g’ in 7* and in any neighborhood of the identity such that g(x) = 
g'(x). But then g'g’(x) = x and gg’ is near the identity. It has thus been 
shown that there are elements of 7* in every neighborhood of the identity 
leaving x fixed. The set of these elements is a closed subgroup of 7* and 
must coincide with 7*. But this shows that 7* is in L, which contradicts the 
way 7* was chosen. 

Coro.uary 6. The orbit M is locally connected if and only if G is a Lie group. 

If G is a Lie group it is known that M is a manifold (13). On the other hand 
if M is locally connected Z must be finite. Since G/Z is always a Lie group, 
when Z is finite G is also a Lie group. 


5. In the following theorem there is no restriction on the dimensionality or 
connectedness of G. We say that a group is effectively finite dimensional on a 
space if the associated effective group is finite dimensional. 

THEOREM 3. Let G be a group operating on an orbit M = G(x) of dimension 
greater than zero. If G is effectively finite dimensional on M, then G contains a 
one-parameter local group which operates homeomorphically on x. 

There is no loss of generality in taking G to be connected for if it isn’t we take 
its component which would also have an orbit of positive dimension. Let K* 
be the subgroup of G leaving all of M fixed. Then by the preceding corollary 
G/K* must contain a one-parameter local group 7* which operates homeo- 
morphically on zx. Let J be a one-parameter group in G@ covering 7* iso- 
morphically (see Pontrjagin (2)), that is if f denotes the mapping of & onto 
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G/K* then f(j), j in J, is the local group 7*. We assert that J operates 
homeomorphically on x. For if it does not, then there is a g and a g’, both in J 
and distinct, such that g(x) = g’(x). Let f(g) = g* and f(g’) = g’*. The 
above relation implies that g*(z) = g’*(x). But this is impossible. 

LemMa 2. Let G be a transformation group of a finite dimensional connected 
orbit M = G(x) and let K be an invariant connected subgroup such that G/K is 
finite dimensional and K(x) is a proper subset of M. Then dim K(x) is less than 
dim M. 

Since K is invariant it follows that G is a topological transformation group 
of the decomposition space of M induced by the sets K(y) as y varies in M; 
this space will be denoted by D(M; K). The above statement follows from 
the fact that gK(y) = Kg(y). Now K is idle on D(M; K) so that G/K is a 
finite dimensional group acting on D(M; K). We may suppose dim M > 0, 
for otherwise the Lemma is vacuously true. Then D(M; K) is connected and 
not a single point; so that dim D(M; K) > 0. 

From the preceding theorem there is in G a one-parameter local group J 
which acts homeomorphically on K(x) = x*. The group J also acts on M and 
the set J(x) cannot have two points in common with a set K(y); otherwise the 
corresponding point in D(M; K) could be obtained by operating with two 
distinct elements of J on x*. The sets K(y) are homeomorphic since K is 
invariant and therefore J[K(x)] is the topological product of an are and the set 
K(x). Hence J[K(x)] is of larger dimension than K(x) by a theorem due to 
Hurewicz (4.1). This set is a subset of M and our theorem is established. 


6. THEorEM 4. If G acts on a finite dimensional orbit M = G(x) then G is 
effectively finite dimensional on M. In fact, there must be a connected invariant 
group K which is idle on M and such that G/K is finite dimensional. 

Let G,, Gz. , --- be a sequence of invariant subgroups of G, shrinking toward 
the identity monotonically and such that G/G, is a Lie group. Let K,, be the 
identity component of G,. These are invariant subgroups of G, and G@/K,, is 
finite dimensional. The groups K, converge to the identity and we wish to 
show that some one of them is inoperative for in this case G is effectively finite 
dimensional. 

It is certain at any rate that K,, lies in an arbitrarily small neighborhood of 
the identity for n sufficiently large and therefore for some n, say n = N, Ky(zx) 
is of lower dimension than G(z). We may now repeat this process starting with 
the orbit Ky(x). In order to do this it is only necessary to observe that if 
n> N, K, is an invariant subgroup of Ky and that Ky/K, is finite dimensional. 

The repetition of the process yields a Kg in a finite number of steps such that 
K(x) is zero dimensional. Since Kz is connected, Kx(x) = xz and this means 
that Kx is idle on G(x). The proof of the theorem is thus completed. 

This enables us to extend the results about the structure of an orbit for the 
case where G is finite dimensional and connected to the case where G is merely 
assumed to be connected. 

























































j 
4) 
He 
Ha 
{ 





































784 DEANE MONTGOMERY AND LEO ZIPPIN 


Coro.uary 7. Let G be a connected group acting on a finite dimensional orbit 
M = G(x). Then M is locally the topological product of a k-cell and a dis- 
continuum. 


7. Before proceeding we prove a generalization of corollary 3 to the case 
where G is neither connected nor effective. 

Coro.uary 3’. Let G be a finite dimensional group acting on an orbit M = 
G(x). Then 


dim G, + dim M = dim G. 


Let G* be the invariant subgroup leaving all of M fixed. Then it is known 
that dim G* + dim G/G* = dimG. ButG*CG,. Then also dim G* + dim 
G,/G* = dim G,. Hence to prove the relation of the corollary we have only to 
prove that (since (G/G*), = G,/G*) dim (G/G*), + dim M = dim G/G*, that 
is it may be assumed that G is effective. We therefore make that assumption, 
and go on to prove the corollary in that case. 

Let K be the component of G. We know from corollary 3 that dim K, + dim 
K(x) = dim K. The corollary now follows from the facts that dim K = dim G. 
dim K, = dim (K /f G,) = dim G, ; dim K(x) = dim G(z). 

THEOREM 5. Let G be a group given by (A) and let G* be any compact subgroup. 
Then the dimension of G/G* is equal to the limit of the dimensions of the spaces 
in (B), that is 


dim G/G* = lim dim H;/H? . 


If dim G/G* is infinite then dim H;/H; must approach infinity for otherwise 
G/G* would be transformed by small transformations into sets of bounded 
dimension and this is impossible. 

Let us suppose then that G/G* is finite dimensional. Now in this case G 
may be regarded as a topological transformation group of a finite dimensional 
orbit M. The set M is simply the space of cosets G by G*. The theorem 
that G must be effectively finite dimensional in its action on M translates itself 
into this that there is an invariant subgroup G) of G*, as well as G, such that 
Go is idle on M and G/G, is finite dimensional. Now the coset space G by G* 
is homeomorphic to the coset space of G/G) by G*/G). Similar considerations 
obtain in the approximating groups and the associated coset spaces. There is 
therefore no loss in assuming that the “factoring” by Go has been accomplished 
throughout: so that the group G may be thought of as finite dimensional, say 
n-dimensional. Let G* be r-dimensional. From theorems on the structure of 
groups there must be an integer N such that if i = N dim H; = n and dim 
H; =r. By corollary 3’, dim G/G* = n — rand if i = N dim H;/Hi = 
n —r. Therefore dim G/G* = lim dim H;/H; . 


8. We now prove a theorem which will enable us to draw a conclusion about 
the distribution of points on orbits of at least a given finite dimension. It 1s 
convenient to prove first a Lemma. 
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Lemma 3. In the sequence of coset spaces of (B) the dimension never decreases. 
Let 


dim H; =, dim Ain = Nis 5 
° * . * 
dim H; = 7;, dim Hix: = rig. 


Let H iz1 be the invariant subgroup of H;4: mapped into the identity by f; and 
let dim Hix, = 7. Then 


Ne = Nii — 7, 


° * = 
Tin dim (A iiss N Ais) = Ta FT. 


ri 
Subtracting 
NM — T S&S Ns — Tar. 


THEOREM 6. Let G" be a sequence of closed subgroups of the compact group G 
approaching the closed subgroup G* (in the sense of drawing into any open set 
inclosing G*). Then if dim G/G* = r and n is sufficiently large dim G/G" 2 r. 

We first make the proof under the assumption that G is a Lie group. In 
this case, G" must be a Lie subgroup of G. It will be shown that for large 
values of n, dim G” < dim G* which is equivalent to the desired conclusion. 

Suppose that for an infinite number of values of n, dim G" > dim G*. Let 
P" and P* be the tangent hyperplanes to G” and G*. Then P", for an infinite 
number of n’s, must contain a vector V, orthogonal to P*. We may assume 
that V,— V where V too is orthogonal to P*. The group in G determined by V 
must attain a certain distance e from G*. But groups determined by V, must 
remain near those determined by V. This shows that the G"’s cannot move 
into every open set including G*. This contradicts our supposition and the 
theorem follows. 

Proceeding now to the general case, let Hf , Hz , --- be the sequence of Lie 
groups determining G@"; the group H? is a subgroup of H; (of the system A). 
By the preceding results, G/G” is the limit of H;/H? and hence 


dim G/G" = lim dim H;/H? . 
In view of the special case just treated and in view of the fact that as n becomes 


large H? must approach (in the sense specified) H ? it is true that for a fixed i, 
and forn = N, 


dim H;,/H?, = dim H;,/Hi, . 
We assume that dim H;,/Hj, = 7, so that if n = N, dim H;,/H?, = r. Then 
forn = N andi = i,, dim H,/H? = r, andifn = N 
dim G/G" = lim dim H;/H? 2 r. 
TuroreM 7. If G acts on a space E then the points on orbits of dimension 2 k 
form an open set. 


Because k is always an integer the theorem could equally well be stated in 
terms of a pure inequality. 
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Let x be any point of HZ. The theorem is an immediate consequence of 
Theorem 6 and the fact that if y is sufficiently near z then G, is near G, . 


9. We wish next to prove a theorem giving an upper bound to the dimension 
of a group which can act effectively on an orbit of dimension k. A few pre- 
liminary Lemmas and a Theorem will be proved first some of which are of 
interest in themselves. 

If M is any invariant set the subgroup Gy leaving all of M fixed is an invariant 
subgroup and the component Ky of Gy is invariant in Gy and it must in fact 
be an invariant subgroup of the group G. 

Lemma 4. For all orbits N sufficiently near to an orbit M it is true that Ky 
lies in a preassigned neighborhood V of Ky . 

If this is not true there is a sequence of elements g; belonging to Ky, where 
the orbits N; converge to N and g;isnotin V. The elements g; may be assumed 
to converge to an element g not in V, and the sets Ky; may be assumed to 
converge toa set F. The set F is a connected subset of Gs; and hence is in Ky . 
The element g, which is in F, must therefore be in Ky. But since it is not in V 
a contradiction has been reached. 

THEOREM 8. For all orbits N sufficiently near to a finite dimensional orbit M 
it is true that Ky 1s a subgroup of Ky . 

The group G/Ky is finite dimensional and from the local structure of a 
compact group there is a neighborhood U of the identity of G/Ky which con- 
tains no connected subgroup with the exception of the degenerate group contain- 
ing only the identity element. The inverse of U is a neighborhood V of the 
identity in G; the neighborhood V contains Ky in its interior. By the pre- 
ceding Lemma if N is near to M, Ky must bein V. Then Ky is mapped into U 
which contains no connected subgroups except the identity and therefore Ky 
is mapped into the identity. This means that Ky is a subgroup of Ky , and the 
proof of the theorem is complete. 

It is true that Gy draws into any given neighborhood of Gy when N ap- 
proaches M but it cannot be argued in general that Gy is a subgroup of Gy. 
This is brought out by the following counter-example. 

Let G be a finite dimensional non-Lie group defined by the sequence H; of 
Lie groups. The space E is to be the totality of elements contained in G and 
in all the sets H;. Let x be a point of E. If z is in an H; the neighborhoods 
of x are its neighborhoods in H; ; if x is in G, k is any integer and 0 is a neigh- 
borhood of x in G, a neighborhood of z in O is defined as all elements of O plus 
all elements in H; (¢ = k) which are “coordinates” of elements in 0. 

Now G is a topological transformation of E with the orbits Hi, H2, --- 
andG. The set Gg is the identity but Gy, is a non-degenerate zero dimensional 
group. 

Lemma 5. If G is « Lie group which is effective on a connected locally euclidean 
space E, then Gy is finite for some orbit M of E. 

Let x be a point of E on an orbit M = G(x) such that G/Gy is of the highest 
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possible dimension. Such a choice is possible because there are only a finite 
number of possible dimensions: For orbits N sufficiently near to M, Ky is a 
subgroup of Ky. The groups Ky and Ky are Lie groups and connected. If 
Ky is a proper subgroup of Ky it must be of lower dimension, and this would 
imply that G/Ky is of higher dimension than G/Ky which contradicts the 
choice of M. From this it follows that for all orbits N near M, Ky and Ky 
are identical. This means that Ky is idle in an open subset of E. Whenever a 
Lie group is idle on an open subset of E it must be idle on all of E.° But G is 
effective and so Ky must be the identity, that is Gy is finite. 

Lemma 6. If G is effective on a zero-dimensional set then G must be zero- 
dimensional. 

The proof is omitted.. 

These Lemmas enable us to prove the theorems on the limitation of the 
dimension of effective groups. The proof is in two theorems beginning with 
the case of Lie groups. 


10. THrorEM 9. Let G be a Lie group effective on an orbit M whose dimension 
isk. Then dim G S $k(k + 1). 

The theorem is true for the case where k = 0 by the above Lemma. The 
proof will be by induction, and we now assume that the conclusion is true for 
any orbit of dimension at most k — 1. 

Consider G, for any point x of M. This is a Lie group acting effectively on M 
and therefore there is some orbit N = G,(y) such that (G,)y is finite. Then 
the effective group G,/(Gz) y is of the same dimension as G,. By the hypothesis 
of the induction dim G, is at most 4(k — 1)k because G,(y) is at most (k — 1)- 
dimensional. That G,(y) is indeed at most (k — 1)-dimensional requires, per- 
haps, a word of justification. In the simpler case that M is connected, M is a 
manifold and G,(y) a finite set of manifolds forming a proper subset of M. 
In this case it is trivial that dim G.(y) < dim M. In case M is not connected 
it is the sum of a finite number of manifolds and it is rather easy to show that 
the identity component of G, of the same dimension as G, acts effectively on 
one of the components of M. This reduces the argument to the earlier case. 

Now, dim G = dim G, + dim M = }(k — Ik + k = fk(k + 1). 

Corotuary 8. If a Lie group is effective on a locally euclidean space and if the 
orbits have highest dimension k then 


dim G S 3k(k + 1). 


This is because the effective group on at least one orbit is (by Lemma 5) of 
the same dimension as G. 
We now prove a fact which will be of use in the next theorem. Let @ be 





‘This is due to the fact that in a Lie group periodic elements are everywhere dense 
and to the fact that a periodic transformation of a connected locally euclidean space 
leaving an open set fixed must leave the entire space fixed. This theorem is due to Newman 
(10). For generalizations and alternative proofs see Smith (14, 15). 
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group given by the sequence (A) and let G* be a subgroup determining an orbit 
on which | G acts effectively. The fact we will need is that H; acts effectively 
on H i/H; . Let f be the homomorphism taking G into H; and let h be any 
element of H;. Let g be some element in f(h). There must be a g’ such that 
gg'G* # g'G* and this implies that g’ ‘gg'G* ~ G*. This means that g’~‘gq’ 
is not in G* and therefore f(g’ gg’) = h’ hh’ is not in H*. *. Hence h’"hh'H* # 
H* and hh'H*  h’H*, that is h moves a point of H;/H; . 

THEOREM 10. Let G be effective on an orbit M of dimension k. Then dim G 
is at most 4k(k + 1). 

Let G be given by the sequence (A) and let G* be the closed subgroup of G 
determining the orbit. Let G* be determined by H? } H: , +++ so that the 
orbit M is determined by the sequence (B). Because M is k dimensional it is 
true for all 7’s after a certain one that dim H;/H? = k. From the preceding 
theorem and the fact that H; must act effectively on H; i/Hi we conclude that 
dim H; <= 3k(k + 1). The fact that the above inequality holds for all 7’s 
after a certain one shows that dim G S 3k(k + 1). 


11. TurorEeM 11. Let G be a group acting effectively on a connected space E. 
If all the orbits of E are of the same dimension k, then G must be finite dimensional. 

Let M be any orbit of HE. Then Ky is such that G/Ky is finite dimensional. 
For N near to M, Ky is in Ky. Choose M so that G/Ky is of the highest 
possible dimension; now, for N near M, Ky must equal Ky. Then the set 
of points left fixed by Ky is open. It is always closed, and Ky must be idle 
on all of E which shows that it is the identity and that G is finite dimensional. 


12. As a preliminary to extending Corollary 6 to the disconnected case and 
to showing that an effective group in a connected locally euclidean space with 
locally connected orbits must be a Lie group we prove the following Lemmas. 

Lemma 7. If two spaces H;/Hj and Hiss/Hias of the sequence (B) are of the 
same dimension then f; is a local homeomorphism. 

Let hiz:Hi1 be an element of the second space. We wish to show that no 
two elements near this element have the same image under f; 

Let Hi4: be the kernel of the homomorphism f;, that is the invariant sub- 
group of H;,; made up of all elements which f; takes into the identity of Hi. 
The group H;,; may be considered as a transformation group of H en /Hi i++ 
The orbits under this group are precisely the sets in Hi41/Hi1 which are taken 
by f; into single elements of H ;/H?. These orbits must all be finite, for 
otherwise the dimension would be lowered in passing from one space to the other. 

The orbits in question are given by an invariant subgroup and are homeo- 
morphic. Since they are finite this means that they all have the same number 
of points. Hence no two “points” near hi4:H 41 can be on the same orbit and 
the demonstration is complete. 

Lemma 8. [If the sequence (B) defines a locally connected orbit of finite dimension 
then there is an integer N such that if i = N, f; is a homeomorphism. 

Since the orbit is finite dimensional there is an N such that if i = N, all the 
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approximating coset spaces are of the same dimension. For such values of i, 
fi is a local homeomorphism. Assume that for an infinite set of 7’s fii is not a 
homeomorphism. Now drop from the sequence 


(1) H,/Ht , H2/H?, --- 





all the spaces preceding the N“ and drop all those which go by a homeomorphism 
into the preceding space. Assume now that (1) is the resulting sequence of 
spaces, which will of course have the same limit space as before. And now 
each f; is a local homeomorphism but not a homeomorphism. 

By the theory of covering spaces if O is any open set in H;/H? homeomorphic 
to the interior of a k cell (we assume Hi; ;/H; to be k-dimensional) and if r points 
of His1/Hi41 cover each point of H;/H; then there are precisely r open mutually 
disjoined subsets of Hi41/H i41 Which are taken homeomorphically into O. 

We proceed now , analogously to the argument for groups. Let 0; be an 
open k-cell in H,/H;y , and let 0? , --- , 03? be the disjoined open sets in H2/H? 
going homeomorphically into 0, . We may continue to the third space in the 
same way and so on indefinitely. This shows that the limit space is in the 
small the topological product of a k-cell and an infinite compact zero dimen- 
sional set. One of the sheets of the product for example is given by 0, , 02, - - 
Such a space fails to be locally connected. We have now been led to an ab- 
surdity in assuming that there were an infinite number of 7’s in the original 
sequence for which f; was not a homeomorphism, and the conclusion follows. 
Incidentally this is another proof of the structure theorem for orbits. 

In fact, this proof is more general than our earlier one in that G is not assumed 
to be a connected group. We formulate this as a theorem. 

THEoREM 12. If G is a compact group acting on a k-dimensional orbit M, 
then M is locally the topological product of a k-cell by a compact zero dimen- 
sional set. 
13. Let G be a group defined by the sequence (A). Let G; be the subgroup 
consisting of elements of the form 





(C1, €2, +++, Cy hint, «++ ) 


where e; is the identity of H;. This is a closed invariant subgroup and 
G/G; = H 

Lemma 9. Let G be a group acting on an orbit G/G* which is locally connected ; 
that is, a finite set of manifolds. Then for some i, G; is in G*. 

Let G/G* be determined by the sequence (B). For i 2 N, fi is a homeo- 
morphism. For such a value of 7 let hi4; be an element in fi'(e:). The element 
his: must be in Hiv: because fi(hizs) = Si(eiy1) and if hiss were not in Hiw 
then his: and es41 would determine two different cosets of Hix: going by fi 
into the same coset of Hj . This would mean that fi was not a homeomorphism. 

Corotuary 6’. If G acts effectively on a locally connected orbit then G is a 
Lie group. 
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Coro.uary 9. If G acts on a space E the set of points on locally connected 
orbits form an F, . 


14. If G acts on a locally euclidean space E with all locally connected orbits 
there is defined at each point x of EF a function p(x) where p(z) is the smallest 
integer p such that G, (as in §13) isin G,. Let L be the set of points in the 
space where p(x) has an infinite least upper bound. The function is lower 
semi-continuous and integral valued so that L is a closed nowhere dense set. 

Lemma 10. If G acts effectively on a connected locally euclidean space E with 
all locally connected orbits and if L is void then p(x) is bounded on E. 

It is clear, since L is void, that p(x) is bounded at each point of E but the 
Lemma states that a uniform bound for all of E can be found. 

Let O be a maximal open connected subset of EH on which p(x) is at most 
equal to k. Such sets exist for a properly chosen k by the nature of p(z). 
Assume that O does not coincide with EZ. Then there is a point b on the 
boundary of O and not in O. Let U be a connected neighborhood of b on which 
p(x) is bounded say by r 2 k. The space G(O + U) is connected and locally 
euclidean. Since G, leaves every point of this space fixed, G/G, acts on the 
space with the original orbits. Under the homomorphism G — G/G, , G;. goes 
into a Lie subgroup of G/G,. This subgroup leaves all of O fixed and conse- 
quently it leaves all of G(O + U) fixed. But then p(x) is bounded at b by k. 
Hence O is not maximal. This shows that O and E coincide thus proving the 
Lemma. 


15. THEoREM 13. [If G acts effectively on a connected locally Euclidean space E 
and wf all the orbits of G are locally connected, that is if each orbit is a finite set of 
manifolds, then G is a Lie group." 

Assume that p(x) is not bounded on FE. Then by the preceding Lemma, L is 
not void. Let b be any point of L where p(z | L), the function p(x) considered 
only on L, is continuous. There is an open set O including b such that p(z | L) 
is constant and equal to an integer k everywhere in Of L. Let R be any 
component of H — L having points in O. There must be an integer r 2 k 
bounding p(x) in R. Let R, = G,(R). The function p(x) is bounded on hi 
and consequently no point of L can be an inner point of R,. Let ¢ be a point 
of Ri N LN O. This point then is not an inner point of R,. Let V be a 
connected open set which contains c. As we have seen V — R, is not vacuous; 
it is separated from R; by L. For this reason the new transformation group 
of Ri + V about to be defined satisfies all the conditions for a transformation 
group. 

If x is in R, and g is any element of G; let g[z] = g(x); if x isin V — RA, let 
g{z] = x. The group G, with G, as thus defined leaves every point of Ri + V 





’ The method of proof used here resembles that used by one of the authors in another 
connection. See American Journal of Mathematics, vol. 59, pp. 118-120. 
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fixed and therefore the Lie group G;/G, may be defined as a transformation 
group of R, + V with the same orbits as for the group just defined. The group 
G,/G, leaves V — R, fixed; since this is an open subset of the connected locally 
euclidean space R, + V we.conclude that G;/G, leaves all of R; + V fixed. 
Hence G; as originally defined leaves all of R; fixed. The component R was an 
arbitrary one touching O and therefore every point x of O — L is such that 
p(x) $k. This shows that p(x) is bounded at points of L in O and this contra- 
dicts the definition of L*. 

Another way of expressing this theorem is to say that the group G is effec- 
tively a Lie group, whenever it operates on a connected locally euclidean space 
with locally connected orbits. The proof could be attained more rapidly by 
assuming E to be compact and G connected. 


SmitH COLLEGE, NORTHAMPTON, Mass AND 
QuEENS CoLLEGE, New York, New York. 
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TRIANGULATED MANIFOLDS WHICH ARE NOT BROUWER 
MANIFOLDS’ 


By Stewart 8S. Cairns 
(Received July 16, 1940) 


1. The topological equivalence problems. 


The several theorems established below touch upon the general question of 
the relationships among various classes of manifolds. We commence with five 
basic definitions. 

(1) Topological m-manifold (m = 0, 1, 2, --- ): A connected topological space 
which can be covered by a denumerable set of neighborhoods, each of which is an 
open m-cell. 

(2) Triangulable manifold: A topological manifold which can be subdivided 
into the cells of a complex. 

(3) Star m-manifold: A triangulated m-manifold on which the region covered 
by the star of any vertex is an m-cell. 

(4) Browwer m-manifold? A star m-manifold for which the star of each vertex 
can be mapped homeomorphically into a euclidean m-space, E”, so that the 
image of each m-cell of the star is an m-simplex. 

(5) Differentiable (analytic) m-manifold: A topological m-manifold which can 
be covered with local coordinate systems having m-cells for domains, such that 
the transformation between any two of the systems is differentiable (analytic) 
with a non-vanishing jacobian. 

Our considerations, appropriately modified, apply also to manifolds with 
boundaries and with partial boundaries, but we confine ourselves, for simplicity 
of statement, to the manifolds just defined. 

One of the problems which the writer has studied is that of determining the 
extent to which any two of the above types of manifold are topologically equiva- 
lent in the sense that an arbitrary manifold of either type has a homeomorphic 
image of the other type. In so far as topological and triangulable manifolds 
are concerned, this problem is the general triangulation problem for manifolds. 
The topological equivalence question in all its generality is thus seen to be an 
extremely difficult one. There exist, however, a number of theorems which 
are worth noting. It is easy to verify, with the aid of known results, that all 
the above types of manifold are equivalent for m < 3. Whitney has shown* 





1 Presented to the American Mathematical Society, April 26, 1940. The results are 
also contained in a note of the same title in the Proceedings of the National Academy of 
Sciences, vol. 26 (1940), pp. 359-361. 

*L. E. J. Brouwer, Uber Abbildungen von Mannigfaltigkeiten, Mathematische Annalen 
71 (1912), pp. 97-115. 

* Hassler Whitney, Differentiable manifolds, these Annals, vol. 37 (1936), pp. 645-680. 
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that differentiable and analytic manifolds are topologically equivalent. The 
writer has shown‘ that the types of manifold numbered (2) to (5) above are 
topologically equivalent when m = 3, so that any 3-manifold which can be 
triangulated can be made analytic. 

Each of the five classes of manifolds listed above is topologically equivalent 
to a subset of each preceding class. This statement is obvious, save for the 
part which asserts that every differentiable manifold is homeomorphic to a 
Brouwer manifold. This part of the statement follows readily from Whitney’s 
imbedding theorem,’ which shows that every differentiable manifold can be 
differentiably imbedded in a euclidean space, together with the writer’s poly- 
hedral approximation theorem,’ which gives a Brouwer triangulation for mani- 
folds so imbedded. 


2. The theorems. 


The results here developed are so closely related that they might be regarded 
as different aspects of one theorem, rather than as several distinct theorems. 
We list them separately, since the geometric content of each appears interesting. 
All of them will be deduced later (§4) from a certain basic lemma. 

THeorEM I. There exist star m-manifolds for every m > 3 which are not 
Brouwer manifolds. 

It is not known whether there exist essentially non-Brouwer manifolds; that 
is, manifolds which cannot be made into Brouwer manifolds by a suitable 
triangulation. This question is particularly significant, for an affirmative 
answer would imply (see H) the existence of manifolds which cannot be made 
differentiable. 

TuEorEeM II. Brouwer’s definition’ of an m-manifold is not invariant (m > 3) 
under subdivision. 

By a polyhedral representation, P”, of a complex, K, we mean the image of 
the complex in a euclidean space under a homeomorphism such that each cell 
of K corresponds to a euclidean simplex on P”. 

THEOREM III. Every triangulated m-sphere, m < 3, has a convex polyhedral 
representation in E™**, For every m = 3, there exist triangulated m-spheres 
which have no convex, or even star-shaped, polyhedral representations in ,. 

THEOREM IV. The smallest n such that a given complex K has a polyhedral 
representation in E” is not, for every K, invariant under subdivisions. In some 
cases, this n can be made alternately to increase and decrease during a sequence of 
successive subdivisions. 

THrorEM V. For every m > 3, there exist stars of simplexes which, regarded 
as point sets, are m-cells, but which do not admit transversal (n — m)-planes no 
matter how they are polyhedrally represented in any E". Hence there exist star 





‘S. S. Cairns, Homeomorphisms between topological manifolds and analytic manifolds, 
these Annals, immediately preceding the present article. We refer to the foregoing paper 
as H, 

°S. S. Cairns, Polyhedral approximations to regular loci, these Annals, vol. 37 (1936), 
pp. 409-415. 
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manifolds which do not admit polyhedral representations in normal position (see H) 
in any E”. 


3. The basic lemma. 


Basic Lemma. For any m 2 3, there exists an essentially curvilinear triangula- 
tion of an m-simplez, s”; that is, a triangulation, +”, of s”, which is not isomorphic 
with any rectilinear triangulation of s”. 

Aside from the writer’s construction in proof of this lemma, there exists an 
easily comprehended example due to van Kampen. Van Kampen’s method, 
in the case m = 3, consists in so triangulating s° that a 1-circuit composed of 
just three 1-cells of the triangulation is knotted in s°. Such a triangulation 
obviously fulfills the requirements. For higher dimensions, it is sufficient to 
note that the join of a point and an essentially curvilinear triangulation of an 
s”” affords an essentially curvilinear triangulation of an s”. We note, for 
later purposes, that it is not necessary to subdivide the boundary, 8”, of s” 








Pp j 


in constructing an essentially curvilinear triangulation, for an arbitrarily tri- 
angulated simplex, sj , can be put inside s”, and the triangulation then extended 
over the rest of s” without subdividing 8” or further subdividing s} . 

The writer’s example is illustrated by the accompanying figure. Only two 
vertices, Po and P,, of s* are shown. Interior to s° are the four points Q; 
(¢ = 1, 2, 3, 4), joined by 1-simplexes as indicated in the diagram. There are 
three 2-simplexes incident with Py and having Q:Q2 , Q2Qs , and Q3:Q: as respec- 
tive opposite edges. There are four 2-simplexes incident with P; and having 
Q:Q2 , Q2Q: , QQ , and Q;Q; as respective opposite edges. This makes seven 
2-simplexes, which are then all joined by 3-simplexes to a point Q. The seven 
resulting 3-simplexes, with bounding cells, will be a subcomplex, U,.of the 
required triangulation. Suppose the points Q; so located that U can be made 
rectilinear. Once the seven 2-simplexes opposite Q) are fixed, the domain, 
D(Qo), of possible positions for Qo is the intersection of eight half-spaces bounded, 
respectively, by the planes of the seven 2-simplexes and the plane of the points 


(Qe ? Qs , Q:). 
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The next step is the introduction of a 1-circuit, y = RiR2R; , composed of 
three 1-simplexes, where y cannot be shrunk to a point in s’ — U. We then 
ensure an essentially curvilinear triangulation, 7’, by requiring that 7° contain 
as a subcomplex the cells U, the cells of y, and three 1-cells joining Q) to Ri , 
R,, and R;, respectively. For, with U rectilinear, the points which can be 
joined to Qo by line-segments avoiding U fill out the intersection, p, of s° with 
the trihedral angle (Qo ; Q2Q:Q:). Note that (Q2, Qs, Qs) are always outside 
or on the boundary of the convex region D(Q)) mentioned above, to which Qo 
is confined. The region p is convex. Hence if it contained R,, R., and R; it 
would have to contain the entire 2-simplex which they determine. But this 
2-simplex contains inner points of U, which obviously cannot be joined to Qo 
by line-segments avoiding U. Thus a contradiction is obtained. To complete 
the argument, it remains only to verify that the remainder of the triangulation 
7 can be constructed without subdividing any of the cells thus far introduced. 
The writer has done this but omits the details since they involve no difficulties. 
In the treatment for the general m > 3, the essential change is the replacement 
of QoQ; by an (m — 2)-simplex. 


4. Establishment of the theorems 


Commencing with Theorem III, we note that the cases m < 3 are easy to 
verify. In the case m = 3, a triangulated m-sphere, 7”, of the sort required is 
obtained from the boundary, 6”, of an (m + 1)-simplex by subjecting each 
m-simplex sj (¢ = 1, --- ,m + 1) of 8” to an essentially curvilinear triangula- 
tion, 7; , where 7; does not subdivide the boundary of sj. Suppose 7” poly- 
hedrally imbedded in an E”™’ so as to be star-shaped relative to a point 0. 
If, from O, we project 7” into a geodesic triangulation of an m-sphere about O, 
then the image of at least one of the subcomplexes 77’ will be a proper subset 
of a hemisphere. Hence this subcomplex could be homeomorphically pro- 
jected from O, contrary to its definition, into a rectilinear triangulation of an 
m-simplex on some m-plane. Thus Theorem III is established. 

To obtain Theorem I, given any triangulated m-manifold (m > 3), we can 
subdivide it so that the boundary of the star of some vertex shall admit no 
star-shaped polyhedral representation in any E”. The subdivided manifold is 
then not a Brouwer manifold. 

Theorem II follows at once. Note that the property of being a Brouwer 
manifold can be alternately lost and regained under successive subdivisions. 

In the case of Theorem IV, the simplest illustration is where K is a 3-simplex 
plus bounding simplexes. Then the smallest n is three. By an essentially 
curvilinear triangulation, we can raise n to four. A further subdivision can then 
be given reducing the smallest to three, and so forth. 

Theorem V is an immediate consequence of Theorem I together with the 
theorem and lemma in §3 of H. 


QUEENS COLLEGE, 
Fiusnine, N. Y. 
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HOMEOMORPHISMS BETWEEN TOPOLOGICAL MANIFOLDS 
AND ANALYTIC MANIFOLDS’ 


By Stewart S. Cairns 
(Received September 25, 1939) 


1. Existence of the homeomorphisms. By a topological m-manifold, M, 
(m = 0, 1, --- ) we mean a connected topological space which can be covered 
with a denumerable set of neighborhoods, each of which is an m-cell. We will 
employ, on M, various coordinate systems, each having an m-cell for domain 
and each defined by a homeomorphism between its domain and a region in a 
euclidean m-space, E”. 

Consider a set, X, of coordinate systems whose domains cover M. We will 
say that M is analytic (in terms of the systems X) if every transformation 


(1.1) vi = 0,(2) (¢ = 1,---,m) 
between two of the systems, (7) = (a1, --- ,%m) and (v), whose domains over- 
lap, is analytic with a non-vanishing jacobian. 

Let (y) = (y1,---, Yn) denote a coordinate system in E”. A topological 
m-manifold in E" will mean a set of points 
(1.2) M: yi = yi(p) (¢ = 1,---,n) 


where (1) p is a variable point on a topological m-manifold, M’, and (2) the 
correspondence (1.2) between M and M’ is a homeomorphism. Let X be a 
set of coordinate systems whose domains cover M’. As p ranges over the 
domain of any system (x), the functions y;(p) can be interpreted as functions 
of (x). If all such functions are analytic and if every functional matrix (dy;/dz;) 
is of rank m on its domain, then M will be called an analytic manifold in E" 
(in terms of the systems X and the correspondence (1.2)). 

Consider a point set, S, in EZ”. A k-plane, x (k = 1), through a point p 
of S will be called transversal to S at p if it makes angles bounded away from 
zero with the secant lines of some neighborhood of p on S. Any plane, nr’, is 
called transversal to S (in the large) if it makes angles bounded away from zero 
with all the secant lines of S. 

We will say that a topological m-manifold, M, in E” is in normal position if 
it is possible to define, through each point p of M, an (n — m)-plane, x” "(p); 
in such a way that (1) r”-"(p) varies continuously with p and (2) x” "(p) is 
transversal to M at p. 

Suppose the topological m-manifold, M, can be subdivided into the cells of a 





! Presented to the American Mathematical Society; March 27, 1937, February 25, 1939, 
and October 28, 1939. 
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simplicial complex. It can then be mapped by a homeomorphism into a 
polyhedral complex, P”, in an E” (n > 2m), where the faces of P” are euclidean 
simplexes corresponding to the cells into which M is subdivided. 

THEOREM I. Given a topological m-manifold, M, there exists a set of coordinate 
systems in terms of which M is analytic with an analytic Riemannian metric, if 
and only if M can be triangulaied so as to have a polyhedral representation, P™, 
in normal position in some E”. 

This theorem, in so far as the sufficiency of the condition is concerned, is a 
consequence of the following. 

THeorEM II. Arbitrarily near any normal position of P”, there exists an 
analytic manifold in E”, homeomorphic to P”. 

Part of this paper is devoted to an investigation of conditions under which 
a polyhedral manifold P” can be put into normal position. By showing this 
to be always possible when m = 3, we obtain the following result. The cases 
m < 3 can easily be dealt with by known methods. 

THroreM III. If a topological 3-manifold, M, can be triangulated, then there 
exists a set of coordinate systems in terms of which M is analytic and has an analytic 
Riemannian metric. 


2. Normal positions and general positions. We now establish the necessity 
of the conditions in Theorem I. Any analytic m-manifold, M, has a homeo- 
morph, M’, which is analytic in some euclidean space E" (DM, Theorem 1). 
The writer has shown’® that M’ can be so triangulated into cells (c) that (1) the 
vertices of each m-cell determine a non-degenerate m-simplex and (2) the 
totality of the simplexes so determined is a polyhedral manifold, P”, homeo- 
morphic to M’ in such a way that corresponding m-cells have identical vertices 
and that the tangent m-plane to M’ at any point of a cell, o”, of (o) differs 
arbitrarily little in direction from the m-plane of the corresponding face of P”. 
Now suppose (p, q) are corresponding points on (P”, M”’) respectively. If 
rt" "(p) is the (n — m)-plane through p parailel to the (n — m)-plane normal 
to M’ at q, and if P” is a sufficiently close approximation to M’, then x" "(p) 
is transversal to P” as required by the definition of normal position. For, 
since the faces of P” are approximately tangent to M’, the directions of the 
secant lines of any neighborhood on P” are approximately the same as in the 
case of the corresponding neighborhood on M’. 

The sufficiency proof for Theorem I will not be complete until §8. 

Consider an arbitrary triangulated topological m-manifold, M. We will 
assume first‘ that there exists an upper bound to the number of cells in a star 





*Our proof of Theorem II will involve methods due to Hassler Whitney. See Dif- 
ferentiable manifoldg, Annals of Mathematics, vol. 37 (1936), pp. 645-680. This paper will 
be referred to as DM. 

* Polyhedral approximations to regular loci, Annals of Mathematics, vol. 37 (1936), 
pp. 409-415. 

‘In §9 a method is given which does not involve this hypothesis. 
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on M. The assumption enables us to imbed P” in an E", for n sufficiently 
large, so that the vertices on each star of simplexes are linearly independent. 
P” is then said to be in general position. 

Lemma. [If it is possible to put P™ into normal position, then there exists a 
general position which is also a normal position. 

Proor. We commence with an auxiliary result. 

(A) If a manifold, M, is in normal position in EZ”, then it is in normal position 
in any E" which contains EL” as a subspace. 

For, suppose that 7” "(p) in E” is transversal to M at p and that r"~’(p) in 
E" is transversal to E” at p. Then it follows from our definitions that x"~"(p), 
determined by x” "(p) and x” "(p) is transversal to M at p. It remains only 
to require that +" ’(p) be continuous in p on M. We might, for example, use 
the (n — v)-plane normal to EZ” at p. 

Now let P” be in normal position in Z” C E", n being so large that E” can 
contain P” in general position. Then P” can be brought into a general posi- 
tion, *P”, by arbitrarily small displacements of its vertices. Let barycentric 
coordinates be introduced on the simplexes of P” and, in precisely the same 
way, on the simplexes of *P”. Two points on (P”, *P”), respectively, will 
correspond if their coordinates are the same. Suppose 2” ”(p) is transversal 
to a certain neighborhood,.N(p), on P”. The directions of the secant lines of 
the corresponding neighborhood, N(p*), on *P” can be made arbitrarily close 
to those of N(p) by suitable restrictions on the displacements carrying P” into 
*P™, Hence it can be arranged that x” ”(p*) || x” ”(p) shall be transversal 
to *P” at p*, as required by the definition of normal position. 


3. Planes transversal to Brouwer stars. The triangulated manifold M, or 
its representation P”, will be called a Brouwer manifold’ if the star of each 
vertex on P” can be mapped into an E” by a piecewise linear homeomorphism; 
that is, a homeomorphism which is linear on each simplex of the star. 

THEorREM IV. No P” can be put into normal position unless it is a Brouwer 
manifold. 

This follows immediately from the first sentence in the lemma below. 

For m > 3, it is unknown’ whether every triangulated m-manifold is a Brouwer 
manifold. We show, in §8, that this is surely true for m = 3. It is obvious 
form < 3. 

Let (x”, x” ”) be planes, of the indicated dimensions, transversal to each 
other in the euclidean space E”. Consider the plane parallel to x” ” through 
any point pin EZ”. This plane meets x” in a point, p’, which will be called the 
x” "projection of pon x”. The locus of p’ as p ranges over a point set S will 





’ Brouwer, Uber Abbildungen von M. annigfaltigkeiten, Mathematische Annalen 71 (1912), 
pp. 97-115. ; 

° Since this was written, examples of non-Brouwer triangulated manifolds have been 
constructed. See Triangulated manifolds which are not Brouwer manifolds, immediately 
following the present article. 
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be referred to as the x” "-projection of S on x”. This same expression will be 
used for the mapping of S onto x” in which p and p’ correspond. The following 
result is then obvious. 

(A) The x” "-projection of S onto x" is a homeomorphism if x" is transversal 
io S. Asa partial converse, if S is bounded and the x" "-projection of the closure, 
5, of S is a homeomorphism, then x" is transversal to S and hence to S. 

Let S* = S*(s’) be a set of simplexes of dimensions (j, --- , ) in EB”, where 
(1) S* is the star of a j-simplex, s’, and (2) S*, regarded as a point set, is a 
k-cell. We will refer to S* as a Brouwer k-star if it has a piecewise linear homeo- 
morph in an E*. 

Lemma. If S*(s’) can be put into normal position, it is a Browwer star. Fur- 
thermore, every general position of a Brouwer star is also a normal position. 

As a first step in the proof, we make the following easily verified statement. 

(B) If N is an arbitrary neighborhood on S*(s’) of a point on s’, then every 
secant of S*(s*) is parallel to a secant of N. 

It follows at once that, when S* is in normal position, any (n — k)-plane 
r"* transversal to S* at a point of s’ is also transversal to S* in the large. 
The x” *-projection of S* onto any 2° transversal to r”~“ affords a piecewise 
linear homeomorphism as required by the definition of Brouwer star. This 
establishes the first statement in the lemma. 

Consider, now, a Brouwer star, S", in general position in E". By definition, 
there exists a piecewise linear homeomorphism, A = A(S*), mapping S* onto 
an E*, Let (Py, ---,P,) denote the vertices of S', the notation being so 
assigned that (Py, --- , Px) are the vertices of some k-cell of S*. Let (y) = 
(yi, -°-+, Yn) be a rectilinear coordinate system in EZ", relative to which Pp is 
the origin and P; (i = 1, --- , v) is unit point on the y-axis. 

We restrict A so that it will map S* onto the coordinate (y:, --- , yx)-plane 
with P; self-corresponding (i = 0,---,k). Let Q;: (aj, ---, aj, 90, --- , 9) 
denote the image of P; (j = k + 1, ---,») under A, and consider the trans- 
formation of coordinates 


i= Yi Aji Yj (i =1,---,k) 
(3.1) entigns + 2, _ 

vj = Yj (j=k+1,---,n). 
In terms of the coordinate system (zx), Po is still the origin, P; (¢ = 1, --- , k) 


is the unit point on the z-axis, and the following are the coordinates of the 
remaining P’s and of the Q’s: 


Pii(aq, +++, Gx, 0, -++,0,2; = 1, 0, -++,0) 


(3.2) (j=k+1,---,»). 
Q;: (aj, see, Ak, 0, gu gs 0) 

Hence, if x” * denote the (az41, --- , ¢n)-plane, then A is the x” *-projection 

onto the plane of (Py, --- , Px). Therefore, by result (A), x” * is transversal 


to S*, and the proof is complete. 
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4. Spaces of transversal planes. Let S* be a Brouwer k-star in general posi- 
tion in EZ”. We will denote with I1(S", E”) the topological space each of whose 
points is a system of parallel (y — k)-planes transversal to S* in E’, continuity 
being defined in terms of direction cosines.’ The following statements are 
easy to verify. 

(A) If 
(4.1) scrcr 


then I1(S", E") is the set of (n — k)-planes in E” which intersect E” in planes of 
the set 11(S", EZ”). [Compare the proof of §2(A)]. 
(B) If Si is a subset of S*, then 


(4.2) (S*, E") C m(St, E”). 


We will refer to two topological spaces, 2; and 22, as 6-equivalent’ provided 
the following statement holds: For each 7 (7 = 0, 1, ---) every (singular or 
non-singular) j-sphere in =; bounds a (j + 1)-cell if and only if every j-sphere 
in L2 also bounds a (j + 1)-cell. 

Lemma. Any space I(S"(s‘), E") is B-equivalent to a certain space 
m(S” “(s°), BE” “). 

Proor. We take s’ as the barycenter of s‘, and E”™ as the (n — k)-plane 
normal to s* at s°. The star S”” = S”*(s°) is defined as the projection of 
Ss” = §”(s‘) onto E” *. We commence with the following auxiliary result. 

(C) Suppose x” ” belongs to I1(S”, E”), and let x denote the k-plane of s*. 
Then the plane x""** determined by r"~" and x“ belongs to II(S”™, E”). 

In the first place, we note that the secants of S”™“ are a subset of those of S”. 
With the aid of §3(B), one can verify that if 1 is a line in E” whose 2‘-projection 
is a secant of S”“, then 1 is parallel to a secant of S”. Since every line on 
7” ”** is parallel to x‘ or else has the same x‘-projection as a line on +”, it 
follows that the only secants of S” parallel to r”~-”** are also parallel to x’. 
Hence no secant of S”~ is parallel to ””**. Since the secants of S”“ are a 
closed set, result (C) follows at once. It also follows that II(S””, EZ”) con- 
sists of the intersections of E”“ with planes such as 7” ”"". 

An (n — m)-plane r" ™ on x" ™** belongs to I1(.S”, EZ") if it contains no line 
parallel to x". Any subset of II(S”, E”) consisting of planes whose angles with 
r’ all exceed 3 > 0 can therefore be homotopically deformed in II(S”, E") so 
that each 7” ” remains in a single plane such as 7” ”*" and is carried into its 
x'-projection on E” ”. Now suppose every sphere in II(S”, E”) bounds a cell. 
Since 1(S”™“, EZ”) is a subset of I1(S", EB"), any sphere, 6’, in the former 
space bounds a cell, o’"’, in the latter. Some deformation of the sort just 





78.8. Cairns, The direction cosines of a p-space in euclidean n-space, American Mathe- 
matical Monthly, vol. 39 (1932), pp. 518-523. 

* The stronger condition of complete homology equivalence (ef. Alexandroff-Hopf, 
Topologie I, 1935) might be established for the spaces we treat. However, we need only 
B-equivalence. 
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described will leave §’ fixed and will carry o”*' into a (j + 1)-cell in 11(S8"™, 
f"*). Hence every sphere in I1(S"“, E”“*) bounds a cell in 1(S"™, BE”). 

Suppose conversely that, in 11(S"*, E”™*), every sphere bounds a cell: in 
other words, can be shrunk to a point. An arbitrary sphere in II(S”", EB") can 
be deformed, as above, into a sphere in I1(S”*, E"*) and then further shrunk 
toa point. This completes the establishment of the lemma. 


5. 6-equivalent spaces of maps. Corresponding to a Brouwer k-star, S’, we 
define a space of mappings A(S") as follows. Each point of A(S*) can be repre- 
sented by a piecewise linear homeomorphism of S* into an E*. Two such 
homeomorphisms represent the same point of A(S*) if and only if one can be 
carried into the other by a linear transformation of E*. Let (Pi, --- , P,) be 
the vertices of S* and (P;, --- , P,) their respective images under a piecewise 
linear homeomorphism representing a point, \), of A(S*). A neighborhood, 
N(\s), in A(S*) will correspond as follows to any set of neighborhoods, N;(P;) 
(i= 1,---,»), in BE": A point of A(S*) belongs to N(A») if and only if it can 
be represented by a piecewise linear homeomorphism carrying P; into N.(P;) 
(i= 1,---,v). Thus A(S*) is defined as a topological spac. 

Lemma 5.1. There exists a homeomorphism between A(S‘) and II(S*, E’) 
provided (1) S* is in general position in E” and (2) no n-plane with n < v contains 
S’. 

Proor. Let E* be determined by the vertices (Po, --- , Px) of a particular 
k-simplex of S*. Since two piecewise linear homeomorphisms of S* into E* 
represent the same point of A(S") if they are related by a linear transformation 
of E*, we can obtain unique representations for the points of A(S") by stipulating 
that (Po, --- , Px) be self-corresponding. Comparing the proof of §3, Lemma, 
we see that a homeomorphism between II(S*, EZ’) and A(S") is defined if each 
element 2” of the former space be associated with the x” “-projection of 
S‘ onto E*. 

Lemma 5.2. If E" > E’, then 11(S*, E”) is 6-equivalent to 11(S", E”) and hence 
to A(S*). 

This can be proved, on the basis of Lemma 5.1, by reasoning as in the proof 
of §4, Lemma. 

Given S* = §*(s), let p» be the barycenter of s’. We will denote with A°(S*) 
the subspace of A(S") consisting of those elements which map all the boundary 
vertices of S* onto the unit (k — 1)-sphere in E” about the image of pp . 

Lemma 5.3. The spaces A(S*) and A°(S*) are 6-equivalent. 

Proor. We represent all the points of A(S") by elements mapping po into 
the origin, O, in E* and mapping the vertices of some particular k-cell into 
prescribed images on the unit (k — 1)-sphere S*" about O. Let do denote any 
element of A(S"), thus restricted, and let qo be the image of any vertex, p, of 
S* under Ao. Let g; denote the intersection of S*" with the ray Oq. We then 
denote with \, that element of A(.S*) which carries each vertex p into the point 
q: on the segment gogi such that goge = ¢-Gogi. As ¢ increases from 0 to 1, , 








ates enti SRS IS x. a 
tht dae a, RE ae - 

































Bat crc ses eee tee ee 
RET RO SR ere 














= pene eee “ 
Se 




















































802 STEWART S. CAIRNS 


defines a deformation of \) into 4. By applying this deformation simultane- 
ously to all the elements A, we deform the whole space A(S*) into A°(S*). Using 
this deformation, one can complete the proof as in the case of §4, Lemma. 


6. The space of triangulations T(r). Given a Brouwer star S* = S*(s°), 
let the points of A°(.S") be represented by homeomorphisms carrying the vertices 
(s’, P,, ---, Px) of some k-cell into specified images (O, Qi, --- , Q,) in E". 
Let =* denote the image of S* under some such homeomorphism, \. By defini- 
tion of A°(S*), the boundary, B*”’, of =* has all its vertices on the unit sphere, 
S* about O. The central projection from O onto S*' maps B*” into a geodesic 
triangulation, r’*, of S*~’; that is, one in which each cell appears as a simplex 
relative to some local coordinate system in which arcs of great circles are repre- 
sented as straight lines. This implies that the closure of each cell of r*” is 
on an open hemisphere of S*”’, in other words that each 1-cell is less than 180°, 
Let T(r*”") be the following topological space. Its points are geodesic tri- 
angulations of S** homeomorphic to r’* with Q; (¢ = 1, --- , k) self-correspond- 
ing. If 7} is any such triangulation and Q; (i = 1, --- , v) are its vertices, 
then a neighborhood, N(7>°), in T(r‘) corresponds as follows to a given set of 
neighborhoods N;(Q;) (j = k + 1,---, v) of the points Q; on S**: N(rp7 
consists of all elements of T(r’) for which the vertex corresponding to Q; lies 
in NV ;(Q)). 

The following lemma is a direct consequence of our definitions. 

Lemma. The spaces T(r" *) and A°(S") are homeomorphic under the correspond- 
ence induced by the central projection from O. 


7. A sufficient condition in the normal position problem. THrorEem V. A 
sufficient condition that it be possible to put a Brouwer m-manifold into normal 
position is that, in every space I(S*(s°), EB’) [or A(S*) or T(r**)], every 
(m — k — 1)+sphere bound an (m — k)-cell’ (k = 0, --- , m — 1). 

The proof will occupy this section and the next. 

(A) Let 7 be a positive constant less than 1/(m + 1). If s’ be any j-simplex, 
j < m, then the »-core, y’, of s’ will mean the set of points where all the bary- 
centric coordinates for s’ exceed yn. In the case j = 0, we have 7 = 3°. 

We now consider an m-simplex, s”, and define on it certain neighborhoods, 
N(y’), where y’ is the 7-core of a typical bounding simplex, s’, of s”. The 


definition will be recurrent inj = 0,---, m. To define N(y’), we choose bary- 
centric coordinates (uw, --- , Um) on s” so that u; = 0, (i = 1, --- , m) at 7. 
We then make the definition 

(7.1) NW’):0 Sui S14 Gi = 1,---,m). 


To define N(y’), O < j < m, choose the barycentric coordinates so that u; = 0 





® For k = 0, the space 7'(r*") is vacuous, and the condition becomes trivial. 
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® , 
Gi=j+1,--+,m) ony’. Assume the N(y‘) all defined (k = 0, --- ,j — 1). 
We define a region N’(y*) as follows: 












(7.2) N'(7’): O S us S 9 ((=j+1,---,m) 
and then make the definition i 
(73) NO) = NG) — DING), % 





the summation being over the 7-cores of all bounding ocmmplenee of s” (k < j). 
Then NV ’) i is a closed, box-like, m-dimensional region with y’ for one face. The 
simplex s” is covered by y”™ plus the regions N(y’) (j < m). These regions are 
distinct, save for common faces. The accompanying figure illustrates the defini- 
tions when m = 2. 

Any core y’,0 Sj < m, is parallel to a certain bounding simplex, *y’, of y”. 
In case 7 = 0, *y’ will denote the vertex of y” nearest y’. Let o” *" denote the Ne 




































2 No) 

Ny Ny) ae eR 

y y' i] 

at, 

bounding simplex of y” opposite *y f, Consider any point, g, on y’. We will \ be f 
denote with B”” 4(q) the intersection ar N(y’) with the (m — j)-plane determined ; | ai: 
by g and o” *"*. Then B”*(q) is a box-like (m — j)-dimensional point set. nF F 
As q ranges-over the closure of y’, the sets B”‘(q) fill out the region N (y’) in i ui, 
continuous one-to-one fashion. / ; : 








(B) If q is on the boundary of 7’, then B” ‘(q) is common to the boundaries 
of N(y’) and some N(y‘) where k < j. 

Now let s” be any m-simplex of P” and s’ any bounding simplex of s”, with 
y denoting its n-core. We will then use the notation 


Ny)= 2d NG’) 


s™¢S(8 


Bq) = DL Ba) qg ony 


8™ ¢ 8(si) 





= 







(7.4) 








where S(s’) is the star of s’ on P”. 

Our proof will consist in assuming the condition of the theorem and construct- 
ing suitable transversal planes x" "(p). We take P” in general position in 
E". The method will be recurrent, with the following basic hypothesis. 
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Hyportuesis I. For some value j of the set (1, ---, m), a ‘plane ”~"(p) has 
been defined so as to vary continuously with p on the sum of the neighborhoods 
Ny") (& < j) and so as to be transversal to P” at p. 

The initial step of the recurrency falls into two parts. We first select arbitrary 
transversal planes, ” "(p), at the vertices (s1, 82,---) = (71, 73, rhe) 
[see (A) above] of P”. This is possible, by §3, Lemma, since P” is a Brouwer 
manifold. We then define x” ”(p) on the M(y°) by the requirement 


(7.5) x "(p) || x” (vi), 


together with the requirement that +" "(p) pass through p. The verification 
of hypothesis I for 7 = 1 depends on §4 (B), to be applied where k = m, S* = 
S(s?), and So is the star of any simplex of P” incident with s? . 


p on 2(y}), 


8. The general step of the recurrency. Hypothesis I would be a sufficient 
basis for the proof of Theorem V. The following hypotheses are used to secure 
regularity restrictions which will enable us to prove Theorem II. The initial 
step in §7 satisfies all these hypotheses. 

Hypotuesis II. If p; and p, are common to any B*(q), then 


(8.1) m”™ (pr) || w” (pa). 


Hypotuesis III. There exists a function £;,(p) such that, if R(p) denote the set 
of points on x" ™(p) within distance &;-1(p) of p, then the sets R(p) fill out, in one- 
to-one fashion, a closed neighborhood, R;-1, in E” of the inner points of the N(y') 
(k < 9). 

Hyporuesis IV. If x” ”(p’) denote the plane of the set x” "(p) through any 
point p’ of Rj, then x” "(p’), regarded as a mapping of R;-, into the space of 
all (n — m)-planes in E”, is differentiable.” 

The general step of the recurrency extends the definition of r” ”(p) over the 
neighborhoods 2(y’). We break this step into two parts. In the first part, 
we extend the definition over a typical y-core, y’.. In the second part, omitted 
when” j = m, we extend it over the rest of 2t(y’). 

The definition of x" "(p) maps s’ — y’ differentiably” into II(S”(s’), EZ"), 
which is 6-equivalent to some space II(S” *(s°), E”~’) [see §4, Lemma]. Since 
the boundary of y’ is a (j — 1)-sphere, the condition of Theorem V, read with 
k = m — j, implies that the mapping of s’ — y’ can be extended over y’. Asa 
result of Theorem 7 in DM, the extension can be made so as to give a differenti- 
able” mapping of the whole of s’ into 11(S"(s’), EZ"). By such a mapping, we 
extend the definition of r”~”(p) over y’. 

If, now, q is any point of y’, and p is any point of 8” °(q), x” "(p) will mean 
the (n — m)-plane through p parallel to r"""(q). | This completes the definition 
of x” ”"(p) on the neighborhoods (y’). 





10 This term has meaning here, because I(S"(s/), E”) is a subspace of the space of all 
m-planes in E*, and this latter space can be interpreted as an analytic manifold in some 
euclidean space (cf DM, §24). 

11 The proof of the theorem is completed with the first part of the step j = m. 
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The preservation of Hypotheses II and IV is an immediate consequence of 
the construction. In Hypothesis I, the transversality requirement is easy to 
verify, for the value j, with the aid of §4 (B), and the continuity requirement 
follows with the aid of §7 (B) and Hypothesis II. In establishing the preserva- 
tion of Hypothesis III, it is convenient to consider the two parts of our general 
step: (1) the extension of r”””(p) over y’ and (2) the extension over the rest of 
N(y’). The preservation during part (1) can, since Hypothesis IV is preserved, 
be proved by the methods of DM, Lemma 21. During part (2), Hypothesis III 
is preserved by virtue of the parallelism requirement in Hypothesis II. 









9. Completion of the proofs of TheoremsI and II. (A) Jf a P™ bein normal 
position, then transversal planes x” ™(p) can be constructed by the recurrency in 
§§7 and 8. 

For, if r’(p) denote any set of transversal planes relative to which P” is in 
normal position, then one can construct, using the methods of the recurrency 
with » sufficiently small, an arbitrarily close approximation, r" ™(p), to 2’(p). 

We are now ready to establish Theorem II, thus incidentally completing the 
proof of Theorem I. We assume P” in normal position, with transversal planes 
nr "(p) defined as in §§7 and 8. Hypotheses III and IV impose conditions 
which permit the application of Parts IV and V in DM, read with the following 
substitutions. 

(1) The differentiable manifold, M, in E” is to be replaced by the polyhedral 
manifold, P”, in normal position in E”. 

(2) x” ™(p) plays the role of the plane P(p), approximately normal to M at 
a point p. 

(3) For a given point p on P”, let s*(p) denote the simplex containing p. 
Assuming a fixed numbering (st , 82, --- ) for the m-simplexes of P”, let s? 
denote the m-simplex with the smallest subscript belonging to the star of s’(p). 
The m-plane, r(p), of s; replaces the tangent m-plane, 7, to M at a point p. 

The relevant parts of Whitney’s work can be outlined as follows, in their 
application to the construction of an analytic manifold M* homeomorphic to 
P”. First, an analytic (n — 1)-manifold S, surrounding P”, is defined. This 
is done with the aid of a function, 6’(p), continuous in R(P”) = R», (see Hy- 
pothesis III above), zero on P™, and positive and analytic in R(P”) — P”. 
From &’, there is subtracted a small positive analytic function, w(p), such that 
the equation 


(9.1) &'(p) — w(p) = 0 


determines a suitably restricted” analytic manifold, S. This manifold is such 
that if r””-” passes through a point p in R(P”) and has direction cosines suffi- 
ciently close to those of x”~(p) [cf. Hypothesis IV above], then (1) x” is 
transversal to r(p’), p’ being the point where x” "(p) intersects P”, and (2) 
7” meets S in an analytic (n — m — 1)-sphere S*(p, x” ™) contained in 





" The restrictions are obtained by conditions on #’, w, and their gradients. 
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R(P”). Let Q*(p, x) be the part of r””” inside S*(p, r""”). The following 
results are then proved. (1) The vector function g(p, 7) representing the center 
of mass of Q*(p, 7) is analytic. (2) If x*(p) is a sufficiently close anlytic ap- 
proximation to 7” "(p) through first order derivatives, then the locus of the 
centers of mass g(p, 7*(p)) is an analytic manifold, M*, homeomorphic to P”, 
This manifold can be made arbitrarily close to P”. 

If it is desired merely to make P”, and hence M, differentiable to any given 
order re (1, 2,---, ©), this can be done as follows. Construct x” "(p) by 
the recurrency of §§7 and 8 so that it is of class C’ in R(P”). On each 7(p), 
let there be introduced a fixed rectangular cartesian coordinate system, with its 
domain restricted to the part of 7(p) inside R(P”). If p’ denote a point on 
such a domain, then the plane x” "(p’) [see Hypothesis IV] meets P” in a single 
point near p’. This affords a mapping which carries the coordinate system 
from r(p) onto P”. In terms of coordinate systems thus defined on P”, the 
latter is of class C’ since the transformation between any two such systems agrees 
with the correspondence established by +” ”(p) in R(P”) between rectangular 
cartesian systems and two m-planes 7(po) and 7(p:). This method enables us 
to dispense with the hypothesis that there be an upper bound to the number 
of cells in a star on P” [see footnote 4]. For we can apply the above argument 
over a sequence of finite subcomplexes each containing the preceding and, in 
the limit, covering M. This makes the entire manifold M of class C’. It then 
remains only to apply DM, Theorem 1. 

The existence of differentiable approximations to polyhedral manifolds was 
prematurely asserted by the writer’, who is indebted to Hassler Whitney for 
calling his attention to the incompleteness of his work. The results of the 
present paper include the theorem of the abstract only for the case m = 3. 
This is the strongest such theorem which the writer has thus far proved. 


10. The Brouwer nature of M (m 
(m — k)-cell ona P”. Then, ifk S 
linear homeomorphism into an E”. 

Proor. In view of §4, Lemma, and the work in §6, it is sufficient to show 
that any triangulation (c) of a (k — 1)-sphere, S*’, can be mapped homeo- 
morphically into a geodesic triangulation of a (k — 1)-sphere. The proof is 
trivial for k < 3, so we restrict ourselves to the case k = 3. We employ a 
recurrency with the following basic hypothesis. 

Hyporuesis. For some value j > 0, a subcomplex (c); of (c), consisting of 
j 2-cells with their boundaries, has been mapped topologically into a geodesic 
complex (7;) on S” so that the part of S® not covered by (7); is the sum of a 
finite number of convex regions, the closure of each of which is a subset of an 
open hemisphere and none of which has three of its boundary vertices on a 


3). Lemma. Let S be any star of an 


= 
3, it is possible to map S by a piecewise 


‘8 Bulletin of the American Mathematical Society, vol. XL (1934), Abstract 67. 








wing 
enter 
C ap- 
f the 
» P*™ 


‘iven 
) by 
"(p), 
h its 
[ on 
ngle 
tem 
the 
"ees 
ilar 
us 
ber 
ent 
in 
en 
as 
‘or 


he 
3. 


is 


— /—_— a ~ ae 


HOMEOMORPHISMS 807 


great circle. If B is the boundary of any one of these regions, p, then the image, 
#’, of 8 bounds a subcomplex (c)* of (c) containing no 2-cell of (c); . 

For the initial step of the proof, consider any vertex, P, of (c). It is then a 
simple matter to map the closure of the star S(P), relative to (c), into a complex 
(r);s0 that the conditions of the hypothesis are fulfilled for 7 equal to the number 
of 2-cells on S(P). 

To define the general step, using the notation of the hypothesis, let P be a 
vertex on 6’ and let S(P) denote its star relative to the subcomplex (c)* of (c). 
There is no difficulty in mapping S(P) onto (8 + p) so as to secure the condi- 
tions of the hypothesis for a larger value of 7. After a certain finite number 
of such steps, the mapping will be complete. 

Corottary. Every P™ (m S 3), and hence every triangulated m-manifold 
(m < 3), is a Brouwer manifold. 

This is the special case of the lemma in which m S 3 and k = m. 


11. Establishment of Theorem III. The case m = 4. Lemma 11.1. It is 
possible, for any P™ in general position, to define x” "(p) on the regions N(y’) 
(j = m — 3) so that x” "(p) will be continuous in p and will be transversal to P™ 
at p. 

Proor. We will assume m = 3, so that there will exist stars S(s”*). The 
lower-dimensional cases require only part of the following argument. By §10, 
Lemma, every S(s”*) is a Brouwer star. Hence, given a point po on any 
y"*, we can define a plane +” (po) transversal to P™ at py. We can then 
extend the definition as p ranges over the y” ° containing pp by the requirement 
r" "(p) || x"-"(po). Since the y”~ are bounded away from one another, this 
can be done independently for each of them. It is then possible to proceed 
with the recurrency of §§7 and 8, starting with the second part of the step 
j= m— 3. In order to apply the condition of Theorem V, as in §8, to the 
remaining steps, we have to note that (1) in any 7'(7'), every (m — 3)-sphere 
bounds” a cell, (2) in T(r°), every (m — 2)-sphere bounds a cell, and (3) every 
(m — 1)-sphere bounds a cell in 7'(7*) [see footnote 9]. 

The case m S 3 gives the following result. 

Corotuary. Every P™ (m < 3) can be put in normal position in some E". 

From this corollary and Theorem II, we deduce Theorem III. 

Lemma 11.2. Jf every T(7’) is connected, then every Brouwer 4-manifold can 
be put in normal position. 

Proor. The connectedness of the 7'(r’) being assumed, we have only to 
note that the 7'(7') are simply connected“ and that the higher-dimensional 
connectivities of T'(7°) and of 7'(r *) satisfy the conditions of Theorem V. 

Thus the normal position problem for Brouwer 4-manifolds reduces to the 
following. 


“For, T(r) is a w-cell, where » + 2 is the number of vertices of 7". 
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DEFORMATION PROBLEM. Given two geodesic triangulations, (c) and (7), of 
a 2-sphere, which correspond under an orientation-preserving homeomorphism, 
does there exist a continuously varying geodesic triangulation (c); (0 < ¢ < 1), 
such that (¢)o = (¢), (¢)1 = (7), and (c), is always homeomorphic to (c))? 

Some of Tietze’s work” has a bearing on this deformation problem, but the 
writer has not succeeded in obtaining a solution save in a few special cases. 

(A) It follows from Theorem II and Lemma 11.2 that every 4-dimensional 
Brouwer manifold can be made into an analytic Riemannian manifold if the 
deformation problem has an affirmative solution. 


QUEENS COLLEGE, 
F.LusHine, N. Y. 





16 Renditiconti del circolo matematico di Palermo, vol. 38 (1914), pp. 247-304, especially 
Satz IV on p. 280. 
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ON C’-COMPLEXES 


By J. H. C. Wairexeap 
(Received July 18, 1939) 


1. This paper is supplementary to S. 8. Cairns’ work’ on the triangulation of, 
and polyhedral approximations to manifolds of class C’. Its aim is to provide 
a foundation for theorems’ which involve both differential geometry and the 
theory of combinatorial equivalence.* Theorem 8, for example, states that two 
('-triangulations of any manifold of class* C’ are combinatorially equivalent. 
Thus a manifold of class C’ is like a recti-linear polyhedron in that it has a 
preferred class of combinatorially equivalent triangulations. This theorem 
depends on the definition of a C’-complex given in §2 below, and does not apply, 
for example, to the algebraic complexes first considered by B. L. van der 
Waerden.” For though two “algebraic triangulations” of the same space have 
a common algebraic sub-division, it is not certain that an algebraic triangula- 
tion of a recti-linear n-simplex is combinatorially equivalent to an n-simplex. 
The C'-complexes, though more closely allied to, also differ essentially from the 
complexes considered by Cairns. Therefore we do not use Cairns’ results, 
though the main ideas in many of our theorems are due to him. 

We shall use R” to stand for n-dimensional Euclidean space, and it is to be 
understood that R” is Euclidean not only in its topology, but also in the sense 
of metric geometry. By a complex K we shall always mean a recti-linear, 
simplicial complex in Euclidean space, and K will stand for the mod 2 boundary 
of K. We shall denote a recti-linear, simplicial subdivision of K, but not 
necessarily a normal sub-division, by K’, and if Ko is any sub-complex of K, 
then Ko will be the sub-complex of K’ covering Ky. By a simplex we shall 
always mean a closed simplex (i.e. a simplex with its boundary), and we shall 
use the letters A, B to stand for recti-linear simplexes. By an isomorphism 
(Ki) = Ke we shall mean a homeomorphism of K; on Ke which maps each 
simplex of K, on the whole of one, and only one, simplex of Kz , and which is 
linear throughout each simplex in Ki. In §§2 and 3, theorem 5 excepted, 
K will always stand for a finite complex. We shall use the summation con- 


‘Annals of Math., 35(1934), 579-87 (triangulation) ; 37(1936), 409-15 (approxim ations). 
* See, for example, J. H. C. Whitehead, Annals of Math. 41(1940), 825-832. 

* Here we may take as a definition: two simplicial complexes K, and Kz, finite or 
infinite, are combinatorially equivalent if, and only if, recti-linear models of K, and K; have 
lsomorphie recti-linear sub-divisions. 

‘See, for example, O. Veblen and J. H. C. Whitehead, The Foundations of Differential 
Geometry, Cambridge (1932), Chap VI. By an n-dimensional manifold we shall always 
mean one which is covered by a countable set of open n-cells. 

* Math. Ann., 102(1929), 337-62. 
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vention in analytical formulae, with the additional convention that) Roman 
indices take on the values 1, --- , 7. 


2. A map f(U) C R", of a region U C R* (possibly U C R* C R™, where 
m > k), is said to be of class C’, or a C’-map, if and only if, it is given by equa- 
tion of the form 
(2.1) y' “= se’, i ,#) == f'(z), 
where 2’, --- , 2° and y’,--- , y" are rectangular Cartesian coordinates for R' 
and for R", and the functions f‘(z) have continuous derivatives at each point 
of U. The map f will be described as non-degenerate if, and only if, the Jacobian 
matrix of the transformation (2.1) is of rank k at each point of U. A map 
f(A) C R", of a k-simplex A C R* will be described as of class C’ (non-degen- 
erate) if, and only if, it can be extended throughout some open set in R*, con- 
taining A, in which it is of class C’ (non-degenerate). 

Let fa(A) © R" (a = 1, 2) be two C'-maps of a simplex A, given by equa- 
tions of the form (2.1). We shall describe fe as an (e, p)-approximation to f; 
if, and only if, 


Ile — fal] Se and || df. — dfi|| = || dfi|| 


for each x € A and every vector dz, where 
af, = Ea (A = 1,---,k) 


and || yz — yj = f(y — wy — yi)}*, lly ll = (yy). When we are only 
interested in || dfz — df, ||, or in || fe — fi ||, we may refer to fo as an (~, p)-, 
or as an (e, ©)-approximation to f,. Let a be the origin of the coordinates y 
and let p; and pe be the extremities of the vectors df; and df: , situated at a. 
If fe is an (, p)-approximation to f,, it follows from the geometry of the 
triangle apip2 that ap, S api + pipe S (1 + p)api, and ap; S ape + pop: S 
ap, + pap,, whence (1 — p)ap; S ape. Therefore, if p S 4, we have ap; S 
2ap2 and f; is an (~, 2p)-approximation to fo. If fe is an (, p:)-approximation 
to fi, fs an (©, pe)-approximation to fe, and if ap; is the vector df; , then, 


Pips S Pip2 + Pops S piapi + peape S (pi + po + pips)apr , 


since ap, S (1 + pijap,. Therefore f; is an (*, p3)-approximation to fi, 
where ps3 = pi + p2 + pipe. Notice that ps < 3p; if p. = po < 1. Combining 
these with the familiar relations for (e, Bes igh ecemes we see that, if f2 
is an (€ , p1)-approximation to f; , where p; < 4, and fs is an (€ , p2)-approxima- 
tion to fe, then fi is an (€:, 29;)-approximation to fo and f; an (a + «, 
pi + p2 + pip2)-approximation to f;. Notice also that an (, p)-approxima- 
tion, fe , to a non-degenerate map, fi , is itself non-degenerate if p < 1. For to 
say that f is non-degenerate is to say that df ¥ 0 if dx ¥ 0, and || dfs || 2 
(1 — p) || df |l. 
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Lemma 1. If fo is a non-degenerate (~*~, p)-approximation to a non-degenerate 
map fi , then the angle* between the vectors df, and df, docs not excecd xp. 

Ifp = 1 or if p = O this is trivial. So we assume 0 < p < 1. Then, with 
the same notation as before, if the lengths ap; and pipe are fixed, the angle 
§ = angle pape is greatest when ap, touches a circle of radius pipe and center 
p,, in which case pip2 is perpendicular to ap,. Therefore sin 6 S pip2/api S p, 
whence @ S 3a sin @ < mp and the lemma is established. 

By the radius r(A), of a simplex A C R" we shall mean the distance from 
its centroid to its boundary. Let f.(A) C R" (a = 1, 2) be two linear, non- 
degenerate maps of a k-simplex A C R*, let « be the maximum of || fo(x) — f(x) || 
as x varies over A, and let r = r{fi(A)}. 

Lemma 2. Under these conditions fo(A) is an (¢€, 2e/r)-approximation to f\(A). 

By definition, fo(A) is an (€, ~)-approximation to f,(A), and we have only 
to prove that || dfe — df, || < p||dfi||, where p = 2e/r. Since f; and fe are 
linear, df — df, does not depend on the point xz ¢« A, but only on the vector dz. 
Therefore we may take x = 2, the centroid of A, and we take + dzeA. Then 
fi(2) is the centroid of f;(A), since f; is linear, and f; + df; = fi( + dx) « {fi(A)}; 
whence || dfi|| 2 r. Therefore 


ll df2 — df: || = || fe + dfe) — (fi + dfi) — (fe — fi) || 
= || {f(t + dx) — fi(é + dx)} — {fo(%) — fil®)} || 


S || f(@ + dx) — fe + dx) || + ||fAC@) — Al2) || S 2S “Il dhl 


and the lemma is established. 

Let A be a k-simplex in R” and let f(A) C R” be a non-degenerate C'-map, 
given by equations of the form (2.1). If b is any point in A these equations 
may be rewritten as 


(2.2) yi —c = a(x — dD) + (a), 


where c = f(b) and a; are the derivatives of'/dx*, calculated for z = b. The 
image of A in the linear transformation F; , given by 


(2.3) y—c = a(x — dD), 


will be called the tangent simplex to f(A) at the point c. Since the derivatives 
of'/dx* are continuous, and therefore uniformly continuous in the compact 
set A, it is an obvious consequence of lemma 2 that, given ¢, p > 0, there is a 
5 > Osuch that F; is an (e, p)-approximation to F,,(A) provided || b’ — 6 || S 6. 
Since, at the point x = b’, df = dF, we have: 

LemMMA 3. Given e, p > 0, there is a positive 5 such that F, is an (¢, p)-approzi- 
mation to f throughout the sub-set of A given by || xz — b|| S 4, for any be A. 

By the relative thickness,’ 7(B), of a simplex B C R”, we shall mean r/I, 


: By the angle between two vectors we mean the positive angle which does not exceed x- 
"Cf. Cairns’ definition of a 6-set (Triangulation, p. 583). 
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where r = r(B) and 1 is the diameter,’ 1(B), of B. Let f(A) C R” be a non- 
degenerate C'-map of a k-simplex A C R*, let bo, --- , bp be any points in A 
and let B be the simplex bo) --- 6b». Let L(B) C R" be the linear map of B 
such that L(bz) = f(ba) (a2 = 0, +--+, p). 

Lemma’ 4. Given ¢, p, ¢ > 0, there is a positive 6 such that, if 7(B) = o and 
l(B) < 6, then L(B) is an (e, p)-approximation to f(B). 

By lemma 3 there is a positive 6, such that F,(B) is an (€/2, p/3)-approxi- 
mation to f(B) for any b ¢« B, provided 1(B) S 6,. Therefore, assuming, as we 
obviously may, that p < 1, the lemma will follow, with 6 = min (6, , 69), if 
there is a positive 5: such that L(B) is an (€/2, p/3)- approximation to F,(B) 
for any b e B, provided I(B) S 6:. The transformations F,(B) and L(B) are 
given by 


9 


y' — ci = a(b, — bt" 

yi — ci = ald, — D)t* + y‘(badl® (a = 0,--- , p), 
where 0 S ¢" S 1, t° + +--+ Li = , b* are the coordinates of the 
vertex 6, , and a, and y‘(x) mean the same as in (2.2). Since the derivatives 
of y'(z) vanish when x = b there is a positive 6(m), such that | y‘(z)| < 


n || — b || provided || x — b || S 6(y), fora givenn > 0. If l = UB) = 4(n) 
and if b ¢ B it follows that | y'(b.) | S ml. Since t“ 2 0 and P+...+0=1 
we have | y‘(b.)t* | S nl, whence 


|| L(x) — Fe(x) || = || v(ba)é* || < ain’ 


for any point x = b,t* in B. It follows from lemma 2 that L(B) is an (nln', 
2nln’/r,)-approximation to F,(B), where r, = r{F,(B)}. 

Now let 2’, --- , 2" in (2.3), be rectangular coordinates for R* D A, and let 
6:(b) be the smallest root of the equation 


(2.4) | axa — ,| = 0. 


Then ¢1() is a continuous function of 6, and is positive since f is non-degenerate. 
Therefore ¢,(b) has a positive lower bound, w’, as b varies in the compact set A, 
and 


| dFs || = (axai dx* dx")! = w || dz || 
for any be A. Therefore r, = wr, where r = r(B), and I/r, S l/wr < 1/ws, 
since r/l = o, whence 

Qyln'/ry < 2yn! /wo. 


51(B) is the length of the longest side of B (P. Alexandroff and H. Hopf, Topologie, 
Berlin (1935), 607). 
® Cf. Cairns (Approximations, §4). 
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Also 1 S$ (A) = lL, say. Therefore L(B) is an (€/2, p/3)-approximation to 
F,(B) provided 1 S 62 = 4(m), where 


n = min (€/2hn', —_ pwo/6n'), 


and the lemma is established. 

By a (6, o)-subdivision of K € R” we shall mean a subdivision K’, such that 
\(B) < 6, r(B) 2 o, where B is any simplex in K’ and, as before, 1(B) and 7(B) 
stand for the diameter and the relative thickness of B. 

Lemma’ 5. There is a (6, «)-subdivision of K for an arbitrary 6 > 0 and some 
« > 0, which does not depend on the choice of 5. 

Let the equations (2.3) now represent an arbitrary, non-singular, linear trans- 
formation F(R") CR". If ¢ and ¢; are the smallest and greatest roots of the 
equation (2.4) we have 


gf || de || S || dy || S sé || ax |. 


If B is any simplex in R* and C = F(B) it follows that 7(B) = «7(C), where 
« = (t/¢,)', and x > O since F is non-singular. Therefore, if K = F(K,), 
where K, C R” and F is an isomorphism, and if K; is any subdivision of Ki, 
there are constants wo , ko , such that 1(B) S wol(B,), 7(B) 2 Ko7( Bi), where B, 
is any simplex in K; and B = F(B,). Therefore we may replace K by an 
isomorphic complex in R”, and shall assume it to be a sub-complex of the 
simplex A, , whose vertices have rectangular Cartesian coordinates (0, --- , 0), 
(1,0,---,0),---,(0,---,0, 1), where N + 1 is the number of vertices in K. 
Let P be the polyhedral complex consisting of the convex cells into which R” 
is divided by the hyperplanes 


y =k (6 =0,---,N;k = 0, +1, +2, ---), 


where y’, --- , y” are the coordinates for R” and y° = y' + --- + y”. Then 
P contains a sub-complex covering the simplex A,, whose vertices are the 
points (0, --- , 0), (g, 0, --- , 0), --- , (0, --- , 0, qg), for any integral value of g. 
The complex P also contains a sub-complex Q, which covers the hyper-cube 
given by 0 < y* S$ 1 (A = 1, --- , N), and each cell in P is congruent to a cell 
in Q under the group of translations. Let P’ and Q’ be the complexes obtained 
from P and Q by a normal subdivision, the new vertices being placed at the 
centroids of the corresponding cells. Then each simplex in P’ is congruent to 
some simplex in Q’ and its relative thickness is therefore at least o, where o 
is the minimum relative thickness of the simplexes in Q’. Let E, be the sub- 
complex of P’ covering A, and let E, be the image of FE, in the transformation 
given by 7 = y*/q. Then E, is a subdivision of A; and so contains a sub- 
complex K’, which is a subdivision of K. The relative thickness of each 
simplex in K’ is at least o, since the relative thickness is an invariant of the 


” Cf. Cairns (Triangulation, p. 585). 
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similarity group, and its diameter is less than oN Taking gq = -™ the 


lemma is established. 

By a C’-map, f(K) C R", or a map of class C’, we shall mean a map which 
is of class C’ throughout each simplex in K. The map f(K) will be described 
as non-degenerate if, and only if, it is non-degenerate throughout each simplex. 
We shall also describe f(K) as a C’-complex, or a complex of class C’, and as a 
non-degenerate complex if, and only if, the map f is non-degenerate. By an 
(e, p)-approximation to f(K), we shall mean a C’-map f’(K’) C R”, where K’ 
is any sub-division of K, such that f’(A) is an (¢, p)-approximation to f(A) 
throughout each simplex A C K’. We shall use L;(K’) to denote the map 
which is linear (possibly degenerate) throughout each simplex of K’ and coin- 
cides with f at the vertices of K’. Notice that L,;(K’) is not, in general, the 
image of K’ in L;(K). 

THEOREM 1. Given a non-degenerate C’-complex f(K) C R", and «, p, o > 0, 
there is a positive 6 such that L;(K’) is an (e, p)-approximation to f(K), where K’ 
is any (6, o)-sub-division of K. 

By lemma 4 there is a 6(A) > 0 such that, if K’ is any {6(A), o}-subdivision 
of K, then L;(A’) is an (e, p)-approximation to f(A), where A’ is the subcomplex 
of K’ covering A C K. Taking 6 = min 6(A), for any A C K, the theorem 
follows. 

Let K; be a sub-complex of a given complex K and let Kj be any subdivision 
of K,. By an extension of K; throughout K we shall mean a subdivision K’ 
of K, which coincides with K; in K,. Let f(K) C R” be a non-degenerate 
C’-map and let f,(Ki) C R” be an (e, p)-apprpximation to f(Ki). By an 
(€, p)-extension of f;(K;) throughout K we shall mean an (e, p)-approximation, 
f'(K’) C R", to f(K), which coincides with f, in Ki , where K’ is an extension 
of the subdivision K; . 

THEOREM 2. (Given a non-degenerate C’-map, f(K) C R", a sub-complex 
K, C K and «, p > 0, there are positive numbers « , p, , such that any («1 , p:)- 
approximation to f(Ki) has an (e, p)-extension throughout K. 

This will follow from an obvious induction on the number of simplexes in 
Cl(K — K,), the closure of K — K,, when we have proved it in case K = A, 
a single simplex, and K, = A. Let a be the centroid of A, let 2» be the mid 
point of the segment az, , for any x; ¢ A, and let A» be the simplex bounded by 
the locus of 2 as 2 describes A. Let A’ be any subdivision of A and let P be 
the polyhedral complex consisting of the convex cells B X zor , swept out 
by the segment aor; as x; varies over the simplexes B C A’. Let 2 be the 
point on 2a; such that xx:ayz, = t:(1 — 0) (0 S t S 1) and let 2}, --- mh yt 
be taken as coordinates for B X aa, where x}, --- , 2} are Cartesian coordi- 
nates for any B C A’. Let A be the maximum and 6 the minimum attained 
by || df || for any x, ¢P and any vector (dzj, --- ,dz{, dt) whose length is 
unity in terms of a Euclidean metric for A. 

Now let fi(A’) C R" be an (a, p:)-approximation to f(A), and, treating f(x) 


— -_~ —_— oS — — ,. ¥ 








the 


hich 
bed 
lex. 
is a 
an 

x’ 
(A) 
lap 
in- 
the 


0, 
K’ 
ion 
lex 


On 


ON C'-COMPLEXES S15 


and fi(z:) as vectors in R", let y(m1) = fi(ai) — f(a). Then || y || < «4 and, 
if dz, is a unit veetor, || dy || S p: || df|| < pid, whence 


(lvl llvilse 


(25) 
|dy'| S ||dy|| S md, ° 


where the index 7 refers to some rectangular Cartesian coordinate system for R". 
1 : . ° 
Let f’(P) be the C’-map given, in vector notation, by 


S' (1) = f(ae) + ty(m) (0<t<1;2,€A’). 
Then 
lf’ -—fll=elly|| Sa and jl df’ — df|| = || tdy + ydt||. 


Taking (dz, , dt) to be a unit vector, in which case | dt | is bounded, it follows 
from (2.5) and the continuity of the function || y || that there are positive 
numbers €; and p; such that || df’ — df || S pi S p||\df|\|. Ife < € we have 
also || f’ — f || S ¢ and f’(P) is an (e, p)-approximation to f(P). Finally we 
take f’ = f in Ay and extend the sub-division A’ by starring A» and each of the 
cells B X 2x, leaving A’ untouched. The result is an (¢, p)-extension of fi 
throughout A, and the theorem is established. 

Let Ke be the complex consisting of all the simplexes in K which do not 
meet K,. As a corollary to theorem 2, replacing f;(K1) by fo(Ki + Ke) with 
fh = fiin Ki, fo = f in Ke, we have the addendum: 

ADDENDUM. The extension f'(K’), referred to in theorem 2, may be chosen so 
that the subdivision K’ leaves Ky unaltered and f’ = f in Ke. 

If B is any simplex in K we shall use N(B, K) to stand for the stellar neigh- 
bourhood of B in K, consisting of all the simplexes AB C K, where AB is the 
join of A and B. If b is an internal point of B we shall also describe N(B, K) 
as the stellar neighbourhood,” N(b, K), of b. If f(K) © R" is any C'-complex, 
the recti-linear complex in R” which consists of the tangent simplexes at f(b) 
to the simplexes in f{N(b, K)}, will be called the tangent star at f(b) to f(K). 
Thus the tangent star is the image of N(b, K) in a simplicial transformation F; , 
which coincides with the transformation F;,(AB), defined by (2.3), throughout 
each of the simplexes AB, where b is internal to B. By a non-singular C'-com- 
plex, or map, f(K) we shall mean a C’-complex such that 

1. fis (1 — 1) throughout K, 

2. F, is (1 — 1) throughout N(b, K) for each point b « K. 

It follows from the second of these conditions that a non-singular map is non- 
degenerate. 

THEOREM 3,. To any non-singular C'-complex f(K) © R” correspond posi- 


tive numbers «€, p, such that any (e, p)-approximation to f(K) is non-singular. 


According to a previous observation, any (¢, p)-approximation to f is non- 


"' Here we allow A to be 1, the empty simplex, in which case AB = B. 
? In general N(B, K) C but ¥ N(b, K) if b ¢ B. 
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degenerate if p < 1. Thus, taking p < 1, we may confine ourselves to non- 
degenerate approximations. On this understanding we shall prove a similar 
theorem with less restrictive hypotheses. A non-degenerate map f’(K’) C R" 
will be called an | ¢, a |-approximation to f(K) if, and only if, || f’ — f || < « 
and the angle between df and df’ is at most a, for each x e K’ and non-zero 
vector dz, in any simplex of K’. Notice that this relation is symmetric between 
fandf, , and if f, is an | « , a |-approximation to f and fo an | € , a2 |-approxima- 
tion to f; , then fz is an | €. + €2, a1 + ae |-approximation tof. By lemma 1 an 
(e, p)-approximation is an | ¢, mp |-approximation, but an example of the form 
y = x + esin dz (e, A > 0;0 < x S w/2d) shows that an | e, 0 |-approximation 
need not be an (e, p)-approximation for any given p. Our theorem is: 

TurorEM 3,. 10 any non-singular C’-complex f(K) C R" correspond positive 
numbers ¢, a such that any | ¢, a |-approximation to f(K) ts non-singular. 

First consider the special case in which K = 21% + Xoa2 , where 22%) (A = 1, 2) 
are linear segments with no common point other than 2 , and f(aa) + 2x2) = 
Y1Yo + Yoy2 is linear throughout each of ax, . In this case any (non-degenerate) 
| ©, @|-approximation f’(K’), to f(K), is (1 — 1) provided 26 < angle yyy. 
For let R’ be the plane containing yo, y: and yz, or any plane through these 
points if they are collinear, and let 1 C R’ be the external bisector of the angle 
Yiyoye , or the line y:yoye if these points are collinear. Then the inclination to 
yoyx (A = 1 or 2) of any direction in R" perpendicular to 1, is at least } angle 
Yiyoy2. If 26 < angle yiyoye it follows that the vector df’ is never perpendicular 
to l, and its orthogonal projection on 1 points away from y. Therefore the 
orthogonal projection of f’(K’) on | is a non-singular image of K’, whence f’ 
is (1 — 1). 

Let AiB and A2B be simplexes in R”(A) # 1), let bo be the centroid of B, and let 
0o(A, , Ac, B) be the minimum attained by the angle aybop for™ a; ¢ A, p € AaB, 
and let 


O(Ay ) As ’ B) = min {0o(Ai ; As ) B), /2}. 


It follows from a standard type of argument that (Ai, Az, B), and hence 
6(A,, Ae, B) vary continuously with the vertices of A; , Az and B, provided 
the simplexes A,B and A2B remain non-degenerate (and under less stringent 
conditions). Let x, «A,B — B (A = 1, 2), let a; be the point in A; such that 
the simplex a,B contains 2; , and let the line through 2, parallel to abo meet B 
in b. Then the line through by parallel to brz meets AB in p, say, and angle 
rybx_ = angle aybyp = 0(Ai, Az, B). Notice that the construction for b, given 
21, is affine and so invariant under a linear transformation. We shall call b 
the A;-projection of x; in B. 

If A,B and A2B do not meet except in B we have 6 = 0(A;, Az, B) > 0, 
and I say that || x, — b || < || v2 — 2 || cosec 6, where x, and b mean the same 





3 A.B = A, if B is a 0-simplex. 
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2 lm — bil < |lae — xm || s 
|| 22 — 2 || cosec 6, and if angle bx, < m/2 we have 





as before. For if angle x;brze 2 2/2 we have 


\| a. — b|| S || ze — x || cosee (a:bae) S || r2 — 21 || cosec @, 


since || 2, — 6 || does not exceed the diameter of the circle through 2x; , x2 and b. 
Now let A,B C K, Ay ¥ 1 (A = 1, 2; Ai- Ae = 0) and let 


0(p) = O{F,(A1), Fy(A2), Fp(B)}, 


where pe B. Since f is non-singular, 6(p) is a positive, continuous function of 
pe Band so attains a positive minimum. Let 7a be the least of these minima, 
calculated for every pair of simplexes in K which have a common point though 
neither is contained in the other, and let c be the greatest of the numbers cosec 
6(4,1, Ao, B). Let f’(K’) be an | ©, a|-approximation to f(K). We first show 
that the map F, is non-singular“ for each pe K. If F, were singular there 
would be two segments px; and px2 in N(p, K’) with the same image under F;, . 
Therefore it is enough to show that F’, (21) AX F(x) if x; ¥ x2, where x; and 22 
are arbitrarily near p. Let A,B be the simplex of K (not K’) containing 2 
as an inner point, where A,B and A2B do not meet except in B. If one of A,B 
contains the other (i.e. if Ay; = 1 or Az = 1) let b be the mid-point of the segment 
ate , if not let b be the Aj-projection of z:in B. Since || 2 — b || Se || ve — x ||, 
and by lemmas 3 and 1, we may suppose 2; and zz to be so near p that: 
1. 1b C N(p, K’) (A = 1, 2), 
2. F,(aib + bae) is an | ©, a |-approximation to f(ab + bx), 
3. F 3 (ab + bare) is an | ©, a |-approximation to f’(aib + bre). 
Since f’ is an | ©, a |-approximation to f it follows that F,(ab + bz) is an 
| 2, 3a |-approximation to F,(21b + bae). Since the angle between the seg- 
ments F,(ba;) and F,,(bx2) is at least 7a it follows from the special case of the 
theorem already proved that F'}(a:) ¥ F,(x2). Therefore F,, is (1 — 1). 
We now show that f’ is locally (1 — 1). By a familiar theorem and lemmas 3 
and 1, there is a 6 > O such that: 
1. 1, e N(b, K) (\ = 1, 2), for some b € K, if || v2 — x1 || S 4, 
2. F, is an | ©, a|-approximation to f throughout the sub-set of K gwen by 
llc —b|| S cb for anybe K. 
This being so, I say that f’(2;) ¥ f’(a2) if 0 < ||ve — 1 || S$ 6 For let 0 < 
l|te — ay || < 6 and let A,;, Ao, B and b mean the same as before. Since 
la — b|| Se|| x2 — 2, || S cd, the map f(b + bzz) is an | ©, a |-approxima- 
tion to F(ab + bae). Therefore f’(a1b + be) is an | ©, 2a |-approximation to 
Fi(2:b + bag), and it follows from the special case of the theorem that f’(2:) # 
f’(x2). 
Finally we show that f’(K’) is (1 — 1) throughout KX’ if it is an | , a |-approxi- 
mation to f(K), for a sufficiently small « > 0. The sub-set of the topological 


‘If f’ is assumed to be recti-linear this step is unnecessary. 
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product K* = K X K, for which || x2 — 2; || 2 6 is compact, where 6 means 
the same as in the preceding paragraph. Therefore the continuous function 
|| f(ae) — f(a1) || attains its minimum, say 3e, on this sub-set, and € > 0 since f 
is(1—1). Therefore, if || 22 — || = 6 and if f’(K’) is an | ¢, @ |-approximation 
to f(K), we have 


| f(a) — f’(as) || = || f(x2) — f(x) || — || Fv) — f’(@2) || 
— || f'(a1) — f(x) || 2 € > 0, 


whence f’ is non-singular and the proof is complete. 

As a corollary to lemma 5 and theorems 1 and 3 we have: 

TurorEM 4. Given a non-singular C'-complex f(K) C R", and «, p > 0, 
there is a subdivision K’, of K, such that L;(K’) is a non-singular, (€, p)-approxi- 
mation to f(K). 


3. Let M” be an n-dimensional manifold of class C’. Without loss of gen- 
erality we assume M" to be smoothly imbedded” in R”, and (e, p)-approxima- 
tions to maps in M" will be measured in terms of the Euclidean metric for R”. 
Let f(K) C U C M" be a non-singular C’-complex, where U is the domain of 
an allowable coordinate system for M". Then theorem 4 is valid if the term 
linear is interpreted in terms of the coordinates for U, provided the sub-division 
K’ is so fine that L;(K’) C U. For f(K) is compact, and the metric taken 
from R” by the coordinates is continuous in terms of R”, and the parallelism 
taken from R” is a first approximation to the parallelism of R”. If f(K) CM" 
is a C’-complex such that f(A) C U(A) for each A C cl(K — Ky), where U(A) 
is the domain of an allowable coordinate system for M”, then the proof of 
theorem 2 applies to approximations in M”, taking « to be so small that 
f(A’) C U(A). 

By a C’-triangulation”® of M”, we shall mean a non-singular, locally finite” 
C'-complex f(K) = M", which covers M". By an (n-dimensional) unbounded, 
formal manifold we shall mean a simplicial complex K, such that the complement 
of each vertex is combinatorially equivalent to the boundary of an n-simplex. 

Turorem 5. If f(K) is a C’-triangulation of M", then K is an unbounded 
formal manifold. 

Let f(K) = M" be a C’-triangulation. Then K, being a homeomorph of M", 
is n-dimensional and is a pseudomanifold” (i.e. each (n — 1)-simplex is on the 
boundary of precisely two n-simplexes). Therefore the complement, Kz , of any 
vertex, 6, is a pseudo-manifold and hence a finite (n — 1)-cycle (mod 2). Now 
Fy{N(b, K)} = Fo(bKs) = f(b)Fi(Ky) C R", where R” is the tangent flat n-space 
to M" at f(b). Also Fy, is an isomorphic map of bK>, since f is non-singular. 





% Hassler Whitney, Annals of Math., 3(1936), 645-80. 

16 It follows very easily from theorems 4 and 2, by Cairns’ piecemeal construction (cf. 
lemma 7, below) that M” has a C'-triangulation. As we shall see this also follows from 
our theorem 6. 

17 We recall this is the only passage in §§2 and 3 in which K may be infinite. 

18 H. Seifert and W. Threlfall, Lehrbuch der Topologie, Leipzig (1934), 125. 
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Therefore the radial projection of Fy(Ky) from f(b) in the boundary of an 
n-simplex A” C R", of which f(b) is an inner point, is a semi-linear, topological 
transformation, wF,(Ky) C A”. Since K; is a finite (n — 1)-cycle it follows 
that rF,(Ks) = A”, and the theorem is established. 

Two maps, f(K) and f*(K*), will be described as equivalent if, and only if, 
K* is the image of K in an isomorphism 1, such that f = f*t. This is obviously 
an equivalence relation in the technical sense (i.e. it is symmetric and transitive) 
and we shall now identify any two C’-complexes which are given by equivalent 
('-maps. Thus fi(K:) = fe(Ke) will mean that the maps fi(K:) and fe(Ke) 
are equivalent and the complexes f,(Ki) and f2(K2) identical. If K = 
K, + --- + K, we shall describe a non-singular C’-complex f(K) as the non- 
singular union, f(Ki) + --- + f(K,), of its sub-complexes f(Ki), --- ,f(K,). 
Conversely, a set of non-singular C’-complexes f,(Ki), ---,fo(K,) in M", 
will be said to have a non-singular union, fi(K,) + --- + f,(K,), if, and only if, 
there is a non-singular C’-complex f*(K*) = f,(Ki) + --- + f(K), such that 
K* = Ki +.-. + Kj and each map f*(K;) is equivalent to f,(Kx) (A = 
l,---,q). Netice that, if K = K, + --- + K, and if a given map f(K) is 
non-singular throughout each of K,, --- , K,, then f(Ki), --- , f(K,) may have 
a non-singular union even if f(K) is singular. But in this case f(K,) + --- + 
{(K,) * f(K). The following lemma is an obvious consequence of these 
definitions. 

Lemma 6. If f,(K:) and f(K) are non-singular C'-complexes with a non- 
singular union, and if K = Kz + Kz3, then fi(K,) and f(Ke) have a non-singular 
union and | 


fi(Ka) + f(K) = {fi(Ki) + f(K2)} + f(A). 


Two complexes fi(K;) and fo(Ke) in M” will be said to intersect in a common 
sub-complex if, and only if, their intersection, as point sets, coincides with 
fi(Ki) = fe(Koo), where Kao is a sub-complex of Ka (a = 1, 2) and the map 
fi(Kyw) is equivalent to the map fo(Ky). Let this be the case and, without 
altering the notation, let us star each simplex A, if there are any, belonging to 
CliK; — Ky) but not to Ky and such that f,(A:) has the same vertices as a 
simplex f2(A2) © fo(Ke). Then, replacing Ka by an isomorphic complex,” if 
necessary, we may first separate K, from Ke and then identify each simplex 
A C Ky with tA C Ke, where t(Kw) = Kyo is an isomorphism such that 
fi = fet in Ky. The result is a complex K* = Ki + Kz, where K? is the 
image of K, in an isomorphism t. such that t; = tot in Ky. Therefore fi(Ki) 
and fo(Ke) are sub-complexes of f*(K*), where f* = fata in K *. If each of the 
maps f.(Kq) is (1 — 1) sois f*(K*), since f,(K1) and fo(K2) do not meet except in 
fi(Kyw). Let pie Ki, pe = tpi, p* = taPa and let Na = N(pa, Ka), N* = 





‘’ Here addition is used as in the theory of sets. A, and K, may have simplexes in 
common and may even coincide. 
* e.g. a sub-complex of a k-simplex for an arbitrarily large k. 
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N(p*, K*). Then, subject to the above conditions, it is clear that f,(K,) and 
fo(Ke) have a non-singular union, namely f*(K*), if, and only if, 

1. fi(Ki) and fo(Ke) are non-singular, 

2. fi(N1) and fo(Ne2) have a non-singular union, namely f*(N*), for each p; ¢ Ky . 
In general the tangent star at f*(p*) to f*(K*) may be singular for some point 
p* ¢€tyKy even if f;(K,) and fo(K2) are both non-singular. 

Let K = Ky + E and let f(K) C M” be a C’-complex such that f(Ky) and 
f(E) are non-singular. Also let f(Z) C U, where U is the domain of an allow- 
able coordinate system, which we regard as map, 2(D) = U, of a region 
DCR" on U. 

Lemma 7. Under these conditions, given ¢, p > 0 there is an (e, p)-approxima- 
tion, f’(K”) © M", to f(K), such that f’(Ko) and f'(E”) are non-singular and 
have a non-singular union. 

Let H C K be the sub-complex consisting of all the simplexes in K whose 
images in f meet f(F), let Ki = H-Ky and let Ke = Cl(K — H). Then K = 
H+ K.,H = E+ Ki, and Ky = Ki+ Ke. Without altering our notation 
we assume, after a suitable sub-division, that f(H) C U and also f(A) C U, 
where A C K is any simplex which meets H. By theorem 4, given e«, p; > 0, 
there is an (€, , p1)-approximation, f’(H’) C U, to f(A), such that f’ is “‘z-linear” 
throughout each simplex in H’ (i.e. f’(A) = x(B) for each A C H’, where B C D 
is recti-linear). We partially extend f’ by writing f’ = f throughout each simplex 
which does not meet H. Then, given es, pe > 0 and assuming e; and p; to be 
sufficiently small, it follows from theorem 2 that the approximation f’(H’) has 
an (€, p2)-extension, f’(K’), throughout K. Since f(#) and f(Ko) are non- 
singular, it follows from theorem 3 that f’(E’) and f’(Ko) are non-singular if 
€. and p2 are sufficiently small, which we assume to be the case. We also take 
€. to be so small that f’(K2) does not meet f’(E’). Finally we take e < «, 
p2 S p, in which case f’(K”’) is an (e, p-approximation to f(K), where K” is any 
sub-division of K’. 

The sub-set f’(H’) C M", besides being the image of H’ in f’ is the homeo- 
morph, z(P), of a polyhedron P = F + P, C D, where 


F=7" ‘(E’), Pi = af’ (K1), 


az ‘f’ being an isomorphism throughout each of E’ and Kj since Ki C Ko and 
f'(E’) and f’(Ko) are non-singular. Let P’ = F’ + P; be a triangulation of P, 
F’ and P; being recti-linear sub-divisions of F and P; which intersect in a com- 
mon sub-complex. Since the map x ‘f’ (A) C P is non-degenerate for each 
simplex A C H’, the triangulation P’ determines a sub-division H’” = E” + 
K,, of H’, such that F’ and P; are isomorphic in 2 “f’ to E” and Ky. There- 
fore x(F’) = f'(E”) and 2(P;) = f’(K:). Let K” = H"” + K; = Ky + E" 
be an extension of the sub-division H” throughout K’. 

Since 2(P’) = x(F’) + 2(Pi) = f’(E") + f’(KY), and f’(E”)-f'(K2) = 9, 
the (non-singular) C’-complexes x(P’) and f’(K): intersect in a common sub- 
complex, namely f’(K;-K:). Also any simplex A C P’, such that x(A) meets 
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{'(Ke), belongs to Pi and not to F’. Therefore, if p eK _ and q = xf ‘(p), 
then N(q, P’) = N(q, Pi). Since 2(Pi) = (Ki) and (Ke) = f'(Ki) + 
{'(K2) it follows that x{N(q, P’)} and f’{N(p, Kz)} have a non-singular union, 
namely f’{N(p, Ke)}. Therefore x(P’) and f’(Kz) have a non-singular union. 


But 
a(P’) = f'(E") + f'(K1) 
and it follows from lemma 6 that 
2(P’) + f'(Ke) = f(E") + {f'(K1) + f'(K2)} = f(E") + S'(Ko), 


and the lemma is established. 

We now come to the main theorem. 

THEOREM 6. Given ¢, p > 0, and non-singular C'-complexes f,(K,) C M" 
(\ = 1,---, q), there are (e€, p)-approximations in M" to f,(Ky), which have a 
non-singular union. 

If g = 1 the theorem is trivial and we shall prove it by induction on the 


total number of simplexes in Ke, --- , K,, after an initial sub-division such 
that f,(A) is in the domain of an allowable coordinate system, for each simplex 
A C K, and each \ = 2,---,q. Let Kg = Kw + A, where A is a principal 


simplex in K, and” Kw = Cl(K, — A), and let U be the domain of an allowable 
coordinate system, which contains f,(A). By the hypothesis of the induction, 
given €, , p, > O there are non-singular (e; , p:)-approximations f,(K a)» Se( Keo) & 
M" to fa(Ka) and f¢(Kq) (a = 1,---,q — 1), such that fi(Ki), --- , fo(Kw) 
have a non-singular union. By theorem 2, given e:, p2 > 0 and provided € 
and p; are sufficiently small, there is an "ihe p2)-extension, f,(K,), of f,(Kw), 
where K, = Kip + A’ and f,(A’) C U. We take e: and pe to be so small that 
fi(Ki) is non-singular, according to theorem 3. We also take « S &, i S pz, 
so that f,(Ky) is an (ee,  geagrapaaae to fi(Ky) for each value of } = 
1,---,q. Replacing f’(Ky) (A = 1, --- , g by equivalent maps, if necessary, 
and pg: care that no internal diner of A’ coincides with a simplex of” 

Ki (a = 1,---, q- 1) we may, without altering our notation, represent 
f(K K{) and the union fj(Ki) + --- + Su(Ka) as non-singular sub-complexes of 
a C’-complex g(K), where K = K! +...4+Kiandg =fiin Kx. Then K = 
Ky) + A’, where Ky = Ki + --- + Ky, and g(Ko) = fi(K1) + --- +f4(Ko). 
“ae 9(A’) C U it follows ete lemma 7 that, given € » Ps > 0, there is an 
(6, ps)-approximation, g’(K’), to g(K), such that g’(Ko) and g A") have a 
non-singular union, where K’ = Ky + A” = Ki +.--- + Ky. Then g (Ko), 
and hence g’(K%) (cw =1,---,q-— 1), are samen and since 9’ '(Ky) is an 


(¢s, p3)-approximation to the non-singular complex g(K, ’) (= f,(Ki)) we may 





*! Koo and f,(Kq) are empty if K, = A. 
*2 This may require an internal sub-division of A’ if there are internal simplexes with 
all their vertices in the boundary. However, if the sub-division A’ is given by the con- 
struction in the proof of theorem 2 there are no such simplexes. 
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take ¢; and p; to be so small that g’(K,) is also non-singular. This being so 
77) 


g' (Ki) = g'(Kw) + g'(A”), and by lemma 6 we have 
g' (Ko) + g/(A") = {g'(Ki) + --- + 9'(Keo)} + 9'(A”) 
= g/(Ki) + --- + 9(Ka). 
Finally g(Kx) (= fx(Ky)) is an (€, p2)-approximation to f,(Ky) and g’(Ky) is 
an (€3 , p3)-approximation to g’ (Kx). Therefore, taking 2 + €; < €, pe + p3; + 
pop; <= p, the theorem is established. 

Let V be any open sub-set of M" and let f,(Kyo) be the sub-complex consisting 
of all the simplexes in f,(K,) which meet Cl(V). From the proof of lemma 7, 
and by adding to the hypotheses of the induction in theorem 6, we have the 
addendum: 

AppENDuM: If fi(Kw), --- , fq@(Kq) have a non-singular union the approxima- 
tions in theorem 6 may be chosen so as not to disturb the part of this union which 
lies in V. 

For in the proof of lemma 7 it is only necessary to sub-divide K, or to alter 
the map f, in those simplexes which meet H. If f(#) C M" — V no simplex 
f(A) CM" which meets f(£) is contained in V. If f(Z) C M” — Cl(V) we may 
therefore assume, after an initial sub-division which leaves A unaltered if f(A) C 
V, that f(H) CM" — V. Then A-H = Oif f(A) CV. 

We now require M" to be closed, a restriction which we remove later. 

TurorEeM 7. There is a C'-triangulation of M". 

Since M" is closed it can be covered by the interiors of a finite set of non- 
singular, n-dimensional C’-simplexes f;(A1), --- , fg(Aq). By theorem 6, given 
« > 0, there are (€, »)-approximations, f;(Ax) (A = 1, --- , g), to f,(Ay), which 
have a non-singular union f(K) = f;(A1) + --- + f,(Aj). It follows from well 
known theorems” that, provided ¢ is sufficiently small, each point of M" is 
internal to at least one of the cells f,(Ax). Therefore f(K) covers M" and is a 
C’-triangulation. 

TuroreM 8. If f\(Ki) and fo(K2) are two C'-triangulations of M", then K, 
and Ke are combinatorially equivalent. 

For, by theorem 6, there are non-singular approximations f,;(K,) C M" to 
f(Ky) (A = 1, 2), which have a non-singular union. Since Ky is a pseudo- 
manifold it is a cycle (mod 2). Therefore K, is a cycle (mod 2), and since the 
map fy is topological it follows that M" is completely covered by f,(Kx). There- 
fore fi(Ki) = f2(Ks), since fi(Ki) and fo(Ks) intersect in a common sub-complex, 
and K; is isomorphic to Ks. 

With suitable restrictions, similar theorems to theorems 7 and 8 may be 
proved for a bounded manifold Mj C M". For example, let M” and also the 
frontier, M"", of Mj be manifolds of class C*, and let M" be given a Riemannian 
metric ds’ = g;; dz‘ dx’, where the functions gi; are of class C’ in allowable 
coordinate systems for M". Then, for some 6 > 0, no two of the geodesic seg- 





* See, for example, Alexandroff and Hopf (loc. cit.), pp. 100 (theorem IV) and 459 
(Rouché’s theorem). 
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ments pq, of length 6, will meet each other, where pg C Mo is normal at p « M 
io M"'. If f(K) C M"" is a C'-triangulation of M"™ the sub-set of M" 
covered by the segments pq is a non-singular C'-image of the polyhedral complex 
K x (0, 1), which may be triangulated by a normal sub-division. It is now 
easy to show that, without disturbing f(K), some approximation to this triangu- 
lation may be extended throughout M7. 

Assuming only that M" and M"™ are of class C’, let f,(K1) and fo(Ke) be 
two C'-triangulations of Mo. By theorem 6, applied to the sub-complexes 
fi(Kw), fo(K2o) covering M "by theorem 2, and since f,x(Kyo) is the point-set 
frontier of f,(K,), we may assume that fi(Kiw) = fe(Koo). By adding to the 
hypotheses of the induction in theorem 6 we see that, if the maps f,(Ky) (A = 
1,---, g) are equivalent to each other throughout mutually isomorphic sub- 
complexes Kyo C K,, then the approximations fx(Kx) © M", which have a 
non-singular union, may be chosen so that fi(Kio) = --- =f,(Kio). In the case 
of the triangulations f,(Ky) = M¢ (A = 1, 2), with Kyo = Ky (mod 2), it follows 
that fi(Ki) = f2(Kz), whence K; is isomorphic to K3. 


4. We conclude by showing how many of these results can be extended to 
infinite complexes and open manifolds. An infinite complex f(K) C M" is 
to be such that only a finite number of simplexes f(A) (A C K) meet any com- 
pact sub-set of M”. A manifold M” C R” is to be a closed, but not necessarily 
compact, sub-set of R”. An (e, p)-approximation to f(K) shall mean the same 
as before, except that « and p may now be any non-negative functions, ¢(p) 
and p(p), which are defined for each p ¢ K, and «¢, p > 0 is to mean that ¢(p) 
and p(p) have positive lower limits in each compact sub-set of K. It is often 
convenient to define such a function in terms of a particular covering of K by 
compact sub-sets [F] (e.g. the simplexes or stellar neighbourhoods), only a finite 
number of which meet any one compact sub-set, and a positive function of sets, 
i(F), defined for each set in the covering. Then (p) may be defined as the 
minimum of 4(F) for F containing p. Conversely, given »(p), the function 
i(F) may be defined as the lower limit of n(p) for pe F. For example, in the 
proof of theorem 2, with K finite or infinite, we may take e(p), p(p) to be defined 
in terms of given functions é(A), 6(A), where A is any simplex in K, and «(p), 
a(p) to be not greater than suitably chosen functions @(A), (A) if pe A. 
The theorem then follows by induction on the dimensionality of K — K, and 
the same construction as in the finite case. In proving theorem 3 we may 
define win terms of a function &(N) > 0, where N is the stellar neighbourhood of 
any vertex in K. If &(N) is suitably chosen, any | ©, @ |-approximation to a 
given non-singular C’-map is locally non-singular and it is easily shown, as in 
the finite case, that an | ¢, @ |-approximation is non-singular for a suitable 
€(p). 

In the absence of lemma 5, which seems to be comparatively difficult if K 
is infinite, we replace theorem 4 by the less explicit theorem: 

THEOREM 9. Given e, p > 0, there is a non-singular, recti-linear (€, p)-approxi- 
mation to any non-singular C’-complex f(K) C R”. 
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This may be proved in the same way as the extension of theorem 6 to infinite 
sets of (possibly infinite) complexes f,(K,) C M" (A = 1, 2, --- ), only a finite 
number of which meet any one compact sub-set of M”. To prove this let M" 
be a closed set in R”, referred to Cartesian coordinates y’,---, y”. Let V, 
be the sub-set of M” for which || y || < r and, after a suitable sub-division, let 
each simplex of f,(K,) which meets Cl(V,) lie in V,41 , for each A, w = 1, 2,--.. 
By theorems 6 and 2 we may assume, after a suitable (e, , p,)-approximation 
to fx(Ky) (A = 1, 2, --- 5 e-(p) < e€(p), p-(p) < p(p)), that the maximal sub- 
complexes of fi(K1), fo(Ke), --- whose simplexes all meet Cl(V,) have a non- 
singular union, for some“ r = 1, 2,---. If follows from theorem 6 and its 
addendum that, by a suitable (e, , p,)-approximation to the first (¢, , p,)-approxi- 
mation, this condition can be maintained with r replaced by r + 1, without 
disturbing the part of the union, say g(P,), which lies in V,. The result will 
be an (€-41 , pr41)-approximation to f,(K,), for each \ = 1, 2, --- , where €,4; = 
é- + ay Proa = Pr + p, + nate Since «, < ¢€, pr < p, we may choose ” p, 
so that é41 < €, pra < p and the induction is complete. In the succeeding 


stages of the construction we may take P, C P,,, C --- and the required union 
in g(P), where P = P; + P,---. This theorem carries with it theorems 7 and 
8 for open manifolds.” 

Finally, if M” is a manifold of class C* (k = 2,---, © orw), a C*-complex 


f(K) C M" may be defined in the same way as a C’-complex, and we have: 

TurorEM 10. Given e, p > 0 and a non-degenerate C'-complex f(K) C M", 
there is an (e, p)-approximation to f(K) which is of class C*. 

If M" be imbedded as a class C* manifold in R”, the flat (m — n)-spaces normal 
to M" form a system of class C**. It is, however, possible” to define a class 
C* system of flat (m — n)-spacés approximately normal to M”. By means of 
such spaces, we can project back into M” a recti-linear (e’, p’)-approximation 
to f(K), thus obtaining a proof of Theorem 10, provided (e’, p’) are chosen 
sufficiently small. 


BALLIOL COLLEGE, OXFORD. 





** Notice that we only need theorem 6 for finite complexes and theorem 2 for finite 
K — K,. We may take e,(p), p;(p) to be any constants less than the lower limits of «(p), 
p(p) for p € Ky-Cl(Vy.1), and e(p) = pp(p) = 0 for p e Kx — Ky-Cl(V p41). 

** Here again Cairns’ method leads to a more direct proof of the triangulation theorem. 

*6 Hassler Whitney, loc. cit., §25. 
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ON THE HOMOTOPY TYPE OF MANIFOLDS 
By J. H. C. WairexEeap 
(Received July 15, 1939) 


1. The object of this note is to call attention to certain theorems, which 
follow very easily from some results due to E. Stiefel," H. Seifert,” Hassler 
Whitney,® and myself.* They refer to a class of manifolds which we call the 
class II, and are intended to throw light on the question, raised by W. Hurewicz,’ 
whether two closed manifolds of the same homotopy type are necessarily homeo- 
morphic. The theorems depend both on M. H. A. Newman’s’ theory of com- 
binatorial equivalence, as re-developed by J. W. Alexander’ and carried further 
in 8. S., and on theorems concerning differentiable manifolds. Therefore it is 
necessary to give a precise meaning to the term ‘manifold’. 

By an n-dimensional manifold, M", we shall mean a class of combinatorially 
equivalent, simplicial complexes covering the same space, each complex being a 
formal manifold, meaning that the complement’ of each vertex is combina- 
torially equivalent to A” or to A” ”’, according as the vertex in question is 
inside M" or on M", where A* stands for a closed k-simplex and M" is the 
boundary of M". These covering complexes will be called proper triangulations 
of M” (of course any simplicial complex covering M" is a proper triangulation if 
the ‘Hauptvermutung’ is true). The proper triangulations of an unbounded 
manifold of class C’, or smooth manifold, are to be C’-triangulations.” By a 
smooth, bounded, n-dimensional manifold we shall mean the manifold of which 
a sub-complex Ko C K” is a proper triangulation, where K" is a C’ triangula- 
tion of a smooth, unbounded n-dimensional manifold and Ko is a formal mani- 
fold. By the topological product M” x A“ we shall mean the manifold having 
a normal subdivision of the cell-complex K” X A* as a proper triangulation, 
where K” is a proper triangulation of M”. We shall use = to indicate combi- 
natorial equivalence, and Mj = Mz? will mean that Ki = Kz , where Kj is a 
proper triangulation of M? . 


1 E. Stiefel, Comm. Math. Helvetici, 8 (1935), 305-53. 

? H. Seifert, Math. Zeit., 41 (1936), 1-17. 

* Hassler Whitney, Proc. N. A. S., 21 (1935), 464-8; Bull. American Math. Soc., 43 (1937), 
785-805. Page references will refer to the second of these papers. 

‘J. H. C. Whitehead, Proc. London Math. Soc., 45 (1939), 243. This paper will be 
referred to as S. S. 

*W. Hurewicz, Akad. Wet. Amsterdam, 29 (1936), 125. 

°M. H. A. Newman, Akad. Wet. Amsterdam, 29 (1926), 611-41, 30 (1927), 670-3. 

7 J. W. Alexander, Annals of Math., 31 (1930), 292-320. 

™ J. H. C. Whitehead, Annals of Math. this number, 809-824. This paper will be 
referred toasC. C. Relevant to the present paper are theorems 4, 5, 7 and 8 of C. C. 
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We now state some of our theorems, postponing the proof of theorem 1 and 
the definition of the class II till §2. It is to be understood that the manifolds 
referred to in these theorems are connected and covered by finite complexes. 

TuroreM 1. . If M? eI (i = 1, 2) and Mj and Mz have the same nucleus," then 


M? x A‘ = M? x A‘ 


for sufficiently large values of k. 

It is shown in 8. 8. that, provided their fundamental group satisfies a certain 
condition, two (finite) complexes have the same nucleus if they are of the 
same homotopy type. For manifolds with such a group, theorem 1 can there- 
fore be restated with ‘have the same nucleus’ replaced by ‘are of the same 
homotopy type’. 

A bounded manifold M”, which is an absolute retract (i.e. is of the same 
homotopy type as a single point) belongs to the class II if it is combinatorially 
equivalent to a smooth manifold. If M” is smooth we may assume that’ 
M" Cc Mi c R”™ for any k > 0, where M? is an unbounded analytic manifold 
and R” is Euclidean m-space. Since M” has the same homology and cohomology 
groups as a cell its normal sphere-space” in R’"** is simple. Taking k = 5 
we have, from theorem 5, below, and 8. 8., theorem 25, corollary 3: 

TuroreM 2. If" 7,:(M") = 1, B(M") = 0 (r = 1, --- , n) and M” is smooth, 
then 


mM” « a** = ae 


It wil! be seen that any (bounded) polyhedral M” C R" belongs to II. There- 
fore M" x A"*® = A’"** if M" is the finite region bounded by a polyhedral 
(n — 1)-sphere in R", or even if M” is of the same homotopy type as A”. 

The Poincaré hypothesis, in its combinatorial form and as generalized by 
Hurewicz’ from n = 3 to any n, is equivalent to the hypothesis. 

If M" is an (n — 1)-sphere and if M” is an absolute retract, then M” = A". 

Discarding the condition that M" is an (n — 1)-sphere, we have what may be 
called the extended Poincaré hypothesis, namely: 

A bounded, n-dimensional manifold, which is an absolute retract is an n-element. 

From theorem 2, since a k-element is the topological product of k linear seg- 
ments, we have: 

THEOREM 3. The extended Poincaré hypothesis, for smooth manifolds at least, 
is equivalent to the hypothesis: 

If M? X A! = A”"" then M” = A’. 

This theorem raises various questions, one of which can be answered very 





§ See 8. S. p. 287. See also a paper by G. Higman to be published shortly by the London 
Math. Soc. 


® Hassler Whitney, Annals of Math., 37 (1936), 645-80. 

%* Appendix, Theorem 2, corollary. 

10 ,(M") denotes the (multiplicative) fundamental group and 6,(M") the (additive) 
rth homology group of M”. 
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simply, namely: ‘are there manifolds Mj # Mz such that M? X A’ = 
Mi X A’? The answer is in the affirmative. For let Mj = Mj X A’, where 
M? is a torus with one hole and M3 is a 2-sphere with three holes. Then 
Mi # M?. On the other hand, taking Mj C R’, it is easily verified that 
M = M3, since M ? C R’ is obviously a regular neighborhood (S. S., p. 293) 
of two simple circuits with a single point in common. As another, and perhaps 
more interesting example, let M? (¢ = 1, 2) be a lens space of type" (p, q:), 
from which the interior of a 3-simplex A; has been removed, where qig2 # +1 
mod p. Then M ? contracts (S.8., pp. 248 and 258) into the 2-cell, bounded 
by a circuit taken p times, which, taken twice, bounds a lens model of M;. 
Therefore M? and M3 have the same nucleus. It will be seen that M? ¢ II, 
whence, by theorem 1, Mi X A* = M? xX A’* for large values of k (actually 
fork = 6). But Mj and M3 are not combinatorially equivalent. For if they 
were, the lens spaces Mj + Aj and M3 + A} would be combinatorially equiva- 
lent, which they are not since” gig2 # +1 mod p. 


2. Let a proper triangulation, K", of a given manifold, M", be represented 
as a recti-linear complex in R"**, and let U(K", R"**) be a regular neighbor- 
hood’ of K". Then our definition of II is: M" ¢II if, and only if, 


(2.1) U(K", R***) = K" x A’ 


for large values of k. Provided k = n + 3 it follows from 8. 58., theorems 23 
and 24, that this definition is independent of the choice of the proper triangula- 
tion K", of the choice of the regular neighborhood U(K", R"**) and of the 
way in which K" is imbedded in R"**. If K" Cc R"™* Cc R™** = R"™ K R' 
(1 > 0) we may take 


U(K", err, a U(K", a? x Al ee x Al , 


For the latter is a manifold and, by an obvious induction on J, it contracts into 
U(K", R"**), and hence into K". Therefore, if the condition (2.1) is satisfied 
by some K" C R"*" it is satisfied for every ki > k and a suitable K" C . 
Theorem 1, above, is now seen to be an immediate consequence of 8. 8., theo- 
rem 25, 

It follows from an argument in S. 8. (p. 298) that an n-sphere belongs to II 
for each value of n. Moreover, if M" «II and Mj C M", then Mo ell. For 
let ¢ be a semi-linear homeomorphism of K" X A* on U(K", R"™*), where K" 
is a proper triangulation of M" which contains a sub-complex, Ko , covering 
Mi. Then «(Ki xX A‘) is a manifold and contracts geometrically into 





1H. Seifert and W. Threlfall, Lehrbuch der Topologie, Leipzig (1934), 210. 
” K. Reidemeister, Abh. Math. Sem. Hamb., 11 (1935), 102-9; Journal f. d. r. u. a. Math., 


173 (1935), 164-73. 
12 §.S. p. 298. Observe that regular neighbourhoods are not necessarily neighbour- 


hoods in the sense of topology. 
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(Ki X p), for any point pA“, and (2.1) is satisfied by (Ks X p) C R"™, 
Therefore t(Ko X A‘) is a regular neighborhood of Ko . More generally, let 
Ms C M" and let a proper triangulation Ko , of Mo , be a sub-complex of K". 
If a regular neighborhood Us = U(Ko, K") = Ko X A"” we shall say that 
M;j is in regular position’ in M". This is always the case if r = n, for then 
we may take U¢ to be Ko itself. 

TureoremM 4. If Mj C M" is in regular position in M" and M" ell, then 
Mo ¢€ Il. 


For, with the above notation, U¢ is an n-dimensional manifold in M" and we 


have shown that if M” ell, then Ug ell. That is to say 
"| ania _ U(U3 ies = Uz m4 A* 


for some value of k and some recti-linear U? C K" C R"**. But U"*™* con 
tracts into U® and the latter contracts into Ko. Therefore U"™ is also a 
regular neighborhood of Ko , and if Uj = Ko X A" ” we have 


yes = Us x A*® = x x ae x ry = Ki x grr. 


and the theorem is established. 

With the help of theorem 4 we can dispose of the case n = 2. No non- 
orientable manifold can belong to II. For its regular neighborhood in R"™, 
being an (n + k)-dimensional manifold in R”"™*, is orientable, while its topo- 
logical product with a cell is not. On the other hand any orientable surface 
may be represented as a polyhedron in R* and is necessarily in regular position. 
Therefore it belongs to II. Also any orientable, polyhedral surface in R” is in 
regular position if’ m = 7. Of course theorem 1 is trivial for any closed surface, 
whether orientable or not. Also it follows from special arguments, as in the 
remarks following theorem 3, that theorem 1, with k = 1, is true of bounded, 
orientable surfaces. 

Now let M" Cc R"™ be a smooth manifold which, without loss of generality, 
we may assume to be analytic.’ 

TuroreM 5. M" ell if its normal sphere-space’ in R"*“ is simple. 

Since M" is compact there is a positive 6 such that the flat k-spaces normal 
to M" at two different points do not meet at a distance less than 25 from M". 
Therefore no two of the k-cells E“(p) meet each other, where E“(p) is the interior 
and boundary of a (k — 1)-sphere with centre p and radius 6 in the normal flat 
k-space at p. To say that the normal sphere-space is simple is to say that k 
mutually orthogonal, unit vectors e:(p), --- , e.(p) are defined in the normal 
flat k-space at each point p eM”, and that e(p) varies continuously with p. 


n+k 





18 Hassler Whitney, Annals of Math., 37 (1936), 865-78. 

4 Though this lower limit for m can probably be reduced from 7 to 5 it cannot be dis- 
carded. For if K is a knotted circuit in a 3-sphere, S*, it may be verified that the 2-sphere 
(a + 6)K is not in regular position in the 4-sphere (a + b)S*, where a and b are vertices 
not in S*. (Cf. E. Artin, Abh. Math. Sem. Hamb., 4 (1925), 174-7.) 
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After a process of approximation, projection in E‘(p), and a final normaliza- 
tion, we May assume that e(p) varies analytically with p. The bounded 
manifold M"**, which is swept out by E*(p) as p describes M", is then seen to 
be the image of M" xX E* (po) = M" X A‘ inan analytic transformation which 
maps M" on itself. Therefore a suitable triangulation of M" x A* deter- 
mines a C'-triangulation, P"*“ of M"*, which contains a proper triangulation 
of M" as a sub-complex. Let K”* be a rectilinear model of P"** and let 
K"c K"* be the subcomplex representing M". By C.C., theorem 4, there 
isa semi-linear, topological map F(K"**) C R"**. Then F(K"*™) (= M" x A‘) 
isa regular neighborhood of F(K") (= M"), and the theorem is established. 

It follows from this theorem, and the results referred to at the beginning of §1, 
that M" «II, where M" is a smooth, orientable manifold, if any one of the 
following conditions is satisfied: 

1. M" is closed and admits an internal parallelism, as is always the case if! 

n = 3, or for example, if M” is a Lie group. 

2. M" is closed and can be represented as a manifold of class C°® in R"*' or in 
R"* (Seifert”). 

3. M" is bounded and all its cohomology groups vanish with integral, and 
hence with all coefficients. It can be shown that this follows from the 
general theory of sphere-spaces.’ 

The sufficiency of the first condition follows from a theorem similar to theorem 
23 on pp. 43 and 44 of Stiefel’s paper.’ For let M" C R"™, where k = n + 1, 
and let K" be a triangulation of M”. Then we successively set up outer paral- 
lelisms (i.e. parallelisms in the normal flat k-spaces) over K°’, K', .-. , K", where 
K’ is the r-dimensional skeleton of K". An outer parallelism over K' (0 S 
r <n) determines an (r + 1)-dimensional cocycle in K"*', whose coefficients 
are elements of ,(G;), where G; is the group of rotations in R*. The paral- 
lelism over K" may be extended throughout K™”’ if this cocycle is zero. If it 
is not zero, but cohomologous to zero, then the parallelism over K’ may be 
replaced by one for which the corresponding cocycle is zero.“* Thus K™”’ 
admits an outer parallelism if the cocycle determined by the outer parallelism 
over K’ is cohomologous to zero. Since r + 1 < k it follows from the analysis 
of G. (= Vz,x-1) in §1 of Stiefel’s paper, that a map f(S’) C G, C Gry , which 
is homotopic to a point in G,4. , is homotopic to a point in G, ; also that any 
f(S') © Gas can be deformed into a map in G;. Therefore a lemma, analogous 
to the one in Stiefel’s theorem 23, follows from arguments similar to those in 
his §3. Therefore the (r + 1)-dimensional cocycle in K"*", which is determined 
by an outer parallelism over K’ is cohomologous to zero. Finally, Stiefel’s 
assumption that some triangulation of M” is a sub-complex of a triangulation 
of R"™ need not, in this case, be taken as an additional axiom. For we may 
assume M” to be analytic and sub-divide it and a recti-linear triangulation of 


“ Cf. 8. Eilenberg, Annals of Math., 41 (1940), 231-51. 
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830 J. H. C. WHITEHEAD 


k"** by the van der Waerden-Lefschetz method.” The result will not, in 
general, be a C’-triangulation, but it will suffice in setting up the outer paral- 
lelism. Alternatively we may replace M" by a homeomorphic polyhedral 
F(K"), as in the proof of theorem 5, and attach a flat n-space and a flat k-space 
to each point of /(K"), which are respectively parallel to the tangent and 
normal flat spaces at the corresponding point of M". Then an inner parallelism 
in M" determines a parallelism in the n-spaces attached to the points of F(K"), 
and a parallelism in the k-spaces at points of F(K") will determine an outer 
parallelism for M". 


APPENDIX 


(Extract from a letter of the author to Hassler Whitney under date of Jan. 26, 1940. 
The Editors.) 


*** T omitted to prove that G,, , the group of rotations in Euclidean metric 
space R”"', is r-simple for each r = 1, as the term is used by 8. Eilenberg.” 
This condition may be expressed as follows. Let X be any arewise connected 
topological space, let X be its universal covering space and let I’, be the group 
of covering transformations of X (i.e. the group of homeomorphisms 7;(X) = X, 
such that wyi = u, where u(X) = X is a locally (1-1) map of X on X). Then 
X is said to be 1-simple if 7;(X) is Abelian, and r-simple (r > 1) if, and only if, 
any spherical map f(S") C X is homotopic in X to the map y:f(S’), for each 
yieT,. Let us assume that I; is a sub-group of some arewise connected, 
topological group I’, of homeomorphisms y(X) = X, whose topology agrees 
with that of X, meaning that y(x) varies continuously with x « X and y eT. 
Then the identity in I’, say yo is joined to a given y; e I, by a segment y, € T 
(0 St <1). Therefore y:f(S') = fi(S’), say, is the image of a given map, 
fo(S’) C X, in the deformation fi = vifo, whence X is r-simple for any r > 1. 
Therefore, and since I, is isomorphic to 7;(X), we have the theorem: 

THEOREM 1. If I, satisfies the above condition and is also Abelian, then X is 
r-simple for each r = 1. 

Let X be an arcwise connected topological group and let X be its universal 
covering group. Then I is Abelian, and is also a sub-group of the ‘left trans- 
lations’ £ — yé (also of the ‘right translations’ — — &y, since T'; is not only 
Abelian but, if the translation  — yé is identified with the element y ¢ X, then 
I’, belongs to the centre of X). Since X is arewise connected, so is X =f, 
and we have the corollary: 





* B. L. van der Waerden, Math. Ann., 102 (1929), 337-62. S. Lefschetz, Topology, 
New York (1930), 364. See also B. O. Koopman and A. B. Brown, Trans. American Math. 
Soc., 34 (1932), 231-52 and S. Lefschetz and J. H. C. Whitehead, ibid., 35 (1933), 510-17. 

6S. Eilenberg. Fund. Math. 32 (1939), 167-75. 
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ON HOMOTOPY TYPE OF MANIFOLDS S31 


CoROLLARY. Any arcwise connected topological group is r-simple for each r = 1. 

The consequence of this condition which interests us here is that, if X is 
simple, then a unique element of II,(X) is determined by a ‘free’ map f(S’) C X, 
meaning a map which is independent of the base point for II,(X). 

Now let an orientable sphere-space S(K") be given, where K” is a simplicial 
complex and the associated spheres are v-dimensional, and let S(K") be simple 
in the r-dimensional skeleton, K’, of K" (0 < r < n). We shall assume that 
S(K") is not only orientable but oriented, meaning that the associated spheres 
S’(p) (p « K") and the base sphere So are oriented, and that the defining maps 
t{p, S’(p)} = So are all direct. Thus the (orthogonal) transformations of So 
into itself by which ‘transformations of coérdinates’ are determined will be 
rotations. Let Aj*’ (¢ = 1, 2, --- ) be the (oriented) (r + 1)-simplexes in K"™’ 
and, using the rotation, let q — &(p, q) «So (pe Ai’, ge S’(p)) be a local 


codrdinate system for Aj". Since S(K’) is simple there is a map q > (p, q) € So 
defined for each p ¢ K’, ge S’(p), such that the rotation 
qo — br(qo) = &i{p, 1 '(P, 9)} (p € Aj", qo € So) 


varies continuously with p. In other words, p — ¢, is a continuous map of 
Ai in G,41, and since G,4, is r-simple p — @, defines a unique element 
a; é€m-(G,41). The element a; is independent of the coérdinate system &; . 
For if &(p, q) is a second codrdinate system for Aj*', then p > tit; = yo(p), 
say, is a map of Aj*’ in G,4,. Since Aj*' can be shrunk into a point there 
is a deformation y, (0 S t S 1), of Yo(p) into the map given by y¥i(p) = 1, the 
identity in G,4,. Therefore the codrdinate system ti (= £9) may be deformed 
into (= £1): Thus 
Ei(p, g) = ve(p){Ei(P, @)}, 


remembering that y;(p) is a rotation of So into itself. Therefore the map of 


A;*" in G41, which is defined by £; and 7, is homotopic to the above map p — ¢p ? 
and hence determines the same element a; € 7,-(G,4:). Let By be an oriented 
r-simplex, which is common to A;*' and to Aj” and let m(p, 9) be any coordinate 
system for Bx , which coincides with n(p, q) in Bx. Then the map &7"', of By 
in G,41, together with the map £m ’, in which the orientation of By is reversed, 
determine an element 8, € 7,-(G,4:). It follows from a similar argument to the 
one just given that the same element, 8) , is determined by 7, m and a coordinate 
system £; for A‘, Thus, if is constructed in such a way that 1, m and &; 
determine a given element 6, then 7, m and £; lead back to the same ele- 
ment P, . 

After these preliminaries it follows from arguments which are similar to some 
of those used by E. Stiefel’ and by Eilenberg' that 


4 crt in :: aAt” 


is a co-cycle, with coefficients in 7,(G,4:), 
2. If C’*! ~ 0, then S(K") is simple in K™’. For this is obviously so if 
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ct = 0. If Cc" # but ~ 0, then the codrdinate system n may be re- 
placed by one for which the corresponding co-cycle vanishes. 

Since S(K") is orientable by hypothesis, it follows that it is simple in K', 
and we have the theorem: 

THEOREM 2. If the (r + 1)-dimensional co-homology group of K” vanishes for 
eachr = 1,---,n — 1, with coefficients in ,(G,41), then any orientable sphere- 
space S(K"), in which the associated spheres are v-dimensional (v > 0), is simple. 

If the 1-dimensional co-homology group of K” vanishes with integral coeffi- 
cients, reduced mod 2, then any sphere-space S(K") is orientable. Also the 
co-homology groups vanish with all coefficients if they all vanish with integral 
coefficients. Hence we have the corollary: 

Corotuary. If all the co-homology groups of K" vanish, with ean coeffi- 
cients, then any sphere space S(K") is simple. 

Notice, on the other hand, that no condition is imposed on on (r + 1)- 
dimensional cohomology groups for those values of r such that 7,(G,,:) = 0. 
Do you know if there are any, beyond r = 2, for any v > 1? 

We also have, for the reasons indicated in my paper on homotopy types: 

THEeorEM 3. If a differentiable n-dimensional manifold admits an absolute 
parallelism, then its normal sphere-space in R°’"** (k > 0) is simple. 

In the paper on homotopy types I was interested only in finite (i.e. closed or 
bounded) manifolds. But this theorem is obviously true in general, provided 
one requires the manifold to be a closed, but not necessarily compact, sub-set 


of rr 


BALLIOL COLLEGE, OxForD. 


Vol. 


en 





€ re- 
K 


s for 
ere- 
ple, 
effi- 
the 
rral 


ANNALS OF MATHEMATICS 
Vol. 41, No. 4, October, 1940 


REGULAR CYCLES OF COMPACT METRIC SPACES 


By N. E. Steenrop 
(Received February 15, 1940) 


Introduction 


It has long been remarked that Vietoris cycles as originally defined are not 
entirely adequate for expressing the connectivity structure of a space. Vietoris 
noted this in his initial paper’ when he pointed out that a solenoid in euclidean 
3-space possesses no non-bounding convergent 1-cycles (integer coefficients) 
though it can be linked by 1-cycles of the complement. On the surface there 
appear to be two possible reasons for this inadequacy: (1) the condition that a 
cycle converge is too strong, so that there are too few cycles, (2) the condition 
that a convergent cycle bound is too weak, so that too many cycles bound. 

Pontrjagin solved the difficulty in one way by introducing compact coefficient 
groups.. The compactness enabled him to force convergence. This provided 
him with a sufficiency of cycles to permit a complete generalization of the 
Alexander duality theorem to compact spaces. An earlier noteworthy attempt 
to remedy the situation were the true cycles of Alexandroff.* Here no con- 
vergence requirement was made. Enough cycles of this type exist to prove 
theorems on dimension. However the success of the Pontrjagin method has 
led to their neglect. More recently Lefschetz has considered a new type called 
projection cycle. The condition that such a cycle bounds is very stringent. 
They appear therefore to answer objection (2). 

In this paper we propose a new type of cycle. In essence it is a single infinite 
cycle (in the compact metric space X) with the (regularity) requirement that 
the diameters of successive simplexes shall converge to zero. These cycles lead 
to homology groups H*(X) which are new topological invariants. The Vietoris 
homology group of one less dimension V*'(X) proves to be a homomorphic 
image of H*(X). Explicitly, to each Vietoris cycle there corresponds a regular 
cycle of one higher dimension and conversely. However to certain bounding 
Vietoris cycles there correspond non-bounding regular cycles. In this way we 
succeed in strengthening the requirements for bounding, and thus answer objec- 
tion (2) above. An element of the kernel A%(X) of the homomorphism 
H‘ — V*~ proves to be representable as the sum of the components of a true 


'L. Vietoris, Uber den héheren Zusammenhang kompakter Réume, Math. Ann., 97 (1927), 
454-472, 

* L. Pontrjagin, The general topological theorem of duality for closed sets, Annals of Math., 
35 (1934), 904-914. 
*P. Alexandroff, Dimensionstheorie, Math. Ann., vol. 106, pp. 161-238. 
‘S. Lefschetz, On chains of a topological space, Annals of Math., 39 (1938), 383-396. 


833 




















inti. tani i> rca 


aint 


834 N. E. STEENROD 


cycle. In this way true cycles reappear in a new light. Since true cycles were 
constructed to answer objection (1), it would seem that regular cycles answer 
both. 

There is a ‘duality theorem” for the regular cycles of a closed set X in an 
n-sphere S". If K = S" — X isan infinite complex, and H“(K) is the homology 
group of the infinite g-cycles of K, then H"(K) = H*(X). Thus the groups 
H‘(K) are now proved to be topological invariants of X. It is important in 
this result that H“(K) is the difference group Z* — B* where Z* is the group 
of infinite cycles, and B‘ is the subgroup of bounding cycles—not the closure of 
this group. The difference B‘ — B* is precisely the subgroup A(X) of H"(X),. 
The definition H*(K) = Z* — B* has been accepted as standard in the past 
since this led to a topologized homology group isomorphic to V*'(X). How- 
ever the untopologized groups Z* — B* have recently been shown by Eilenberg’ 
to be closely related to the homotopy properties of S" — X. The results of 
Kilenberg led to this investigation. 

The essentially new invariant H%(X) proves to be zero whenever X is suffi- 
ciently simple, e.g. whenever X is locally connected in all dimensions in the 
sense of homology. It is likewise zero whenever the coefficient group is com- 
pact. However if X is a solenoid and integer coefficients are used, H'(X) has 
the power of the continuum. This result together with those of Eilenberg 
show that the complement of a solenoid in a 3-sphere admits essential maps 
on a 2-sphere. 

A topology can be introduced in the group H*(X) (for example, through its 
isomorphism with H“(K)). This topology is not very satisfactory since a point 
is not closed. The zero has H%(X) as its closure. For this reason we regard 
H*(X) only from the algebraic point of view throughout. 


I. The homology group of the infinite cycles of a compact metric space 


In this section we shall define new groups associated with a compact metric 
space X. For each coefficient group @ and each dimension gq, we shall define a 
group H*(X) called the homology group of the regular g-cycles of X. All 
complexes considered will be simplicial, composed of a countable number of 
simplexes, and the star of any vertex shall be finite. A g-chain of a complex K 
is a function defined over the g-simplexes of K with values in the abelian 
group &. In case all but a finite number of coefficients of the chain are zero 
we shall call it a finite q-chain. The notions of boundary and cycle are as 
usual. The boundary operator is denoted by F. 

Derinition 1. A regular map of a complex K in X is a function f defined 
over the vertices of K with values in X such that, for any « > 0, all but a finite 
number of simplexes have their vertices imaging into sets of diameter < «. 

DEFINITION 2. A regular q-chain of X is a set of three objects: a complex A, 
a regular map f of A in X, and a qg-chain C‘’ of A. In symbols: (A, f, C%). If 





°S. Eilenberg, Cohomology and continuous mappings, these Annals, 41 (1940), 231-251. 
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(“is a q-eyele, (A, f, C*) is called a regular q-cycle of X. We shall omit the 
word regular since all chains considered will be of this type. 

DEFINITION 3. Two q-cycles (A1, fi, Cf), (Az, fe, Cf) of X are homologous 
(written ~) if there exists a (q + 1)-chain (A, f, C*™) such that Ai, Ao are 
closed (not necessarily disjoint) subcomplexes of A, f agrees with f; on A; and 
fon Ay, and FC* = Cf — C3. 

The relation ~ is symmetric since F(—C*’) = Cf — Cf. It is reflexive; 
for, if (A, f, C*) is a q-cycle, the q-chain (A, f, 0) is such that F(0) = C* — C*. 
Finally the relation is transitive; for, if (A:, fi, Cf) (¢ = 1, 2, 3) are three 
cycles, the first two being homologous by virtue of the chain (Az, fiz, Ciz'), 
the second two by virtue of (Ao3, fos, C#3'), we can form the complex A com- 
posed of Az and Ass matched in their common part Az, and define a function f 
equal to fiz on Aye and fos on Ags , then the first and third cycles are homologous 
by virtue of the chain (A, f, Cfz' + C"). 

These results show that the g-cycles of X divide up into mutually exclusive 
homology classes; two cycles are in the same class if they are homologous. 

Derinition 4. If (Ai, fi, Cf), (Az, fe, C2) are two chains of X, their sum is 
the chain (Ay + Ae, f, Ci + C2) where Ai + Ag is the logical sum without 
identifications, and f is fi; on A; and fo on Ae. 

Lemma 1. The sum of two homology classes of regular q-cycles is uniquely 
defined as the homology class containing the sum of any two representative cycles. 

If (Ai, fi, CD ~ (Ai, fi, CY) by virtue of (B;, gi, CT") where i = 1, 2, 
then the sum (B, + Be, g, C?*' + C$*") effects the homology }vini (Ai, fi, C2) ~ 
yiet (A;, fi, CY). This shows that the homology class of the sum does not 
depend on the representative cycles chosen. This proves the lemma. 

THEOREM 1. The addition of homology classes defined in Lemma | satisfies the 
axioms for a commutative group. The group H*(X) so defined is a topological 
invariant of X and is called the homology group of the regular q-cycles of X. 

Inspection of Definition 4 shows that addition of homology classes is both 
commutative and associative. All cycles of the form (A, f, C*) where C’ = 0 
are in one class; for, if two such are given, the (q¢ + 1)-chain (Ai + Ae, f, C*"’) 
where C*** = 0 effects the desired homology. This class is the zero element of 
the group. For, if (Ai, fi, 0) is such a cycle and (Az, fe, C*) is an arbitrary 
cycle, their sum (A; + Az, f, C*) ~ (Az, fe, C*) by virtue of the (q + 1)-chain 
(Ai + Az, f, 0). Finally the negative of the class containing (A, f, C*) is the 
class containing (A’, f’, —C”) where A’, f’, C” form a system isomorphic to 
A, f, C*. For the complex A + A’ can be regarded as the two ends of the 
product complex of A with a line segment J, A X I can be simplicially subdivided 
without introducing any vertices’ in addition to those of A and A’, the map g 





° Order the vertices of A in a sequence {V"}. Let V} = V"X0,V;=V"X1. Ife= 
Voy... Via, ig <i, < +++ < ig, is asimplex of A, we introduce in A X I the simplexes 
Voo--+ Vgevik... Via, k= 0, 1, ---, g, together with their faces. The prism o X J has 
then been subdivided into the chain } £9 (—1)*V9° --- VatVi#--- Vise. 
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equal to f on A and f’ on A’ is regular on A X J, and C* + (—C”) ~ Oin 
A XI. Thus all the group axioms hold. 

Due to the compactness of X the notion of a regular map of a complex in X 
is a topological notion. The topological invariance of H‘(X) follows imme- 
diately. 

THEOREM 2. If X and Y are compact metric spaces and g is a continuous map 
of X and Y, then g transforms a cycle (A, f, C*) of X into the cycle (A, gf, C*) of Y 
and thereby induces a homomorphism of H*(X) into H*(Y). If go and g, are 
homotopic maps of X in Y the induced homomorphisms are the same. 

The first statement is immediate since the indicated cycle transformation 
carries sum into sum and homologous cycles into homologous cycles. 

To prove the second part it suffices to show, for any cycle (A, f, C*) that 
(A, gof, C’) ~ (A, mf, C*). Let g(a, t), (0 S t S 1), be a function effecting 
the homotopy of go into g;. Let A X I be the product of A with the unit 
interval J = [0, 1]. For each vertex a e A we map the edge a X I according 
to the rule ¢(a, t) = g(f(a), t). Then ¢ agrees with gf in A X 0 and gif in 
A X 1. We now define a subdivision of A X J into a simplicial complex so 
that ¢ will be a regular map. Order the vertices of A in a sequence {a"}. On 


the edge a" X J introduce the new vertices b; = (a", s/n + 1), (s = 1,2, --- , n). 
If o” = a’... a’? is a simplex of A where % < % <--- < tp, we set b,* = 
(a’*, 1), (s = % + 1,---,2,). Introduce in the prism o” X I the new p-sim- 


plexes b}°b;! .-. bi? (s = 1, 2,---,7,). These divide the prism into % + 1 
non-degenerate prisms and 7, — % degenerate ones. The map ¢ as defined 
over the vertices of this subdivision of A xX I into a cell complex is clearly a 
regular map. ‘To complete the proof we have only to subdivide again without 
introducing new vertices’ so that A X J is simplicial. 

To appreciate the following definition observe that, if C‘ is a finite cycle of A 
and f is regular then (A, f, C*) ~ 0; for, we may add to A the join of C* with 
a new vertex P and define f(P) arbitrarily, then f is still regular and C* ~ 0 
in the larger complex. 

DeFINITION 5. A cycle will be called a weakly bounding cycle if it is homol- 
ogous to a cycle (A, f, C*) such that C% is the sum of a countable number of 
finite cycles of A. 

Any bounding cycle is weakly bounding; for, if C* is the boundary of C*” 
in A, it is the sum of the boundaries of the individual terms of C**’. It is 
likewise clear that the sum of two weakly bounding cycles is a weakly bounding 
cycle. 

DEFINITION 6. The subgroup H%(X) of H*(X) composed of classes of weakly 
bounding cycles is called the gq weak homology group of X. 

The following results are immediate. 

THEOREM 3. The weak homology groups of X are topological invariants of X. 
A homomorphism H“(X ) — HY) induced by a continuous map g of X in Y 
sends H*(X) into H*(Y); and this homomorphism is invariant under a homotopic 
deformation of g. 
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Remark. Note that H°(X) = Oforevery X. Suppose (A, f, C°) is a 0-cycle. 
Let A° be the set of vertices of A, and form the product of A° with the half 
line L:0 S$ 2 < @. Clearly C° bounds in A®° X L. If V is a vertex of A, 
set ((V, ) = f(V) forO S x < w. Then fis a regular map of A + A° X L. 


II. Relation of a closed set to its complement in n-space 


The object of this section is to prove our principal result. 

TueorEM 4. If 2 is a closed n-cell, X a closed set contained in the interior of >, 
and K a realization of & — X as an infinite simplicial complex, then the homology 
groups of the infinite q-cycles of K and of the regular q-cycles of X are isomorphic. 

The proof depends on the following notions. 

DeFIniTION. If Y is a metric space and X a compact subset, a regular map f 
of the vertices of a complex A in Y is said to be regular relative to X if, for each 
«> 0, dist [f(V), X] < ¢ for almost all vertices V of A. In case f is regular 
relative to X the chain (A, f, C*) is said to be regular relative to X. Clearly 
(A, f, FC") is likewise regular relative to X, so homology groups may be defined. 

THEOREM 5. The homology group of the infinite q-cycles regular relative to X 
of Y is isomorphic to the homology group of the regular q-cycles of X. 

Let @ be a function which assigns to each point of Y one of the points of X 
nearest to it. If f is a regular map relative to X of A in Y, it is easy to see 
that ¢f is a regular map of A in X. Thus to each cycle (A, f, C*), regular 
relative to X of Y, is attached the cycle (A, of, C*) of X. These two cycles are 
homologous relative to X in Y; for the map of the product A X J of A witha 
line segment J = [0, 1] which is f on A X 0 and ¢f on A X 1 is regular relative 
to X. Next any regular map f of A in X is a regular map relative to X of A 
inY. Therefore ¢ does not change the homology class to which a cycle regular 
relative to X belongs. Finally, if the cycle (B, g, C*) of X bounds the chain 
(A, f, C"*) regular relative to X of Y, it also bounds the chain (A, ¢f, C*"’) of X. 
These facts suffice to prove the theorem. 

We can now give the proof of Theorem 4. We first apply Theorem 5 using 
Y = Y. Now observe that the identity map y of K is regular relative to X. 
The map y therefore induces a homomorphism of the homology group of the 
infinite g-cycles of K into the same group of = relative to X. To establish that 
this is an isomorphism we have but two things to prove: 

(1) if a cycle (K, y, C*) ~ 0 relative to X in = then C’ ~ O in K, 

(2) every cycle regular relative to X in 2 is homologous relative to X in = 
to a cycle of the form (K, yw, C%). 

Both of these will be proved by an application of the Veblen-Alexander deforma- 
tion process. 

Let A be a complex and f a regular map relative to X of A in 2. Let A 
be a geometric realization of A and let f be the linear extension of the map f 
of A in ¥ to all of A. Let L be the set of points of A mapped by f into X. 
Since L is closed, a succession of subdivisions of A leads to a subdivision of 
A — L into an infinite complex B. Then f(B) C K and is a regular map 
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relative to X. We may suppose moreover that the subdivision of B is so fine 
that the Veblen-Alexander deformation can be applied to give a simplicial 
approximation g to f of Bin K. Set g = f on L so that g is continuous on J, 

To prove (1) suppose (K, ¥, C*) bounds the chain (A, f, C*™”) of © relative 
to X. Then A > K andf = yon K. The subdivision of A replaces C%, (**! 
by their subdivisions CY, C7" and since g is a simplicial approximation to the 
identity on K, it carries C{ back into C‘ and carries C{™ into a chain of K 
whose boundary is C’. 

To prove (2) suppose (A, f, C*) is a cycle relative to X of 2. Let I be the 
interval [0, 1] and map the product A X I in = by letting the map h be f on 
A X Oand gon A X 1 and linear between. The open set A X I — LX 1 
may be subdivided into a simplicial complex without touching A X 0 and so 
that A X 1 — L X 1 is the complex B X 1. Then C* X 0 is homologous in 
A X I — L X 1 to its subdivision C{ in B X 1. Since the map A of 
A X I — L X 1is regular relative to X, we have that (A, f, C*) ~ (B, g, Cf) ~ 
(K, ¥, 9(CD). : 

It is of interest to determine the group of K that corresponds to H*(X) under 
the isomorphism of Theorem 4. If a cycle of K is a sum of finite cycles, then 
clearly it is a weakly bounding cycle regular relative to X. Conversely suppose 
(A, f, C’) is a regular cycle of X, and C* = >> C7 where C7 is finite. Let {Kj} 
(K, = 2) be a decreasing sequence of closed polyhedral neighborhoods of X 
whose intersection is X and such that the boundary of K; is a subcomplex K; 
of K. We may suppose that K; is a finite complex under a subdivision agreeing 
with that of K; , and that the mesh e; of this subdivision > 0 asi— o. Extend 
f linearly toa mapf of A in =. By adding successive Cf and renumbering, we 
can arrange that f(C?) C K;. Deform f(C?) homotopically into a simplicial 
approximation g(C?). The associated deformation chain C%** has mesh < 
2e; + mesh C7. Since g(C?) bounds in &, it is homologous in K; to a cycle Df 
of the complex K; : FD{*' = g(C?) — D?. Then D* = >> D7 is a cycle of K. 
Since Df" has mesh ¢;, A + >> (D?*’ + Cf") is mapped regularly relative 
to X. Thus (A, f, C*) ~ (K, y, D*) and we have proved: 

Corotiary. Under the isomorphism of Theorem 4, H*(X) corresponds to the 
homology group of those infinite q-cycles of K which are sums of finite cycles. 


III. Relation to the Vietoris Group 


The result of the last section together with known duality theorems show 
that, in case the coefficient group G is compact, the group H*(X) of the regular 
q-cycles is isomorphic with the Vietoris' group V(X) of dimension q — 1; 
for each is the character group of the (n — q)-homology group of 2 — X based 
on finite cycles with coefficients from the character group @* of G. However 
when @ is not compact this is not always the case. The exact relation is 
embodied in 

THEOREM 6. For an arbitrary coefficient group @ the Vietoris group of X of 
dimension q — | is isomorphic to the difference group of the homology group of the 
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regular q-cycles by the homology group of the weakly bounding g-cycles: V“'(X) = 
H"(X) — H*(X). 

To the regular g-cycle (A, f, C*) we attach a Vietoris (g — 1)-cycle r as 
follows. Let {Ai}, 7 = 1, 2,---,be an expanding sequence of open finite 
subcomplexes of A whose sum is A. Let Cf? be the part of C‘in A;. Let A; 
be the closure of A; and set y; = (A; — A;,f, FC?). Since the sum of the A; 
is A and f is regular, for all sufficiently great 7, y; is an e-cycle of dimension 
q—1of X. Since FC] ~ FCi,: on Aix; — Aj, for a given 6 > 0, 7; is &-homol- 
ogous to yi: for almost all i. Therefore '' = {y;} is a Vietoris cycle. 

If we pass to a subsequence of the A; the new Vietoris cycle is a subsequence 
of the old and therefore homologous to it. If A is expressed in some other 
way as the sum of an expanding sequence {A;} of open subcomplexes a subse- 
quence of this and a subsequence of the first can be interlocked to form a third 
expanding sequence. This shows that the homology class of I does not 
depend on the choice of the sequence A; and is therefore uniquely determined 
by (A, f, C*). 

Now suppose (A,, fi , CZ), (Az, fe , C2) are homologous by virtue of the chain 
(B, f, C™). Express B as the sum of an expanding sequence {B,}. Then 
Foy" = Ci; — Ch + Di where D? is in B; — B;. Therefore FD? = 
FC}; — FC{;. Since, for « > 0 and almost all 7, (B; — B;, f, D?) is an echain 
the Vietoris cycles 'f", 'f* are homologous. Thus to each element of H*(X) 
is assigned an element of the Vietoris group V*'(X). This is a homomorphism; 
for the sum cycle (A; + Az, f, Ci + C2) corresponds to {y1; + vei} if we choose 
A; = Ay + Ba. 

We now show that each weakly bounding regular cycle is assigned to a 
bounding Vietoris cycle. Suppose C* = Dy Ci where Cj is a finite cycle of A. 
Choose an n(i) such that A; does not meet )-%4, Ci. Then Dor Cz = Ci — Dt 
where D$ lies outside A;. Choose a j such that A; D D?. Then (A; — Ai, 
f, D}) is a chain of X whose boundary isy;. Since f is regular, this is an e-chain 
for a given ¢ > 0 and all sufficiently great 7. Therefore '™" ~ 0. 

Conversely suppose the Vietoris cycle I, corresponding to the cycle 
(A, f, C’), is bounding. Then 7; bounds an ¢-chain (B;, ¢;, Di) where ¢; — 0. 
Let B = A + )> B; where for each 7 we identify the simplexes of FC{ in A 
with those of FD? in B;. Extend f to all of B by setting it equal to ¢; on B;. 
Then f is a regular map of Bin X. Let C{ = C{ — D{ and C? = Ci — Ci. — 
Di + Di, fori > 1. Since FC? = FD$, C% is a finite cycle of B. Since Cf 
lies outside Ai, + Doi "B,, the infinite sum }>) C! exists. Finally since 
dit Cf = C41 — D4 we have C* = oP Cf. Therefore (A, f, C’) ~ (B, f, C’) 
is a weakly bounding cycle. 

Now let '™* = {y,} be an arbitrary Vietoris cycle; we shall find a cycle 
(A, f, C*) corresponding to it. Let (A;, f;, Df) be a 6,-chain effecting the 
§:-homology yi ~ y:. Let Dé be the join of 7; with a new vertex Vo and let 
Ao be the complex carrying Dj. Let A = >oo A; where A; is identified with 
A;, along their common part yi. Let f = f; on A; for i > 0 and define 
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f(Vo) arbitrarily in X. Then, since 6; — 0, f is a regular map and (A, f, 9 D’) 
is a q-eycle whose corresponding Vietoris (q — 1)-cycleisT*”. This completes 
the proof of Theorem 6. 


IV. Fundamental complexes 


In section I we defined the homology group of the regular q-cycles of X by 
a procedure analogous to that of Vietoris.. In this section we shall parallel 
the procedure of Cech’ and show that this group can be defined by using a com- 
plete family of covering complexes. The first procedure has the advantage 
that the groups and operations on them are obviously topologically invariant 
while the second procedure will be useful for computing the groups and proving 
theorems about their structure. 

Since X is a compact metric space there exists a sequence ¢, , n = 0, 1, 2, --- , 
of finite coverings by open sets such that ¢, is a refinement’ of ¢,_;, and each 
finite covering of X by open sets has some ¢, as a refinement. If €, is the 
maximum of the diameters of the sets of ¢, , this latter property insures that 
é, — 0. Let K, be the complex nerve’ of ¢,. For each vertex (open set) V 
of ¢, we choose some one of the vertices V’ D V of ¢n_1, define rV = V’ and 
obtain a simplicial map (projection) 7 of K, in K,_;. For convenience we shall 
suppose that ¢ consists of the single set Vo = X so that Ko is a vertex. We 
extend the definition of 7 by agreeing that tV) = Vo. 

In terms of {K,,} and z we shall construct a complex K which we shall call a 
fundamental complex” for X. The complexes K, shall be disjoint subcomplexes 
of K, K,, is called the n™ section of K. For each n and each simplex o ¢ Kni1 
we shall introduce in K the prismatic deformation cell Do of « whose boundary 
is (inductively) rs — « — DFo. We then order the vertices of Kn; write the 
vertices V"°, V"', -.. , V'* of o in their natural order and subdivide De simpli- 
cially® into the simplexes V*° ... VV" ... eV‘, k = 0,1, ---, g, and their 
faces. In this way K is a simplicial complex. (Geometrically K is realized 
from the K, by introducing between K,.; and K, line segments joining cor- 
responding points under 7). 

It will be useful to extend the definition of + and 9 to all ae of K. 
This requires that we order the vertices of K,4: after we have ordered those of 
K,, and do this in such a way that for two vertices V, V’ of Kn4: in the order 
V <V’then rV < xV’. Then, for any simplex o = V‘°... V'¥rV'#t! ... eV" 


7E. Cech, Théorie générale de Vhomologie dans un espace quelconque, Fund. Math., 19 
(1932), 149-183. 

§ This means that each open set of ¢, is in some open set of dn_1 . 

* The vertices of K, are the open sets of ¢, ; a set of vertices are those of a simplex if the 
open sets have a non-vacuous intersection. 

1° This notion is due to Lefschetz, Topology, Colloquium Lectures Amer. Math. Soc., 
(1930), pp. 325-333. 
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(ip < +++ < te S teys <--+ < 4%) of a deformation cell, we can define its 
projection mo to be rV"° .-- rV"a' Vi"! ... a V" and 

k 
De = > (—1)'V* ... Vite 20. eV 

i=0 


~ 2. (—1)'xV* 20. eV Vv"... PV, 
=k+1 

It then follows” that FDe = ro — ¢ — DFo. (Geometrically D is a homotopy 

carrying each point of K one step nearer Ky along the projecting lines). 

Let C*(K), Z*(K), B*(K) be the groups of infinite g-dimensional chains, 
cycles, and bounding cycles of K with coefficients in G. The difference group 
H"(K) = Z*(K) — B*(K) is called the homology group of the infinite g-cycles 
of K. Let H%(K) be the subgroup of H*(K) composed of those elements repre- 
sentable by infinite sums of finite cycles. A cycle homologous to such a cycle 
we call a weakly bounding cycle. 

THEOREM 7. Jf K is a fundamental complex for the compact metric space X, 
then H*(K) is isomorphic with H*(X) (see Theorem 1). Under this isomorphism 
the subgroups H*(K) and H*(X) correspond. 

We define a regular map f of K in X as follows: if V is a vertex of K (i.e. an 
open set of X) we choose a point P of V and set f(V) = P. If a simplex a is 
in the n* section K, of K, then, since diam V S e, for each vertex V of K, 
and the V’s corresponding to the vertices of o intersect, diam f(¢) S 2e,. By 
a similar argument, diam f(Dc) S 2en1. Since e, — 0 the map f is regular. 

The map f assigns to each cycle C’ of K the cycle (K, f, C*) of X. If FC" = 
Ci — Cz, then the cycles (K, f, Cf) and (K, f, C2) are homologous by virtue of 
the chain (K, f, C’’). In this way f determines a map of H‘(K) in H*(X). 
To prove that this is a homomorphism we must show that (K, f, Cf + C2) ~ 
(K, f, Cl) + (K,f, CZ). The product complex K X I where J is the unit interval 
is mapped in a regular fashion in X by the function g identical with f on K X 0 
and K X 1. Obviously Ci X 0+ C2 X0~Ci XK0+ C2 X lin K X J and 
the desired result is proved. Clearly f maps A%(K) into Al"(X). 

To prove that f maps only bounding cycles into such, we consider an arbi- 
trary cycle C* and suppose that (K, f, C’) ~ 0. This means that there is a 
complex K* D K, a regular extension of f to K* and a chain C*” of K* with C’ 
as boundary. We shall define a chain retraction \ of K* in K (i.e. \ is the 
identity on K). For each vertex V of K we set \V = V. Order the vertices 
of K* — K in a sequence and define \ stepwise as follows: AV is a vertex V’ 
of K, if V’ D f(St V) and n = n(V) is the largest integer such that K, contains 
a vertex V’ with this property; if no such largest integer exists we choose an 
n(V) one greater than that of any vertex preceding V, and a vertex V’ of K,, 
containing f(St V). For any o e K* — K, let n(c) be the smallest of the inte- 





" The proof of this, while lengthy, is entirely mechanical. 






































= r 
Sea ah 


























ee ee 








842 N. E. STEENROD 


gers n(V) associated with its vertices (if V isin K,,(V) = V). If C is any 
finite chain lying on and beyond the n‘ section of K, denote by 2,(C) the pro- 
jection of C in K,, and let %,C be the associated deformation chain: FY),C = 
r,C — C —9),FC. We extend the definition of \ to the simplexes of K* — K 
considering them in the order of their dimensions. Suppose \ has been defined 
on all simplexes of dimension < k so as to satisfy the following requirements: 
(1) AF = P), (2) Xo lies on and beyond Kaw) ) (3) Tn(a)AT = Tro) where the 
latter chain is the simplex of K, 2) whose vertices are the projections in K,,.) 
of the images of the vertices of o in K (the existence of this simplex is assured by 
AV Df(St V)). Consider now a simplex o of dimension k. If ¢ is in K, we set 
\o = o and observe that (1), (2), and (3) still hold. If ¢ isin K* — K, then 
\Fo is defined. For any face o’ of «, we know that n(o’) = n(c), consequently 
by (2) and (3) taw@AFo = troko. We now set Ao = tayo — DawdAFo. Then 
Pro = ta Fo — tiodFo + AFo = Fo, so that (1) holds. Property (2) 
holds by definition. Since any deformation cell of K projects into zero under 
rn, We Obtain t,@)AT = Ta(o)F = Trios, 80 (3) holds. Since f is a regular map 
of K* in X, for only a finite number of vertices can n(V) be less than a fixed 
integer. Since K* is locally finite and since (2) holds, it follows that any simplex 
of K is contained in the image of at most a finite number of simplexes of K*. 
Thus J is a true chain retraction of K* into K. Since AF = FP), we obtain 
F\C™" = C*. This completes the proof that f maps only bounding cycles into 
such. 

To complete the proof of Theorem 4 we must show that any cycle (A, g, C*) 
is homologous to a cycle of the form (K, f, Cf); and if C‘ is a sum of finite cycles 
so also is C{. Perform the construction of the last paragraph on the complex 
K* = K+ A. Weshall prove that (K, f, \C*) ~ (A, g, C*) by imbedding K* 
in a complex K’ as follows. The vertices of K’ shall be those of K* and each 
simplex of K* shall be in K’. Furthermore if oe A has U°, U’,... , U% as its 
vertices and V',.-. , V" are the vertices of the chain dc, then U°,.-. , U%, 
V',--., V* shall be the vertices of a simplex of K’ as also each of its faces. 
Let h be the map of K’ in X equal tof on K andgon A. Then K’ isa locally 
finite complex and h is a regular map. Since for each o € A, o and da lie on a 
simplex of K’, we can define, inductively on the dimension, a deformation 
operator in K’ associated with the chain transformation \. In this way C* C A 
is homologous in K’ toAC’ Cc K. If C* isasum of finite cycles then AC‘ is the 
sum of the images under \ of these cycles. This completes the proof of 
Theorem 7. 

Remark I. Theorem 7 provides an easy proof that, if G is compact, any 
weakly bounding cycle of X is bounding, and therefore H*(X) = 0. Since the 
group C*"'(K) of (q + 1)-chains of K is the unrestricted direct sum of a count- 
able number of summands each isomorphic to @ and @ is compact, C*’(K) 
is likewise compact. Since F is a continuous map of C**'(K) on B*(K) the latter 
group is likewise compact and therefore closed in Z‘(K). Now any finite cycle 
of K can be deformed into Ky by a finite number of iterations of 9, and is there- 
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fore bounding. ‘Thus any sum of finite cycles is a limit of bounding cycles and 
therefore lies in the closure of B‘(K). Since this group is closed any sum of 
finite cycles of K is bounding. 

II. The question naturally arises as to what cohomology theory corresponds 
to the homology theory of H*(X)? The proof of Theorem 7 shows that this 
question reduces to the same one for a fundamental complex K of X. The 
finite g-cocycles of K (coefficients in @) are dual to the infinite g-cycles of K 
(coefficients in the compact group @* of all characters of G). Since G* is com- 
pact, H*(K) is V7 '(X); and therefore the q** cohomology group of K (finite cocycles) 
is the usual (q — 1)8* cohomology group of X. As for infinite cocycles, each such 
is the coboundary of an infinite chain. This is seen as follows. K is homotopic 
to the point Ky , each point moving along the projecting lines of K. This can 
be made a chain homotopy so that to each simplex o” is assigned a deformation 
(p + 1)-chain Do”. The dual chain transformation attaches to every o” an 
infinite (p — 1)-chain D*o” (composed of those (p — 1)-simplexes sweeping 
out o” during the homotopy). If F* denotes coboundary, the usual homotopy 
relation F*9)*o” = —o” — D*F*o” holds. Since D*o” follows o” in the natural 
order along K, D*C” can be defined linearly for any infinite chain. If C” is a 
cocycle then F*(—D*C”) = C”. It may seem surprising that this should be 
true of K and yet not true of the complex 2 — X of Theorem 4. However the 
construction in the proof of Theorem 4 applied to K defines a chain transforma- 
tion of K in 2 — X attaching to a simplex of K a possibly infinite chain of 

— X. Consequently, the dual chain transformation of 2 — X in K is de- 
finable only for finite cochains of > — X. 


V. Weakly bounding cycles 


In this section our object is to show how to compute the homology group 
H"(X) of the weakly bounding cycles in terms of the coefficient group @ and 
the Vietoris group V‘(X) based on real numbers mod | as coefficients (see 
Theorem 8). As a corollary it will follow that H*(X) = 0 for a space X which 
is sufficiently smooth locally. Another consequence is that Hf"(X) is expressible 
in terms of known invariants. We have seen, (Theorem 6) that this is also 
true of the difference group H*(X) — A%(X). We do not know whether H"(X) 
is always a direct summand of H‘(X). A positive answer would mean that 
H“(X) is likewise expressible in terms of known invariants. : 

We shall suppose we have at hand a fundamental complex K for X with the 
operations + and Y as defined in section IV. Let K’ be the subcomplex of 
K composed of the sum of the sections Ky, Ki, ---, Kn, --: 

Lemma 3. A weakly bounding cycle on K is homologous to a cycle on K’. 
Conversely any cycle on K’ is weakly bounding. 

The second statement is immediate since K’ is a sum of finite disjoint com- 
plexes; so any cycle on K’ must therefore be a sum of finite cycles. 

For the first part, let C* be a finite cycle of K. We define AC“ as follows. 
Choose the first section K, which contains a face of C* and deform C* along the 
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gers n(V) associated with its vertices (if V isin K,,n(V) = V). If C is any 
finite chain lying on and beyond the n section of K, denote by 2,(C) the pro- 
jection of C in K,, and let %,C be the associated deformation chain: F'9),C = 
r,C — C —9Y,FC. We extend the definition of \ to the simplexes of K* — K 
considering them in the order of their dimensions. Suppose \ has been defined 
on all simplexes of dimension < k so as to satisfy the following requirements: 
(1) AF = PA, (2) Ao lies on and beyond Kyye) , (3) tnw)Ao = noo Where the 
latter chain is the simplex of K,2) whose vertices are the projections in K,,,) 
of the images of the vertices of ¢ in K (the existence of this simplex is assured by 
AV Df(St V)). Consider now a simplex o of dimension k._ If ¢ is in K, we set 
\o = o and observe that (1), (2), and (3) still hold. If o is in K* — K, then 
\Fo is defined. For any face o’ of ¢, we know that n(o’) = n(c), consequently 
by (2) and (3) tnaw)AFo = taaFo. We now set \o = tree — Daw AFo. Then 
Pr\o = troFo — todo + Fo = Fo, so that (1) holds. Property (2) 
holds by definition. Since any deformation cell of K projects into zero under 
rn, We Obtain t,()\o = Ta(o)F = Trios, SO (3) holds. Since f is a regular map 
of K* in X, for only a finite number of vertices can (V) be less than a fixed 
integer. Since A* is locally finite and since (2) holds, it follows that any simplex 
of K is contained in the image of at most a finite number of simplexes of K*. 
Thus J is a true chain retraction of K* into K. Since AF = FP), we obtain 
FxC**' = C*. This completes the proof that f maps only bounding cycles into 
such. 

To complete the proof of Theorem 4 we must show that any cycle (A, g, C*) 
is homologous to a cycle of the form (K, f, Cf); and if C* is a sum of finite cycles 
so also is C{. Perform the construction of the last paragraph on the complex 
K* = K+ A. We shall prove that (K, f, \C*) ~ (A, g, C*) by imbedding K* 
in a complex K’ as follows. The vertices of K’ shall be those of K* and each 
simplex of K* shall be in K’. Furthermore if o € A has U°, U’, ..- , U“ as its 
vertices and V',---, V* are the vertices of the chain Ac, then U®,.--, U%, 
V',---, V* shall be the vertices of a simplex of K’ as also each of its faces. 
Let h be the map of K’ in X equal to fon K andgon A. Then K’ isa locally 
finite complex and h is a regular map. Since for each o € A, o and da lie on a 
simplex of K’, we can define, inductively on the dimension, a deformation 
operator in K’ associated with the chain transformation \. In this way C’ C A 
is homologous in K’ toAC’ Cc K. If C* isasum of finite cycles then AC‘ is the 
sum of the images under \ of these cycles. This completes the proof of 
Theorem 7. 

Remark I. Theorem 7 provides an easy proof that, if G is compact, any 
weakly bounding cycle of X is bounding, and therefore H*(X) = 0. Since the 
group Cc" (K) of (¢ + 1)-chains of K is the unrestricted direct sum of a count- 
able number of summands each isomorphic to @ and @ is compact, C*"’(K) 
is likewise compact. Since F is a continuous map of C**'(K) on B*(K) the latter 
group is likewise compact and therefore closed in Z*(K). Now any finite cycle 
of K can be deformed into Ky by a finite number of iterations of D, and is there- 
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fore bounding. ‘Thus any sum of finite cycles is a limit of bounding eyeles and 
therefore lies in the closure of B’(K). Since this group is closed any sum of 
finite cycles of K is bounding. 

II. The question naturally arises as to what cohomology theory corresponds 
to the homology theory of H*(X)? The proof of Theorem 7 shows that this 
question reduces to the same one for a fundamental complex K of X. The 
finite g-cocycles of K (coefficients in G) are dual to the infinite g-cycles of K 
(coefficients in the compact group @* of all characters of G). Since G* is com- 
pact, H"(K) is V* '(X); and therefore the q"" cohomology group of K (finite cocycles) 
is the usual (q — 1)8* cohomology group of X. As for infinite cocycles, each such 
is the coboundary of an infinite chain. This is seen as follows. K is homotopic 
to the point Ko , each point moving along the projecting lines of K. This can 
be made a chain homotopy so that to each simplex o” is assigned a deformation 
(p + 1)-chain Do”. The dual chain transformation attaches to every o” an 
infinite (p — 1)-chain D*o” (composed of those (p — 1)-simplexes sweeping 
out o” during the homotopy). If F* denotes coboundary, the usual homotopy 
relation F*9)*o” = —o” — D*F*o” holds. Since 9)*o” follows o” in the natural 
order along K, D*C” can be defined linearly for any infinite chain. If C”’ is a 
cocycle then F*(—D*C”) = C”. It may seem surprising that this should be 
true of K and yet not true of the complex 2 — X of Theorem 4. However the 
construction in the proof of Theorem 4 applied to K defines a chain transforma- 
tion of K in 2 — X attaching to a simplex of K a possibly infinite chain of 

— X. Consequently, the dual chain transformation of © — X in K is de- 
finable only for finite cochains of > — X. 






V. Weakly bounding cycles 


In this section our object is to show how to compute the homology group 
ff"(X) of the weakly bounding cycles in terms of the coefficient group © and 
the Vietoris group V*(X) based on real numbers mod 1 as coefficients (see 
Theorem 8). As a corollary it will follow that H*(X) = 0 for a space X which 
is sufficiently smooth locally. Another consequence is that H%(X) is expressible 
in terms of known invariants. We have seen, (Theorem 6) that this is also 
true of the difference group H*(X) — A%(X). We do not know whether A(X) 
is always a direct summand of H*(X). A positive answer would mean that 
H*(X) is likewise expressible in terms of known invariants. . 

We shall suppose we have at hand a fundamental complex K for X with the 
operations + and 9 as defined in section IV. Let K’ be the subcomplex of 
K composed of the sum of the sections Ky, Ki, ---, Kn, - 

Lemma 3. A weakly bounding cycle on K is homologous to a cycle on K’. 
Conversely any cycle on K' is weakly bounding. 

The second statement is immediate since K’ is a sum of finite disjoint com- 
plexes; so any cycle on K’ must therefore be a sum of finite cycles. 

For the first part, let C% be a finite cycle of K. We define \C“ as follows. 
Choose the first section K, which contains a face of C* and deform C* along the 
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projection lines of K into K, ; the resulting eyele of K, is AC‘. Now given 
any sum >> CJ of finite eyeles the sum >; AC! likewise exists, is homologous to 
it, and lies on K’. 

Lemma 4. If a cycle T of K’ bounds on K, tt is homologous in K’ to a cycle of 
the form rl’ — TY’ where TY’ isin K’. Conversely any cycle of this type bounds in K. 

Since zI’ ~ I” in K, the second part is immediate. For the first part, write 
lr = > v4 where yi C K,. Let K denote the cell complex composed of K’ 
and the deformation cells of simplexes of K’ so that K arises from K on subdivid- 
ing simplicially the deformation cells. Since I’ bounds in K, it bounds a chain 
A of K. Write A‘*’ in the form >> (A% + DAS) where AZ, A% are in K,.. 
Since A**’ has no boundary between K, and K,_1, A‘ must be a cycle. Since 
vy‘, is the part of FA’ in K, we have y4 = FAS + wA%y, — AL. Set Tr” = 
> Ai ; and we obtain Tl? ~ al” — I in K’. 

The last two lemmas show how to reduce the computation of H%(X) to one 
involving only K’ and z. We put these results together in 

Lemma 5. The group H*(X) is isomorphic to the difference group H%(K’) — 
L‘(K’) where L‘(K’) is the subgroup of elements of the form xx — x where x « H*(K’). 

Our immediate object now is to show that the torsion cycles of K’ all belong 
to L*(K’). We obtain this after a few prelirninaries. 

Lemma 6. If T is a cycle of K’ and xT is homologous in K’ to a cycle of the 
form xT’ — I”, then this is also true of YT. 

This follows from the computation 


T= of — (al —T) ~ al” — IY’ — (el — 2) = oll” — 2) —- (I - 2P). 


Lemma 7. JfT = i Yn )¥nC K,,, 18 a cycle of K’ and each y,, is a component 
of a Cech cycle (i.e. there exist cycles ni C Ki (i > n) such that wyni ~ Yn,i-1 
(> nm + 1) and mynn41 ~ Yn) thenT is in L'(K’). 

Letln = Dohnuyai. Then, —T,~ynin K’. Sincel, lies on )-%41 Ki, 
the sum IY = >°PT, exists and Tl ~ aI” — I”. 

Derinition. Let 7%(K,) be the torsion subgroup of the homology group 
H*(K,), i.e. those elements representable as linear forms with coefficients from 
© in torsion cycles with integer coefficients. Let 7"(K,) be the subgroup of 
T*(K,,) composed of components of Cech cycles. 

LemMa 8. To each integer n corresponds an integer k(n) > n such that 
wi?"T"(Kym) = T(K,). 

Consider first the special case when @ is the group of integers. Then 7%(K,) 
is a finite group. Let 7*(K,) be the common part of the projections of 7*(K;) 
in T"(K,) fori 2 n. Since these projections form a decreasing sequence and 
T"(K,) is finite, there is a k(n) > n such that T“(Kicn) projects into T*(K,). 
Then also 7°(Kicn)) projects into T*(K,), and therefore 7"(Knys) = T*(K;)- 
This means that 7*(K,) = T(K,); for, if yn € 7"(Kn) is given, we can choose 
successively 7; « T*(Ki), (i = n+ 1,n+2,---), such that ry = 7: - 

Consider now an arbitrary coefficient group G. Let 7*(K, , G) be the sub- 
group of those elements of 7T"(K, , @) representable as linear forms with co- 
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efficients in @ in torsion cycles with integer coefficients from 7“(K,). Then 
T"(Kin) , @) projects into T*(K, , @). Furthermore r7(Ky4,, @) = T(K, , 
@); for, if ie givi € T*(K, , G) is given, gi eG, ¥; « T"(K,), choose y; € T"(Kns1) 
such that TY: = 7:, then r>, 9x: = bo givi. It now follows as above that 
T(K,, ®) = 1(K,, &), and the lemma is proved. 

Lemma 9. The unrestricted direct sum ) uo T°(K,) is in L"(K’) (see 
Lemma 5). 

Suppose yn € 7"(K,), n = 0, 1, 2,---. If i = k(n), then, by Lemma 8, 
nr "y:€7%(K,). Therefore by Lemma 7, 2° "y; ~ aI’; — I; where I; lies in 
yori K;. Iteration of Lemma 6 shows that y; ~ al, — I; where I is in 

.414;. If, for a given 7, we choose the largest n such that 7 = k(n) (such 
an n exists since k(0) = 1) then IY = oP? I; exists and rx = al” — 1’. 

DeriniTion. Let S*(K,) be the reduced homology group H‘(K,,) — 7T%(K,). 
Since maps torsion cycles into such, x induces a homomorphism of S‘(K,,4:) 
in S*“(K,). Furthermore H‘%(K,) is” the direct sum 7%(K,) + S%(K,). Let 
S‘(K’) be the unrestricted direct sum }>%2o S"(K,). 

Since H‘(K’) is the unrestricted direct sum }> 720 H“(K,,), it decomposes into 
the direct sum )> 7"(K,) + S"(K’). Since the first of these groups is in L‘(K’) 
we can improve Lemma 5 as follows 

Lemma 10. The group H*(X) is isomorphic to the difference group S‘(K’) — 
M‘(K') where M‘(K’) is the set of those elements of S“(K’) of the form rx — x 
where x ¢ S*(K’). 

Dertnition. Let {H,} be a direct homomorphism sequence” of discrete 
abelian groups: tH,_; C H,. The dual inverse sequence relative to the 
abelian group @ is the inverse sequence {S,}, tS, C S,-1, defined as follows. 
S, is the group of all homomorphisms of H, in @. If s, € S, , the homomorphism 
tH,-1 followed by s, determines a homomorphism 7s, of H,. in © 
(ie. 8, € Sy). If the image of h, ¢ H, in G under s, is denoted by 8,-h,, 
then s,- ah» = 18,-h,_ for every 8, € Sn, An+¢€Hn»+. It follows that + maps 
S, homomorphically in S,_;. We note that, if G is the group of reals mod 1, 
then {H,} and {S,} are dual in the sense of character groups. 

Turorem 8. If X is a compact metric space the group H"(X) of the weakly 
bounding cycles (coefficients in @) can be computed as follows. Let V,(X) be the 
cohomology group of X based on integer coefficients. Let {V"} be any direct 
sequence of groups each on a finite basis having V(X) as limit group. In addition 
let V’ = 0. Let {S,} be the dual inverse sequence relative to®. Let S = the un- 
restricted direct sum >. S,, and M the subgroup of elements of the form xs — 8 
forseS. Then H%(X) is the difference group S — M. 

If V? is the g cohomology group of K,, (integer coefficients) where {K, , 7} 
are covering complexes and projections for X, then it is well known” that the 





”N. E. Steenrod, Universal homology groups, Amer. Jour. of Math., 58 (1936), 661-701, 
Theorem 8. 

8 Loc. cit. p. 669. 

4 Loc. cit. Theorem 6.1. 
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limit group of the direct sequence {V7} is the group V,(X). Furthermore the 
group S‘(K,) (coefficients in @) is the group of all homomorphisms of V? in @ 
where the multiplication s-h, for s « S*(K,), he V{, is the Kronecker inter- 
section.” Finally the Kronecker intersection has the property that, for any 
he Vn" and se S"(K,), s-th = xs-h. Therefore Lemma 10 asserts the truth 
of the theorem in case the V; are cohomology groups of a complete sequence of 
covering complexes. We shall complete the proof by showing that the group 
S — M does not depend on the choice of the sequence {V"}. 

Now any two sequences {V"}, {V" } with the same limit group V are equiva- 
lent in the sense that there exist a finite number of sequences {V"} = {Vf}, 
{Vi},---, {Ve} = {V"'} such that, for any adjacent pair, one is a subsequence 
of the other."* The proof will therefore be complete if we can show that S — M 
is the same for {V"} as for any subsequence {V"*}. We suppose of course that 
ve=Vv°=0. Let S = > S,, 8’ = >> S,,. Then S’ is a subgroup of S. 
The projection x’ of S,, into S,,_, is the projection 7"* "*~', Elements of 
M’ can be written 2s’ — s’ where s’ = > 8n,, 8n, €Sn,. In terms of s’ con- 
struct an element s = > s € S as follows: sn, = 8,,, 8 = 7”* ‘s,, for i = 
Mm+1i+1,---,m  — 1. It then follows that rs — s = z's’ — 8s’. Therefore 
M’ is a subgroup of M. 

Suppose now that s’ = >> s,,€S8’ isin M. Then there is an s = > & 
such that rs — s = s’. Then, fort = m_ 1 + 2, --- , m, we must have zs; = 
Si. Therefore s,,_,41 = 1’&n,. This gives s,,, = Sn, — 8,-,- Con- 
sequently if we set s’’ = >> s,, we get m’s’’ — s’’ = s' eM’. Therefore S’ 
intersects M in M’. 

This means that S’ — M’ appears as a subgroup of S — M. To prove that 
it is the entire group we will show that any element s = )> s;, of S can be re- 
duced to an element of S’ by subtracting an element of M. This requires find- 
ing ans’ = )> s such that s; = Ofori = m +1, --- , mui — lands — s’ eM. 
If j is an arbitrary index and s’” = —s;, then (>> s;) — (as’’ — s’’) has a zero 
in the j* term, is s;1 + 2s; in the (j — 1)** and agrees with }> s; elsewhere. 
If we begin with j = 7, — 1 and continue down to 7 = m1 + 1 with this process 
we obtain finally an s‘' with zero coordinates outside the indicated range of j 
such that s — (rs""' — s‘) has zeros for this range of j. Clearly s” = fos" 
exists, and finally s — (as’’ — s’’) is in S’. This completes the proof of 
Theorem 8. 

THEOREM 9. If the q** cohomology group of X based on integer coefficients has a 
finite basis then the group H*(X) = 0 for an arbitrary coefficient group ©. 

In this case we can choose each V" identical with V,(X) and each 7 an iso- 
morphism (except V’ = 0). This means that 7S, C S,1 is an isomorphism 
(except 7S, = 0). It follows now exactly as in the proof of Lemma 7 that S = 
M. 





4% H. Whitney, On matrices of integers and combinatorial topology, Duke Jour., 3 (1937), 
35-45. 
16 See footnote 11, Theorem 7.2. 
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Corotitary. If X is locally connected in the sense of homology in the first q 
dimensions then H"(X) = 0 for an arbitrary coefficient group ©. 

It is well known that the local connectedness of X leads to the result that the 
homology groups of X are subgroups of those of a finite complex. 

TueorEM 10. If V“‘ ts qt" homology group of X based on the reals mod 1 as 
coefficients and V" is the component of the identity of V‘, then the group H%(X) is 
the group A'(V") if the coefficient group @ has no elements of finite order. 

The gq cohomology group V, of X based on integer coefficients is the character 
group of V’. Let F, be the subgroup of elements of finite order of V,. Then” 
Vv, = V, — F, is the character group of V*. Let {V"} be a direct sequence 
of groups each on a finite basis, having V, as limit group and let F" be the 
subgroup of elements of finite order of V". Then the V" = V" — F" form a 
direct sequence having V, as limit group. Since G has no elements of finite 
order, any homomorphism of V" in @, maps F" into zero and can therefore be 
realized as a homomorphism of V" in G. Therefore S, is the group of homo- 
morphism of V" in G. Consequently we can replace V, by V, in Theorem 8. 
Now the character group of a compact connected group is isomorphic with the 
1-dimensional cohomology group of the compact group based on integer coeffi- 
cients,”® ie. V, = Vi(V"). Therefore H*(X) and A'(V*) are computed in the 
same way from isomorphic groups. 


VI. Examples 


The emphasis placed on the group A(X) in the foregoing sections is justi- 
fiable only if it can be shown that it sometimes is not the zero group. We propose 
to give such an example. Our results show that the coefficient group © must 
not be compact if H%(X) is not to be zero. In this example G will be the group 
of integers. According to Theorem 10 we must seek our example among the 
compact connected abelian groups restricting ourselves to the 1-dimensional 
group H’. According to the Corollary to Theorem 9 the group must not be 
locally connected. The possibilities then are definitely limited. However we 
have 

THEOREM 11. If X is a 1-dimensional solenoidal group then A(X) = H'(X) 
based on integer coefficients has a continuum of elements each of infinite order. 

Any solenoid can be defined as the limit group of an inverse homomorphism 
sequence {X;} such that each X; is isomorphic with the group of reals mod 1, 
and X; is mapped by 7x a;_; times around X;-1. We can suppose Xo = 0 and 
7X, = 0. Since X is a solenoid there exist infinitely many a; +1 and almost 
all are # 0. By passing to a subsequence and properly orienting each X; we 
can arrange that each a; = 2 fori = 1 (of course d@ = 0). The 1-dimensional 
cohomology group Vi(X) is the character group of X. Hence the sequence 
|V"} (see Theorem 8) can be chosen as the direct sequence dual to {X;}. Then 

‘TL, Pontrjagin, Topological groups, vol. 2 of Princeton Math. Series, 1939. 

‘8 See footnote 11, Theorem 15. 
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V' is isomorphic to the group of integers as is therefore the group S; of homo- 
morphisms of V’ in @. Choosing properly the generators s; ¢ S;, the homo- 
morphism 7S; C S;-1 is given by the relation 7s; = @j-18i1. 

We are thus led to the following construction of H'(X). Let S be the 


group of all sequences (%, %2,---, %n,+-: ) Of integers. A sequence {z,} 
is in the subgroup M if the equations 
(A) QnYnt+i = = Ln (n => 3. 2, eae ) 


admit a solution in integers {y,}. M is a subgroup; for, if {yn}, {y,} satisfy 
(A) for {xn}, {a,} respectively, then {y, + yn} satisfies (A) for {a, + a}. 
Then A'(X) is the group S — M. 

In order to study the equations (A) define b;; = fh a; (¢ S j) and solve 





the first n equations for y,4: in terms of y1, %1, +++, 2n: 

a Ln-1 uty 
B ee ee ee 
( ) oe Pon T Do-tn + Din 


Therefore, for each choice of y; , the equations (A) admit a unique solution in 
real numbers {y,}. Now let y:, yi be two distinct real numbers, then 


Yn — Yn+i = (y1 a yi) /Din : 


Since bin — ©, any two solutions {yn}, {yn} of (A) in real numbers are asymptotic. 
This has the following consequences. First, the equations (A) admit at most one 
solution in integers {yn}. Secondly, if a solution {y,} of (A) in real numbers is 
such that a subsequence {Yn,} converges to a number y not an integer, then the 
equations (A) admit no solution in integers. 

We shall use this last result to exhibit sequences {z,} such that (A) admits 
no solution in integers. Let y be real and 0 < y < 1. We define a sequence 
{x,} to correspond to y as follows. For each integer n we define x; for 7 = 
(n — 1) + 1,---, n’ according to following inductive rule: 2,2 is the largest 
integer such that so = 2n2/Dnen2 S y, let 








n Ln2 Ln2-1 Lat“ 
Sj = + + eee -- ——— 
Dn2ne Dn2—1,n2 Dn2—i,n2 
and suppose 2,2, +++ , @n2-i41: have been chosen so that sj S y, ifi Sn — 1, 


choose 2,2_; to be the largest integer such that s? < y,ifi = n,n+1,---, 
n —(n—1)° — 1, let an2_; = 0. Observe now that | y — st_1| <1/bn2—n41.n2 S 
2°" (since each a; = 2). Furthermore, if we choose y; = 0, then (B) gives 








n—1 1 

Sn—2 So 
Yn241 = Spa + ——~——_ + --e + 
(n—1) 241,n2 be,n2 


Then | y241 — Sral S y2°"~. Thus limyso Yn241 = y. Since y is not an 
integer it follows that the sequence {z,} is such that the equations (A) cannot 
be solved in integers. Therefore {z;} is not in the subgroup M. 





‘SS. @® SS . 
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Next, if0 < y’ < y < 1, and fai}, {zi} are the sequences corresponding to 
y’, y, then the sequence {2; — a;} is likewise not in M; for lim (Ynt41 — Yat) = 
y — y’ is not an integer. Thus we have established a 1 — 1 correspondence 
between the numbers 0 < y < 1 and a subset of the group S — M. If y is 
irrational, then no multiple of y is an integer; therefore no multiple of {2,} is 
in the group M. Since we can choose a continuum of y’s which are rationally 
independent, Theorem 11 is proved. 

THEOREM 12. If X is a p-adic solenoid (i.e. each a, = the integer p), then 
the group H'(X) has the following properties: 

(a) every element is uniquely divisible by p, 

(b) no element has the finite order p, 

(c) a periodic sequence of period k represents an element of the finite order 


k 
- 1, 
(d) of q is prime to p, there is an element of order q. 
If {x,} is an arbitrary element of S, let t; = Zinn. Then p{ax,} — {zx} = 


{paizs — 2;} is in M, and {2;} is p times {x;} in S — M. Thus division by p 
is possible. ‘The uniqueness will follow when (b) is proved. 
Suppose pian} = {pynii — yn} isin M. If yx = your — tn, then 


, / 
PY n+ — Yn = PYnt2 — PCa — Yn + In = In. 


Thus p{z,} in M implies {z,} in M, which proves (0). 
To prove (c) we define an elementary periodic sequence = {%;} by @.. = 1 
forn = 1, 2,--- , and all other z; = 0. If 
k-i 


a. = —— 
Ynesi = Oe (¢ = 1,2,---,k;n = 0, 1,2,---), 





then pyinn — yi = &. Since lime Yar = (p* — 1)‘ and this is not an integer 
(if p > 2, orif p = 2andk > 1), Zisnotin M. The first multiple of ¢ in M 
is (p' — 1)%. Therefore represents an element of order p* — 1 in S — M. 
Define #’ by #; = %:4:. Then as shown in the proof of (a), pz’ = in S — M. 
Since z is of order p* — 1, this can also be written pz = #’ in S— M. Sim- 
ilarly p*#’ = ” where Z; = Zj4,. Since an arbitrary sequence of period k is 
a sum of the elementary periodic sequences Z, @’, #’’, etc., and each of these is 
a multiple of #, it follows that # generates a cyclic group of period p — 1 con- 
taining every sequence of period k. This proves (c). 
Since p* = 1 (mod q) has a solution k, (d) follows from (c).”” 





19 More information concerning sequences {z,} in M may be had by considering the 
corresponding power series X(z) = py anz". Then X(z) isin M if there exists a power 
series Y(z) = Ra Ynz"— such that X(z) + py: = (p—z)Y(z). If X(z) isin M, then formal 
differentiation shows that X’(z) — Y(z) = (p — z)¥’(z) isin M. If p = 2, this can be used 
to show that, if z, = a polynomial in n, then {z,} isin M. 
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VII. Applications 


The results we have obtained enable us to extend a theorem of Eilenberg.” 
We shall first restate a special case of his theorem. Herein S" is an n-sphere, 
m,(S") is the g homotopy group of S", K is an infinite complex, H,(K, ®) is 
the g** cohomology group of K based on infinite cocycles with coefficients in @. 

THEOREM OF Ertenperc. Jf H,(K, 1,(S")) = Hoi(K, 2,(8")) = 0 for 
q=n+1,n+ 2, --- , then the homotopy classes of maps of K in S" arein1 — 1 
correspondence with the elements of the group H,(K, m,(S")). 

In case K is an m-dimensional manifold, then, by the 1 — 1 correspondence 
between cells and their duals, interchanging boundary and coboundary, H,(K, @) 
is isomorphic to the (m — q)* homology group H”™ “(K, @) again based on in- 
finite cycles. We can therefore restate the above theorem in terms of homology. 
If, in addition, K is the complementary domain S” — X of a closed set X in an 
m-sphere S”, we have by Theorem 4 that H” “(K, G) and H” *(X, @) are 
isomorphic. We may therefore restate Eilenberg’s result as follows. 

TureoreM 13. If X is a closed subset of S” and H"(X, tm—o(S")) = H™"(X, 
Tm—q(S")) = Oforg = 1,---,m — n — 1, then the homotopy classes of maps of 
S” — X in S" are in 1 — 1 correspondence with the elements of the group H”™”"(X, 
mn(S")). 

Corouuary. If the assumptions of Theorem 13 are fulfilled, then the number 
of homotopy classes of maps of S” — X in 8" is a topological invariant of X. 

By choosing n = m — 1 in Theorem 13, we obtain 

TuHreoreM 14. If X is a closed subset of S” then the homotopy classes of maps 
of S" — X into S"” are in a1 — 1 correspondence with the elements of H'(X, 
mn(S")). 

Since 7,(S") is the infinite cyclic group, we have by Theorem 11: 

Corotuary. If X is a solenoid in S” then the set of homotopy classes of maps 
of S" — X into S"™ has the power of the continuum. 

Finally Theorems 5, 9, and 13 give 

THEOREM 15. If the closed set X C S” is locally connected in the sense of 
homology in the first m — n dimensions and the Vietoris homology groups V"(X, 
Tm—q1(8")) = V""(X, mm—o1(S")) = 0 forg = 0,1,---,m — n — 2, then 
the homotopy classes of maps of S” — X in S” are in 1 — 1 correspondence with 
the elements of V"-""(X, ,(S")). 


VIII. Limits of bounding cycles 


Since it has been customary to define the homology groups of infinite cycles 
of an infinite complex by regarding a cycle as ~ 0 whenever it is a limit of 
bounding cycles,” it is of interest to determine under what circumstances the 
group of bounding cycles is already closed. 





20 See footnote 5, Classification Theorem II p. 243, also p. 251. In the theorems of this 
section S” (n > 1) can be replaced by any arewise connected space Y such that j(Y) = 0 
fort <n. Itshould be kept in mind that x,(S”) is isomorphic to the group of integers. 

1 See footnote 12, p. 691. Also, footnote 10, p. 229. 
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TueorEM 16. If K ts an infinite complex and the coefficient group G has the 
division closure property”, then an infinite cycle of K is expressible as a sum of 
finite bounding cycles uf and only if it is a limit of bounding cycles. 

Let {K;} be a decreasing sequence of closed subcomplexes of K such that 
K — K; is finite, and [[ K; = 0. Let C* be a limit of bounding cycles, and 
Ci the part of C’ in K — K;. Then, since C? is a limit of bounding cycles, 
K — K;, is finite, and © has the division closure property, there is a chain C{*' 
in K — K; such that FC?** = C3 + Di where D? C K;. Then 


Ct = (C¥ + D?) + _ D {C3 — CL + DY — D4} 
i=2 


is a sum of the indicated finite bounding cycles. The converse is trivial. 

As an immediate consequence we have 

THEOREM 17. If every finite cycle of K bounds a chain (finite or infinite), and 
B* is the group of infinite bounding cycles, and B* its closure, then B* — B° is 
isomorphic to the homology group H*%(K) of those cycles which are sums of finite 
cycles. 

By the corollary to Theorem 4, we have 

Corotuary. If X is a closed subset of the n-sphere S" and H*(X) = 0, then 
in K = 8” — X every limit of bounding cycles is bounding. 

It seems likely that this is still true if S” is replaced by any finite n-manifold. 
However we can only prove a weaker result. 

TuroreM 18. If M” is a finite n-manifold, X an absolute neighborhood re- 
tract in M", and & has the division closure property, then every limit of bounding 
cycles of K = M" — X is bounding. 

Let {K;} be a decreasing sequence of closed polyhedral neighborhoods of X 
whose intersection is X. If the cycle C’ of K is a limit of bounding cycles, then 
by the proof of Theorem 16, C% is homologous to a cycle Z; in K; for each 1. 
Choose 7 so large that K; can be retracted by a map g into X, and so that g(K;) 
is homotopic to the identity. This homotopy of Z; into g(Z;) sweeps out a 
singular (q¢ + 1)-chain which by subdivision and deformation reduces to a chain 
of K; — X having Z; for boundary. 


THe UNIVERSITY OF CHICAGO. 


2 See footnote 12, p. 676. This property requires that for each integer m the subgroup 
of elements of @ divisible by m be closed. It is a sufficient condition for the group of 
bounding cycles of a finite complex to be closed. 
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A. INTRODUCTION 


I. Uniformization of zero-dimensional valuations 


1. In [10] (p. 650) we have proved a uniformization theorem for zero-dimen- 
sional valuations on an algebraic surface, over an algebraically closed ground 
field K (of characteristic zero). In the present paper we generalize this theorem 
to algebraic varieties, and on the basis of this generalization we obtain a solution 
of the problem of local uniformization in the classical case (i.e. when K is the 
field of complex numbers). The exact formulation of the generalized theorem, 
in its strongest form, will be given in A III and AIV. However, to begin with, 
we state here the following theorem which is literally a repetition of our theorem 
for surfaces, with the surface replaced by a variety, and which will be included 
in our final result: 

THEorEM U,. The Uniformization Theorem in invariantive form: Given a 
field = of algebraic functions of r independent variables, over an algebraically closed 
ground field K of characteristic zero, and given a zero-dimensional valuation B 
of 2, there exists a projective model V of = on which the center of B is at a simple 
point P. 

This theorem is in effect entirely invariantive in nature: it refers exclusively 
to the field = and to the valuation B of >. It asserts the existence of unt- 
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formizing parameters for B: they are the uniformizing parameters ¢, , 2, --- , ¢ 
at the simple point P (see [9], p. 258, [11], p. 199). Actually, however, the 
problem of local uniformization concerns not just the field 2, but a specific pro- ae 
jective model Vo of 2, given in advance. We must examine the situation more 
closely. 


















2. Let (&, --- , &:) be the general point of Vo (in the affine space), and let Po 
be the center of Bon Vo. The valuation B is represented on Vo by a “‘branch”’ 
of some sort, and t,, --- , ¢, are unifermizing parameters “along the branch.”’ 
Let (m, +--+, 1m) be the general point of V. We assume that both P and P» 
are points at finite distance on the respective varieties V and Vy. The (non- iT 
homogeneous) coérdinates 7; are expressible by means of formal power series 
of t:,---,¢, ((9], p. 254). If K is the field of complex numbers, these power if 
series (holomorphic functions of ¢; , - -- , ¢-) will converge in some neighborhood i ONE 
of the initial values ¢; = --- = ¢t, = 0 and will yield (on V) a complete neigh- ' % : 
borhood E of the simple point P. However, the coérdinates £; , which are ie 
rational functions of m , --- , 7m, Will be, in general, only meromorphic functions iy 
of 1, ---, ¢, (ie. quotients of power series). Following Walker [8], we shall lj is ; 
say that the map of EF on Vj is a wedge W on Vo if &, --- , &, are holomorphic 
functions of t;,---,¢,.' What we want is a set of wedges on V» and—ulti- i 
mately—a proof that a complete neighborhood of Po—and hence also Vp itself ee | 
(since Vo is bicompact)—can be covered by a finite set of wedges.” Hence the fos 
knowledge that there exist uniformizing parameters for B is not sufficient. a 
We ought to be able to exhibit parameters ¢, , --- , t- such that the &; be holo- . os 
morphic functions of the t’s. Now let us observe that any polynomial y in i 
m, +++, m is an holomorphic function of 4, --- ,¢, and that y vanishes for Med 
t; = --. = ¢, = Oif and only if y vanishes at P. Hence every element of the ips 
quotient ring Q(P) of the point P is an holomorphic function of t,, --- ,¢,. Lae 
Therefore, in order that the ’s be holomorphic functions of the ¢’s, it is sufficient eee 
that they belong to the quotient ring Q(P). If that is the case, then not only \) aes 
the #’s, but also the entire quotient ring Q(Po) will belong to Q(P). Namely, 
since Py is the center of B on Vo, any polynomial ¢ in & , --- , & which does 
not vanish at Py has value zero in B, and therefore yg, as an element of Q(P), 
must be a unit. 

The above considerations suggest the following stronger formulation of the 
uniformization theorem: 

THEeorEM U,. (The uniformization theorem in projective form): Given a pro- 
jective model Vo of = and given a zero-dimensional valuation B of =, with center Po 
on Vo, there exists a projective model V of = on which the origin of B is at a simple 






































1 Note that the mapping is then single-valued on E but that the inverse is not neces- 
sarily single-valued on W, whence W need not be an open set. Note also that P is mapped 
upon Po. 

2 A point Qo of Vo is said to be covered by the wedge W, if Qo is the image of a point Q of 
the open set E. 
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point P and which is such that the quotient ring of Po is a subring of the quotient 
ring of P(Q(Po) & Q(P)). 


3. So far we have restricted ourselves to: (a) valuations of dimension zero; 
(b) ground fields which are algebraically closed. An analysis of the theorem U, 
(see A ITI) will show, however, that both restrictions are quite illusory, in the 
sense that the proof of Theorem U, leads automatically to the necessity of 
proving an analogous theorem under the most general hypotheses: (a) B is a 
valuation of any dimension; (b) K is an arbitrary field (of characteristic zero). 
But before we undertake this analysis, we proceed to show that from Theorem U; 
follows almost immediately the solution of the problem of local uniformization 
in the classical case. 


II. Solution of the classical problem of local uniformization 


4. The ground field K being quite arbitrary, any zero-dimensional valuation B 
of the field’ > defines an homomorphic mapping of = upon (K’, ©), where K’ 
is an algebraic extension of K (finite or infinite). The valuation-theoretic value 
of an element 7 of 2 shall be denoted by v(m); here v(n) is an element of an 
ordered abelian (additive) group I’, the value group of B. The element c of K’ 
upon which 7 is mapped, or the symbol « if 7 is mapped on , shall be called 
the function-theoretic value of n, or also the B-residue of n, and shall be denoted 
by B(m). The field K’ itself is the residue field of B. The relationship between 
v(n) and B(n) is the following: (a) B(n) = ©, if and only if v(m) < 0; (b) B(n) = 
0, if and only if v(m) > 0; (c) if B(n) = 8 and if f(#) = 0 is the irreducible equa- 
tion for &, with coefficients in K, then v(f(n)) > 0. The elements 7 for which 
v(n) 2 O form a ring %, called the valuation ring of B. By (b) and (ce), the 
mapping 7 — B(n) is an homomorphic mapping of 8 upon K’. The elements 7 
of 8 such that B(n) = 0 form a prime maximal ideal $ in %, and we have 
B~ B/P = K’. 

Following Dedekind, we define a place of the field 2 as an homomorphic 
mapping of = upon (K’, «), where K’ is an algebraic extension of K; provided 
e—c,foranycin K. We have just shown that any zero-dimensional valuation 
B of = defines a place. Conversely, given a place 3, it determines uniquely a 
zero-dimensional valuation of 2. Namely, the elements of 2 which are mapped 
upon elements of K’, form a ring 8 with the following property: if 7 € B then 
1/n C B. Hence % is a valuation ring ({3], p. 110), and moreover K C &. 
The elements of 8 which are mapped by ¥ upon the zero element of K’, form 
the prime ideal of non-units in 8. We denote this ideal by the same letter $. 
Since 8/$ = K’ and since K’ is an algebraic extension of K, it follows that 
the valuation B determined by the ring 8 is zero-dimensional, with K’ as residue 
field. This proves the assertion. 

Thus the two terms: “zero-dimensional valuation’? and ‘place,’ are inter- 





’ We tacitly assume that only such valuations of = are considered in which the elements 
c of K (c # 0) have value zero. 
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changeable. We speak of a valuation if we wish to focus our attention on the 
mapping » — v(n) C T; we speak of a place if we wish instead to emphasize 
the mapping 7 — B(n) C (K’, ~). In this second case we shall also use the 
symbol B(n) to denote the function-theoretic value of 7. 


5. DeriniTion. The totality of places of = is called the Riemann manifold 
of >. This manifold shall be denoted by M. 

If K is algebraically closed, then K’ = K for every place of =. Let now K 
be the field of complex numbers. Then (K, ~) is a sphere H, the sphere of 
the complex variable. M becomes an Hausdorff space if we define open sets 
in M in the following (well-known) fashion: 

Let m,---:, 7m be any finite set of elements of > and let FE, , E.,--- , Em 
be open sets in H. The totality of all places , or zero-dimensional valuations B, 
such that B(n:) C E;, ts an open set in M. ‘The open sets of M just defined 
shall form a basis for the totality of open sets on M. It is obvious that this 
definition is equivalent with the following: if (m, --- , mm) ts the general point 
of a projective model V of 2, then the zero-dimensional valuations B whose centers 
lie in a given open subset of V form an open set in M. 

Given a projective model V» of 2, every “‘point’”’ B of M lies over a unique 
point Py of Vo : here Po is the center of the zero-dimensional valuation B deter- 
mined by the place 8. The mapping  — P» is obviously a continuous mapping 
of M on Vo, since any open set on Vo is the map of an open set on M. 

By Theorem Uz it follows that M can be covered by a collection of open sets 
whose images on Vo are wedges W,, W2,---. We shall denote these open sets 
by Wi, W:,---. In the notation of Theorem U:, each W’ is the totality of 
all places which lie over points of a sufficiently small neighborhood £ of the 
simple point P (so small as to insure the convergence of the power series which 
give the codrdinates of the general point of V and of Vo in terms of t;, --- , l,). 
By a preceding definition (see footnote’) it follows that if a set W’ contains a 
point B of M, and if $ lies over the point A» of Vo , then the wedge W “covers” 
Ay. Namely, let A be the point of E which corresponds to the place f. Since 
W is a single-valued image of EF, the image of A must be a point Ag of W such 
that every place which lies over A lies over Aj .* But the place § lies over A 
and over Ay. Hence Ap = Ao , and consequently W covers Ao. 

We conclude that in order to show that V» can be covered by a finite number 
of wedges W;, it is sufficient to show that the Riemann manifold M can be 
covered by a finite number of open sets W; , and for that it is sufficient to show 
(in view of Theorem U2) that M is a bicompact space. Our original proof of the 
bicompactness of M was tolerably complicated. We are, however, indebted 
to Chevalley and Tukey for the remark that the bicompactness of M follows 





‘Since Q(Po) € Q(P), the é’s are rational functions g of m1, --- , ™m in which the 
denominators do not vanish at P. Hence if £ is a sufficiently small neighborhood of P, 
these denominators will be ¥ 0in EZ. For any place § lying over A, the function-theoretic 
values of the ¢’s will then be equal to the values of the rational functions g at A. 
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immediately from the theorem of Tychonoff ((5], [6]) on the bicompactness of 
direct products of bicompact spaces. To see this, we consider the Hausdorff 
space Q of all mappings of = upon H.” By Tychonoff’s theorem, 2 is bicompact, 
since H is bicompact. 

The Riemann manifold M of 2 is a viet of 2, consisting of the homomorphic 
mappings upon H (i.e. upon (K, ~)). Itisa straightforward matter to show 
that M is a closed subset of 2.° Hence Misbicompact. This settles the problem 
of local uniformization for algebraic varieties. 


6. The following result, though purely negative, is nevertheless of interest: 
if r > 1, then the Riemann manifold M of = is not metrizable. 'To show this it is 
only necessary to show that the open subsets of M do not possess a countable 
basis (Urysohn’s metrization theorem; see, for instance, [1], p. 88). Let us 
suppose that such a basis exists. Then, given any basis (countable or not) for 
the open sets on M, that basis will necessarily contain a countable subset also 
forming a basis ({1], p. 78). It follows that there exists a countable basis 


{N,, Ne, --- } consisting of open sets defined in the preceding section. Each 
set N; is defined by a finite set of elements in 2, say ni, nie, --- , nv; , and bya 
corresponding set of open sets on H, say Ei, Ei, --- ,Hi;. Altogether we 


have a countable set of elements 7;; in 2. We assert that this set enjoys the 
following property: there cannot exist two distinct places B,, Ye such that the 
function-theoretic value of each n:; at B, is the same as the function-theoretic value 
of the same element n;; at Be. In other words: the function-theoretic values of the 
elements ni; at a place $3 determine the place % uniquely. The proof is imme- 
diate. Let us suppose that there exist two distinct places 2, , PB: such that 
$1 (ni5) = Be(ni;), i= i, 2, wise :3 = 1, 2, soe y Res If a set N; contains $, 
we must have F;; D Bi(ni;), 7 = 1, 2,---,:, and since By(ni;) = PBe(nij), 
that implies that N; also contains 2.2. This isin contradiction with the hypoth- 
esis that {N,, Ne, --- } is a basis for the open sets of the Hausdorff space M. 

We complete our proof that M is not metrizable by showing that if r > 1, 
then given any countable set of elements in , say m, m2, --*, Mn, +++, there 
always exist two distinct places B, , Be such that Bi(ni) = Be(n:), for all 7. For 
the proof, we consider some normal projective model V of 2 in an affine space 
S, ((9], p. 279). Let (1, --- , &) be the general point of V. Since V is normal, 





* It should be understood that open sets in Q are defined in the same fashion as the open 
sets of the Riemann manifold were defined above. 

° Let M be the closure of M in Q and let fo be an element of M. We have to show that 
fo is a homomorphic mapping of = on (K, ©). Let w: , w: be any two elements of 2 and let 
ws =w, +2. Let us assume that fo(wi) ~ © (i = 1, 2,3). Consider the open set N in 
which consists of all mapping f such that t | f(wi) — fo(wi) | < ¢/3, i = 1, 2, 3, e—an ar- 
bitrary positive real number. Since fo C M, N contains an element ¢ which is an homo- 
morphic mapping of = on (K, ©). We will have then | g(w:) — fo(wi) | < €/8, and also 
¢(ws) = g(wi) + g(w2). Hence | fo(ws) — fo(wi) — fo(w2) | < «, and since « is arbitrary, we 
conclude that fo(ws) = fo(wi) + fo(w2). In a similar fashion it follows that fo(wi-2) = 
fo(wi)fo(w2). The case in which some of the fo(w;) is © is treated in a similar fashion. 
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the ring 0 = K[&, --- , &] is integrally closed in ¥. In the sense of quasi- 
gleicheit of van der Waerden we have 9; = %:/B;, where A; and B; are power 
products of minimal ((r — 1)-dimensional) prime ideals of 0. The prime factors 
of XU; are distinct from those of 8;. Hence the ideal (2%; , 8;) defines on V a 
subvariety W; of dimension S r — 2. The countable set {W,, We, --- | 
cannot fill the entire variety V, which is of dimension r. Hence there exists on V a 
point P(a;, --- , @,) which is on none of the varieties W;. For a given 7, the 
prime ideal p = (& — a,---,& — @,) in 0 may divide one of the ideals 
%;, 8; , but cannot divide both. From this it follows that 7; can be expressed 
in the form: 9; = gi(&, --- , &n)/Wiléi, --- , &), where g; and y; are poly- 
nomials and where ¢;(a;, --- , @n), ¥i(@i, --- ,@,) are not both zero.’ Now 
consider any place $ of the field = which lies over the point P. The 
function-theoretic value of 7; at $ is then uniquely determined by P. Namely, 
if ¥i(Q , ie Gn) ¥ 0, then B(ni) = gi(a ida » An) /Pilay Poors An). If 
Vili, ---,@n) = O, then B(n:) = «©. Since, for r > 1, there are infinitely 
many places $$ which lie over P (for instance, all the algebraic branches through 
P), our assertion is proved. 


III. The general uniformization theorem 


7. Let us assume for a moment that Theorem U: has been established, and 
let us consider a valuation B of 2, of an arbitrary dimension s(s <r). Given a 
projective model V of 2, we define the center of B on V as follows. Let 
({,---, &) be the non-homogeneous codrdinates of the general point of V. 
Without loss of generality we may assume that the elements £; have non- 
negative values v(é;) in B. Then the entire ring 0 = K[é, --- , &,] will be 
contained in the valuation ring 8 of B. Let $ be the prime ideal of non-units 
in 8 and let p = 1/0. The ideal » is prime and shall be referred to as the 
prine ideal of B in 0; p consists of those elements w of o for which v(@w) > 0. 
Let W be the irreducible algebraic subvariety of V defined by the prime ideal p. 
Since 8/P is of degree of transcendency s over K and since 0/p is a subring of 
%/, it follows that W is of dimension < s. This subvariety W is called 
the center of B on V. 

The residue field B/¥ of B is a field >’, of degree of transcendency s over K. 
We consider an arbitrary zero-dimensional valuation B’ of 2’/K. Compounding 
B with B’ we get a zero-dimensional valuation By of 2. Let V be a projective 
model of 2 on which the center of By is a simple point P. Let W be the center 
of Bon V. Since By is compounded with B, the center of Bo lies on the center 
of B, ie. P is a point of W. Hence W, containing a simple point of V, musé 











’The assertion is obvious. If, for instance, 8; # O(p), then we take an element 
Vilfi, +--+, &) in o such that y; = 0(B:), yi 4 Op). Then yi-n; is in 0, yini = 
Pili, +++, En). 

® This follows from the fact that any element of 2 whose value in B is positive has also 
positive value in By. 
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itself be a simple subvariety of V ({11], p. 221). Thus we have a projective model V 
on which the center of B is a simple subvariety W (of dimension S s). 

This result is a generalization of Theorem U; , but actually it is implied by 
this theorem. However, in our proof, the relationship between the uniformiza- 
tion of B and that of the compounded valuation Bp will be inverted: we first uni- 
formize B and we then us this result in order to uniformize By. The reason for 
this is that the value group of B is of lower rank than that of Bo ([3], p. 113) and 
that our proof proceeds by induction with respect to the rank. From this point 
of view it begins to appear clearly that the center of gravity of our proof will 
be found, not in the uniformization of valuations of dimension zero and of 
arbitrary rank, but rather in the uniformization of valuations of rank 1 and of 
arbitrary dimension. The rest of the proof will be a relatively simple induction 
from rank o to rank o + 1. 


8. The above program calls for another reduction and for a simultaneous 
generalization of the terms of the problem. Let us adjoin to the ground 


field K s elements ¢,, --- , ¢; of 2 which are mapped upon algebraically inde- 
pendent elements of the residue field 2’ of B. Every element (# 0) of the 
field K* = K(f, --- , ¢s) has value zero in B, and it is therefore permissible to 


take K* as new ground field for 2. Wzth respect to this new ground field, our 
valuation B is of dimension zero. This is the reduction. However, K* is not 
an algebraically closed field. It thus appears that the uniformization of valua- 
tions of an arbitrary dimension, in the case of an algebraically closed ground 
field, is in essence nothing else than the uniformization of zero-dimensional 
valuation in the case of an arbitrary ground field. 

These considerations, and the additional requirement concerning the quotient 
rings (Theorem U2) lead us to state our general uniformization theorem as follows: 

THEOREM U;. Let > be a field of algebraic functions of r independent variables, 
over an arbitrary ground field K of characteristic zero, and let B be an s-dimensional 
valuation of &. Let, moreover, V be a projective model of = and let W be the center 
of Bon V. There exists a projective model V’ of =, on which the center of B is a 
simple subvariety W’ and such that the quotient ring of W is a subring of the quo- 
tient ring of W’. 


IV. Reduction to an hypersurface. The main theorem 


9. Let us suppose that Theorem U; has already been proved in the case when 
the given projective model V is an hypersurface, i.e. an r-dimensional variety V 
lying in an (r + 1)-dimensional projective space. We propose to show that 
Theorem U; then follows quite generally. 

Let (&,---, &) be the general point of V in the affine space S, and let 
o = K[lé&,---,&:]. We choose in 0 r elements m,---, 7, such that o is 


* Note that from Q(W) € Q(W’) follows incidentally that dimension W S dimension W’. 








JUS 


LOCAL UNIFORMIZATION ON ALGEBRAIC VARIETIES 859 








integrally dependent on K[m, --- , »].° Then we fix in 0 a primitive element 


nui of the field 2/K(m,---,7-). Let f(m,---,m-, mai) = O be the irre- 
ducible equation, over K, between the r + 1 elements m, --+ , m4: , and let V* 
be the hypersurface defined by this equation. Let o* = K[m,---,m,-, nrv] 
and let W and W* be the centers of the given s-dimensional valuation B on V 
and V* respectively. Since o is integrally dependent on o*, and since the 
prime o*-ideal determined by W* is the contracted ideal of the prime o-ideal 
for W, it follows that dimension W* = dimension W. 

_ By our assumption, there exists a projective model V’ of = on which the 
center of B is a simple subvariety W’ and such that Q(W’) (quotient ring of W’) 
contains Q(W*). Now the quotient ring of a simple subvariety is integrally 
closed in Z ({11], p. 220). Hence Q(W’), being integrally closed, is the inter- 
section of all the valuation rings which contain Q(W’) ({3], p. 111). Since Q(W’) > 
Q(W*), every valuation ring containing Q(W’) also contains Q(W*). Since o 
is integrally dependent on Q(W*), every valuation ring containing Q(W*) also 
contains 0. Hence 0 © Q(W’). Let » be the prime ideal of W in 0 (i.e. the 
prime ideal of B in 0). Every element 7 of 0 which is not in p is such that 
v(n) = O in B. Such an element 7, as an element of Q(W’), must be a unit, 
since also W’ is the center of B, on V’. This shows that 0, , i.e. Q(W), is con- 
tained in Q(W’), which proves Theorem U;. 









10. Our main theorem, to the proof of which most of the paper is devoted, 
concerns hypersurfaces. This theorem asserts, in part, much more than Theo- 
rem U;, and namely it asserts that for hypersurfaces, the uniformization of any 
given valuation of rank 1 and dimension zero can be effected by Cremona trans- 
formations of the ambient space. This result is naturally of added interest. We 
believe that the second part of the paper (Part B), where we build up our 
Cremona transformations, contains the necessary material for a proof that also 
valuations of rank > 1 can be uniformized by Cremona transformations. 
However, we do not wish to overload the present paper with considerations which 
are not absolutely essential for the proof of the general uniformization theorem. 
On the other hand, our proof of this last theorem (see CIV) is absolutely 
dependent on the knowledge that valuation of rank 1 can be uniformized by 
Cremona transformations (of the type described below in the main theorem). 

We also wish to point out that from the main theorem it follows directly that 
a rank 1 valuation B of arbitrary dimension s can also be uniformized by a 
Cremona transformation, provided the center of B on the hypersurface f = 0 is a 
subvariety of dimension exactly s. Namely, with this proviso, s of the elements 


%1, +++ , 241 will have algebraically independent B-residues. If say B(x), --- , 
B(x.) are algebraically independent over K, we adjoin x; , --- , , to the ground 
field K. We take K(2;, --- , z,) as new ground field and we apply our main 


theorem to the zero-dimensional valuation B of =/K(a,---,2s). However, 





” By a “normalization”? theorem due to Emmy Noether, it is possible to take for 
m,**+, ny linear forms in £, -+:, &:, With ‘‘non special’ coefficients in K. 
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in this case, the expressions g;(X1,--- , X,41), ? = 1, 2,---,7r + 1, in the 
equations xz; = gi(X1, --- , X41) (given below), will be polynomials only in 
X441, °°: , Xr41, but they will be in general rational functions in X,, ---. , X,. 


(Except for i = 1, 2, --- , s, for then g; is simply X; .) 
Main THEOREM. Let 


S (ty, To, +++ 5 Lr41) = 0 


be an irreducible hypersurface V in S,41, over an arbitrary ground field K (of 
characteristic zero), and let B be a zero-dimensional valuation, of rank 1, of the 
field > (field of rational functions on V), such that the valuation ring B of B contains 
the x; (¢ = 1, 2,---,r + 1). Let P be the center of Bon V. There exists a 
Cremona transformation of the form: 


ai = pi(Xi1, X2,--- , Xr41), 1=1,2,---,r+1, 


the ¢;-polynomials, with coefficients in K, such that the new elements X ;also belong 
to B and such that on the transformed hypersurface 


F(X,, X2, +--+, Xr41) = O, 


the center of B is a simple point P’. 

The restriction: z; C %, implies no loss of generality, since we may always 
perform a preliminary projective transformation on the x; so as to satisfy this 
condition. The condition Q(P’) 2 Q(P) is here automatically satisfied, since 
the ring K[x, --- , 24:] is a subring of K[X,, --- , X,4:] (the ¢; being poly- 
nomials). 


B. Tue ALGORITHM OF PERRON AND THE ASSOCIATED CREMONA 
‘TRANSFORMATIONS 


It is well known that given a rank one valuation B (i.e. a valuation whose 
value group consists of real numbers) of a field 2 of algebraic functions of r 
independent variables, the value group IT of B is of rational rank m & r ((3], 
p. 116). There exist then in [ m rationally independent real numbers, say 
T1, +++ ,Tm, and every element of I is rationally dependent on 11, --- , Tm- 
In the case of surfaces, m is at most 2. If m = 2, we have used in our paper 
[10] the algorithm of continued fractions for the ratio 7/72. With each succes- 
sive step of this algorithm (i.e. for each convergent fraction of 71/72) we have 
associated a Cremona transformation in a field of two independent variables 
(see [10], p. 653, (8)). In the quoted paper we have assumed throughout that 
the ground field is algebraically closed. 

Our present investigation depends on a two-fold generalization of the above 
procedure. First, we need an algorithm of simultaneous approximation of the 
set of real numbers 7, ---, 7m. We use an algorithm due to O. Perron [7]; 
see also [2], Chapter IV. In the second place, given a set of elements 
1, -+++ ,%m, such that v(x;) = 7; , we have to provide ourselves with a sequence 
of Cremona transformations in the field K(x, --- , 2m) running parallel to 
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Perron’s algorithm. The main difficulties of this step arise when K is not 
algebraically closed, or better, when we are dealing with a zero-dimensional 
valuation whose residue field is a proper algebraic extension of K. 






I. The algorithm of Perron 


1. Let 71, 72, --+ , Tm be rationally independent positive real numbers. We 
consider the transformation (referred to in the sequel as the elementary trans- 
formation of Perron): 


.. ia — (@) _(@) = ia (0) _(1) 
(1) Ti = Tea » 732 = Ti + dg °Ta 5 *** » Ta @ Fant T Ge Ta > 


where 
(0) _ i ae 
(1’) a; = [7/7], j = 2,--+,m, 
1 1 . — ° . 
The real numbers 7;”, --- , 72 are again positive and rationally independent. 
We apply the same transformation to the numbers 7!”, getting a new set of m 
‘ 2 2) 
positive, rationally independent numbers 7”, --- , 7, and so we continue 
indefinitely. In this fashion we obtain, for each integer h, a set of m positive, 
. ° h h 

rationally independent real numbers: 7{’”, --- , 7s:’, where: 

(h—-1) (h) (h—-1) (h) (h-1) _(h) (h-1) (h) (h—-1) _(h) 
(2) 1 = tT?) = TL Ok tm ty Tm = Tw tO Tm 
and 

/ (h—1) (h—1) 7_(h—1) 
(2') aj = [45/1]. 
The resulting transformation (referred to in the sequel as the transformation of 
Bh) os 
Perron) from 1, --+, Tm to tf”, ---, 7s” is of the form: 


(h) _(h) (h+1)_ (h) (h+m—1) _(h) ' 
(3) tT = Aj T1 + Aj T2 +.-- +A; r Tm } 7=1,2,---,m. 
Here the coefficients A$’ are non-negative integers 
(4) A}? = 0, 


and, moreover, the transformation (3) is unimodular: 











af oe. Y dist 

(4’) RR SS Ere = (—1/°" 
h) (h+m-1) 
eas, fe? | 


(See [2], p. 437, 439, formulas (5), (14).) 
Of fundamental importance is the following: the ratios A$” /A 
vergent fractions for 7;/7, i.e. ({2], p. 440, (18)): 
(h) ; 


h—oo Ar” Ti 


h 
” are con- 








2. By means of the algorithm of Perron we derive a theorem concerning 
rationally dependent real numbers. Let 71, ---, Tm be, as before, rationally 
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independent positive real numbers and let 741 be a positive real number which 
depends rationally on 7, --- , Tm. 

TuHreoreM 1. There exists a unimodular transformation, with integral non- 
negative coefficients: 


m+1 

(6) m= Dy Buti, ¢= 1,2, .-+,m+1, 

such that 
i (6’) mu =0, 7>0, i=1,2,---,m. 
t Proor: Let 
; (7) ATmor = Mti + +++ t+ AmTm, A > 0, 
: be the relation of rational dependence between 7, ---,7m, Tm41- Here 
a A, Ar, -++ Am are integers and (A, A1, +--+, Am) = 1. Weapply to 1, --- , 7m 
Me the transformation of Perron (3). By substituting into (7) we get: 
; (8) Arme = Mr ee) + Am Tm 
| where 


(9) ri” = war? 4 ware 4- fires +. _aerre i = 1, 2, se 
We take h sufficiently high, so as to satisfy the condition \{” > 0. This is 


possible, in view of (5), since \y7; + --- + AmTm > 0." Since the transforma- 
tion (9) is unimodular, the relation (A, \1,---,Am) = 1 implies that also 
(A, At”, ---, A) = 1. Let, say, Af” not be divisible by A, and let iY = 
Au +, 

(10) e<N <A: 


We consider the transformation: 
, ee, ’ (h) ! (h) , ss 
(10’) Tmt = 1 + UTm41, Tl = Tati, Ti = TE; 4=2,---,m. 


The m + 1 real numbers 7; are positive, since Atm > Vad ae by (8), whence 
Atmit > Aur”, ie. X77 > O. From (8) we find: 


ma) , ro hie 
(7 ) N’ Tm41 = AiT1 + te de + AuTas 


where \; = , Xi = —AS”, i = 2,---, m. In view of (10) and (7) we have 
achieved a reduction for \, and this by a transformation (from the 7; to the ri) 
which is unimodular and non-negative (i.e. with non-negative integral coeffi- 
cients). Ultimately we will get by a unimodular non-negative transformation 
a set of positive real numbers 7; , 72, +--+ , 7m41, Such that 


(11) Fm4t = Mitr t--+ + Amim- 








i 1 Note also that, in view of (5), A{ ¥ 0, when h is sufficiently high, whence, by (4), 
a Aj» > 0. 
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vhich A Perron transformation (3) applied to the rationally independent numbers 
#1, +++) Tm Will lead to 7”, --- , 7 and to a new relation: 
non- - ms ) ‘ 
(11') Fmt = MAY + +s +O ms 
in which the coefficients X{" are non-negative, provided h is sufficiently high 
+ 1, (the argument is the same as that applied to the coefficients \$” in (9)). We : 
then put: q 
a” = si, i= 1,2,.--,m, it 
» M. (11") * 5 (h) * 5h) * | 
Fmti = Tmai t Ar t1 + +++ + Am Tm- | 
Then 744: = 0 and this completes the proof. , 
. II. Rationally independent values. The Cremona transformation 7'”’ 
ere , . . : ‘ F 
* 3. We consider a zero-dimensional valuation B, of rank 1, of our field 2. ey 
. The residue field K’ of B is an algebraic extension of the ground field K. To | bt 
build up our Cremona transformations, we first consider the special case in Ws 
which the residue field K’ coincides with the ground field. a) ie 
Let 1, --- , £m be arbitrary elements of 2, but such that v(z;) 2 0. Since 
K’ = K, there exist m uniquely determined constants c, --+ ,¢m im K such 
, M. that v(x; — c;) > 0. Let v(x; — ci) = 7; and let us assume that 7, --- , Tm 
ie are rationally independent. We then associate with the Perron transformation 
ini (3) the following Cremona transformation 7” in K(a,, --- , 2m): 
ilso (12) qm: 5 ee x4? yay Ne ating oo ae 3 
= ie 
i is a Cremona transformation, since the determinant (4) of the exponents ue 
A? is +1 (andis +1ifhiseven). The x; are polynomials in X;, X2, --- ,Xm, Mee: 
since the A{” are non-negative integers, by (4). Moreover, in view of (3) we ipe 
have 
™ (12’) v(X;) = rf”. 1 
The fact that the ratios A{’/A{” (h = 1, 2, --- ) are convergent fractions for 
asi t;/7, , will be used by us for the following purpose: we prove namely the following 
THEOREM 2. Let 
Bas II (x; — o)**', ---, ty = II (x, — ¢,)**", 
ve i=1 i=! 
/ 
“4 be N power products of the differences x1 — C1, +++ , 2m — Cm, and let 
on on Il xMa nen ty = Il XMin, 
i=l i=l 
be the form which the elements m, --- , tw assume after the transformation _ 
If h is sufficiently high, then [| X*‘* is a factor of [] X M8 for all pairs of indices i ie 
4), a and 8 such that v(ma) < v(m). i 


Proor. We have 
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| (13) Mi; = mjAt*” + gel 4... 0 per. 
If v(ma) < v(2g), then 
es (urs 7 Mia) 71 + ie (ump 7 Mma) Tm > 0. 


Since the ratios A{”/A{” are convergent fractions for 7;/71, it is clear that if h 
is sufficiently high, say for h = ho, then also 


(14’) (uis — wia)At” + 


for all pairs of indices a, 8 = 1, 2, --- , N, such that (14) holds true. But (14’) 
implies Mig > Mia , for i = 1, 2,--- ,m, whenever h = ho, and this proves 
our theorem. 

Note. Observe that for two distinct power products 7. and zg it is not 
possible to have v(1.) = v(m), since 71, --- , Tm are rationally independent. 


h 
. + (mg = Mma Aw” > 0, 


( 4. We now consider the general case in which the residue field K’ of our 
t valuation B is an arbitrary algebraic extension of K, finite or infinite.” Let K* 
be the least Galois extension of K which contains the field K’. For convenience 
we take K* as our new ground field. By this ground field extension our original 
field = is extended to a field >* = K*2, of degree of transcendency r over K* 
(see [11], p. 189). It is well known that B admits at least one extension in >* 
({4], p. 185) and that K* is the residue field of each extended valuation.” We 





12 The case of an infinite algebraic extension occurs already in the classical case, in view 
of our reduction of the dimensionality of a valuation through a transcendental extension 
of the ground field (see A III). The following example will illustrate. Let = = 
K(a, y, z), x, yand z—algebraically independent elements. Consider the one-dimensional! 
valuation B obtained by equating z to the following formal power series in y: 


Any element 7 in = becomes, by substitution, a formal power series in y, with coefficients 
which are algebraic functions of z, and by the value of 7 in B is meant the exponent of the 
leading term in the power series. Thus, for instance, v(z) =1, v(x) =0, ete. It is clear that 


the B-residue of z/yis x/?. We have z?/y? — x = (: - v2) * oo v2) xe Qalt gilty +---, 
y y 


whence the B-residue of = is 2x? 7/4, Hence the B-residue of = 

yp, Qzy? 
tinuing in this fashion we can show that the residue field of B contains 2”, x, x’, etc., 
i.e. the residue field is an infinite algebraic extension of the field K(x). But it is this 
last field which we would have to take as ground field if we wished to regard B as a zero- 
dimensional valuation. 

8 If K’ is an infinite extension of K, then B has necessarily infinitely many extension in =*. 
To see this, we first observe that a field of algebraic functions over a ground field K is by 
definition a finite extension of K. Hence the relative algebraic closure K of K in = is also 
a finite extension of K. Therefore, if K’ is an infinite extension of K, it is also an infinite 
extension of K. Therefore, for the proof of our assertion, we may assume that K = K, 
Y or that K itself is maximally algebraic in =. In this case, the extended valuations of B 
} form a complete set of conjugate valuations over K ((4], p. 185). In other words, if an 
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consider one of the extended valuations of B and we continue to denote it by B. 
However, when necessary we shall denote this extended valuation by By in 
order to distinguish it from the other extended valuations B,, B;, --- . 

Let 21, --+ ,2%m be elements of 2 contained in the velustien ring of B, and 


let the Boilies of x; be a;. We have then a point of coérdinates a; , --- , am 
in the affine space of the z’s (over the ground field K*). Let (ai;, +--+ , am), 
j= 1, 2,---,g, be the conjugate points over K. Here (an, «+ , am) is the 
original point (a, --- , &m). 

Let v(x; — ai) = 7. We make the following two assumptions: (a) 7, --+ , Tm 
are rationally independent; (b) the g conjugates an = a, ay, --- , a, are 
distinct. 


We apply to 7, --- , tm the elementary Perron transformation (1). Next, 
by using the interpolation formula of Lagrange, we construct a polynomial 
¥i(t1), 7 > 1, with coefficients in K, such that” 
j= 1, 2, Poe 5 Dy 


(15) Vilar) —- a; = O(mod (a — a)"*”?), : 
t= 2, 


Let f(a) = I (x; — a;), whence f(z) is in K[z,] and is irreducible. We put 


(16) g(r) = vil) + Aa)ifenl”, 


where A;,(2;) is a polynomial in K[2z,] on which we will impose presently some 
conditions. However, whatever the polynomial A ;(2;), it is obvious that ¢;(2x) 
shares with ¥;(21) the property expressed by (15), i.e. we have 


(17) gi(ti) — a; = 0 (mod (21 — a,)**”), G=1,2,---49. 
Let f;(a,) = = 2. a By (15) we can write: 
Vi(r1) — ai; — ai(%1) 
[f(a f(a) e*” 

where Hy, Hig, --- , Hig are polynomials in x; which are conjugate over K. 
Hence, by (16) we have 
(17’) gi(ai) — ij _ Hi(a1)_ + [fi(ar)]"* ” -A (ai) 

[f(ar) |e” Liles) ef? 


Let us assign, for each 7 = 2, an arbitrary set of g distinct conjugate elements 

















element 6 of K* is a residue of an element of 7 in one extended valuation, each conjugate 
of @ over K is also a residue of 7 in some extended valuation. Suppose there were only a 
finite number, say g, of extended valuations. Then every element 6 of K* would have at 
most g conjugates over K, and this is impossible if K* is an infinite extension of K. 

4“ A polynomial y¥;(z,) satisfying (15) exists and is uniquely determined if we impose 
the condition that it be of degree at most a{%g — 1. 
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asa, ++, a1,9 Of the field K(an, --- , ay). We choose A ;(21) (in K[2y}) in 
such a fashion as to satisfy the congruences 
(18) [fan]? Aer) = —Hi(m) — af. -Lf,Ced]"? (mod (x1 — a)’, 

j= 1, 2, ee, 9, 
where p is a preassigned positive integer, which we can choose as high as we 
please. For p = 1, the existence of such a polynomial A,(x;) follows directly 


from the ‘ntenpulation formula of Lagrange and from the fact that fi(ar;) 0. 
For p > 1 the existence of A;(z:) follows by an easy induction.” 


5. Having set this condition on A ;(2,) and keeping in mind the definition (16) 
of the polynomial ¢;(21), we now define our Cremona transformation 7”, for 
h = 1, as follows: 


ae (1) 
(19) at eee 
a, = [f(r It? + ea), i= 2,...,m 


From (17), (17’) and (18) we deduce that the equations of T” can also be 
written, for each j = 1, 2, --- ,g, in the following form: 


( a1 “ay '= In — Ohm) 3 a = On; 
(19) 7": ty — ay = (tm) — orm) Low OR, — af, 

( + (tn — om) )” Gijam)} 
Here the G;; are polynomials with coefficients in K(au, --- , aig). For optical 


reasons we re-write the equations (19’), dropping the index j referring to conju- 
gate elements and denoting f,(x0) by f*(a): 


H—- a= cw _ -, ay = at). 
( 
(19”’) li — a; = = (xi? tel oP ye? FE pe (QD Ah? (gD, ie al), 


+ (am — om )’Gi(am)}, ¢ = 2, +++, m. 


We may, if we wish, regard the relations (19’’) as referring to the index j = 1. 


By (19), a1, --+,2%m are polynomials in x{, --- , 2m, with coefficients in K. 
By (19”), the eles of the expression in the a brackets is equal to 


(0) s (1 . (1) 
Ti — a; 1, i.e. to ri... If we take p sufficiently large, so as to have p71 > Ti-1, 


then the value of the expression in the curly brackets will be the same as the 
value of the element [ft(ayyre?. (af), — a$?,). But v(f* (re?) ) = o(f*(m)) = 9, 
since f*(2,) is not divisible by 2, — a » tae if we pay due respect to the index j: 
fi(a:) is not divisible by x; — a;). Hence, for such a large value of p we will 
have: 

v(af — af) = of ¢=1,2,---,m. 





The existence of A ;(x,) also follows directly from a Lemma proved later on (B III 10, 
Lemma 1). 
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. . () : ° 7 
Thus the transformation 7” has the desired effect, leading, as it does, to new 


(1) (1) : ‘ .. : 1) 1 
elements 21”, ---, 2m, Whose B-residues are a{”, ---, aS and such that the 
. (1) (1) ; 
B-values of the differences x;'’ — a; are the real numbers +!" which are ob- 


tained at the first step of the algorithm of Perron. We emphasize that the 


. (4) a) 1) . 
conjugate elements aj; , ai2, --- , a,’ can be assigned, for each i = 1, 2, --- , m, 


arbitrarily; in particular they may be assumed to be distinct. 






6. We now proceed to build up a Cremona transformation 7 associated with 
the Perron transformation (3). Essentially 7 will be obtained by a repeated 
application of the elementary transformation 7” defined in the preceding sec- 
tion. We first give a full description of 7 and we shall then prove its exist- 
ence, by induction with respect to h. 

First of all, T will be of the form: 


(20) I? s,m PdEy, Ne, +++ , Xe), i= 1,2,---,m, 


where P; is a polynomial with coefficients in K. The X; belong to the valuation 
ring of B, and the B-residue of X; ts an arbitrarily assigned element y; of the 
field K(ay, a2, ++: , 1g). Here, we recall, a = a = B-residue of x, and 
a, --: , Qy are the conjugates of ay. We also point out that by hypothesis 
these g conjugates are distinct, and consequently the field K(an, --- , aig) 
contains the B-residues of all the z;, 7 = 1, 2, ---,m, and their conjugates 
over K. It is important to keep in mind the fact that the residues of X; lie in 
the fixed field K(ay, --- , aig), of relative degree g over K. That means that, 
as long as 71,---,7m are assumed to be rationally independent, the field 
generated by the coérdinates of the centers of the extended valuations in the 
space of the X; , and by their conjugates over K, remains fixed for any h. This 
fixed field K(au,--- , @ig) we shall denote by R. If the center of B in the 
space of 21, --- , &m splits into g conjugate points over K, also the center of B 
in the space of X,, --- , Xm will split into g and only g conjugate points over K. 
We have g = relative degree of R over K. 

The above will be the first of a set of properties of T”. We have then, as 
property (a), the following: 





(a) y; = B-residue of X;; yi:—an arbitrary preassigned element of 
K(au,---, a1). In particular, we may assume that ya (=) and its conju- 
gates vie, +--+ , Vig over K are all distinct. 





The other properties follow. For the sake of notations, we omit the index j 
relative to conjugate elements.” 








© In this connection one must bear in mind the following. The extended valuations 
of B in 2* form a complete set of conjugates under the Galois group of 2*/Z ((4], p. 185). 
This Galois group coincides with the Galois group of K*/K if and only if K is maximally 
algebraic in = ({11], p. 193). If then K is not maximally algebraic in 2, there will certainly 
exist relative automorphisms of K*/K which cannot be extended to relative automorphisms 
of 2*/2. In particular, it may well happen that a given relative automorphism 7x of 
R/K cannot be induced by a relative automorphism of =*/Z. (R may contain elements 
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(b) 0X; — vi) = 7". 
(c) In the ring R[X,, --- , Xm] the equations of T can be put in the fol- 


lowing form: 
AGh) A(Ght+1) 


(20’) 7": %;—a; = Ay* As! 


A(h+m-1) 
t 


20+ An -L(X1, +++, Xm), 
a= 1,2, .--,m. 


Here A,, --- , An, Li are polynomials with coefficients in R. The A; are of 
the following form: 


Bn = Xu — Ym) 
A; = A( Xin, TF 2s Xm) + (Xi ci vi) + (Xm oi Ym)? AAXi41, re Ae Xm); 


7=1,2,---,m—1. 


(21) 


Moreover,” 
(d) v(L;) = v(A;) = 0 (whence Lily ee Ym); Aiyini ers > Ym) # 0). 
(ce) o(Ai) = o(X;i — ys) = 7H”. 
(f) p is an arbitrarily large integer. 


7. Let us assume that a transformation 7 with the above properties exists, 


for a given h. We prove that there also exists such a transformation 7T*”. 
We have, by (2), 

(h) (h+1) (h) (h+1) (h) _(h+1) . 

1 OS Te ’ Tj = Ti-1 + ai Tm ’ ; = 2, vom 5 


With this elementary Perron transformation there is associated a Cremona 
transformation 7” defined in section 5: 


Xi = ve 
Xi = Yialf(¥m)l"? + o(¥m), 
g 
where f(X,) = ]] (X; — v:,). The equations (22) are the same as (19), with 


7=1 
a slight change of notations. By (19), the equations of 7, assume in 
R[Yi, ---, Ym] the form: 
X, Ts i — Em, 
(22’) > ss ath) ah) + g 

X; — os (} eta Em) : {Lf*(¥m)] ' (Vis anc} €;_1) + +e age Em) GA{¥n)}; 
+> 1, 


(22) Ty: 





which are not in K but are in Y.) If this happens, and if, say, + carries the residues 
Yr, °*t 5 Ym (= Yi1y°** y Ym1) into yi2,°**, ym2, then yi2,°-* , Ym2 are not residues of 
X,,-::, Xm for some extended valuation. To understand property (b) correctly it is 
therefore necessary to observe that it refers to our fixed extended valuation B, of B. If 
we apply the relative automorphisms of =*/2, we have to write y;; instead of y;, but j 
will not necessarily assume all the values 1, 2, --- ,g. At any rate, for all values which j 
actually assumes under these automorphisms, the symbol »(X; — y:;) denotes the valua- 
tion-theoretic value of X; — y;; in a suitable extended valuation of B. Naturally, this 
value is always r{"), being independent of j. 

” The remark concerning property (b) made in the preceding footnote also applies to 
properties (d) and (e). 
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where 
(a’) «, = B-residue of Yi; 1, +++ , €m-1, arbitrary preassigned elements of R, 

and €m = ¥1- This corresponds to property (a). 

Moreover, 


(23) p(x) = {20 , 


and o is an arbitrarily large integer. We have also: 

(b’) v(Y; —- €:) = ’. 
We define: T°*” = T”.T®. The transformation , from 2, «+, Im to 
Y,,---, Ym, is such that the x; are polynomials in Y,, --- , Y» with coeffi- 
cients in K, by (20) and (22). The conditions similar to (a) and (b) are satis- 
fied, in view of (a’) and (0’). 

If we substitute the expressions (22’) of the X; into (21), we find that A,, is 
divisible by (Ym —é€m)*™, and that also A;, 1 < i < m, acquires the factor 
(Ym — €m)*:, provided pat” — a{” > 0. Now from (2’) it follows that if 


party 


h = 1, then 7{” < 7, whence af” < at”, i = 2,---,m — 1. Hence by 
taking p sufficiently large, we can make pas.” — a{” as large as we please. We 
therefore can put: 

(24) A; = (Ya -— hw ee t= 2,3, ---,m, 
and 

(24’) Ay = (Ym — €m)-M(¥1,---, Ym). 


alh) 


We find that Aj_1 — Ai(Xis, «++, Xm)[f*(Ym)]"* (Yi — ea), i = 2,---,m—1, 


is divisible by (Ym — ém)”, where p’ = minimum (pax” — a{”, «). Hence, by 
taking p and o sufficiently large, we can make p’ as large as we please. Let then 
/ 
a= Ya— €m 
(25) , , r p’ , y bd 
i = Ai(Yisi, +++, Ym)-(Yi — €:) + (Ym — €m)? Hi(Vinr, +--+, Ym), 
#=1,2,---,m-—1, 
where 


(f’) p’ is an arbitrarily large integer. Here 
(8) AY, --+, Yu) @ Aus(Xae,---, XM/(V IT 
i= 1,2,---,m— 2, 
and, by (22’), for 7 = m, 
(26’) Al a(Ym) = Uf (Yn)J™. 


It is clear that Af**™ = AS” + Af**Paf? +... + Af" an”. Hence sub- 
stituting (24) and (24’) into (20’), and taking into account that by (25) A, = 
Yn — €m, we get that the equations of T“*” in R[Yi, --- , Ym] are of the form: 


tAaAsht1) ra bht2) talht+m) ' Wis: 
Ti — a; = Ayt Ao” * os Ae * HAY, -+-, Tal ¢=1,2,---,m™m 


where, by (24’), 


a 82 AE A I EER Bu wi: 
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go 14%. ,¥ j-th, --, 3d, «+ Te. 
These equations of 7*”, together with the (25), give property (c). 

From (24’) and from (21), for 7 = 1, we find that in R[Y1, --- , Ym] we have 
the following congruence: 


M(Y,,-:--, Vw = Ai(X2, reey X m)(mod (Yn — ém)Pam—), 


Since v0(Y m — €m) = 0(X1 — v1) > 0, and since v(A;) = 0, it follows that o(M) = 

0. Since f*(Y») is not divisible by Yn — €m (by (23); note that y11 = y1 = én), 

also v(f*(Ym)) = 0. Hence, in view of (26), (26’), (27) and of property (d), 

we conclude that v(L;) = v(A;) = 0, and this expresses property (d) for 7". 

Finally, by (24), we have: v(A;) = ri*» fori = 1, 2,---,m — 1, and also 
v(A,,) = 72°”, since A, = Ym — €m = Xi — 1. Thus also property (e) holds 
true, and this completes the proof. 


8. Theorem 2 admits an immediate generalization. If 


m m 
m =I] (a — a), «++, my = I] (a; — a)", 
i=1 i=1 
are N distinct power products in the differences x; — a; , after the transforma- 
: h 
tion T” they become: 


2 lea G(X, is a Xm) et Ae, Se Gy(X1, calle Xm) et a, 
where the M;; are given by the relations (13), and where v(G:) = --- = v(Gy) = 
0. Here G,,---, Gy are polynomials with coefficients in the field R. Jf h 
is sufficiently large, then we will have Mig > Mia, 7 = 1, 2, --- , m, for all a and 
B such that v(1g) > v(r2). The proof is the same as that of Theorem 2. 

We make the following application of this result. Let f(a1,--- , %m) bea 
polynomial with coefficients in K or in some algebraic extension field K, of K, 
for instance in K*. Clearly, f is a linear combination of power products such 
as m;, with coefficients in (K; , R), say 


famat. a c; #0. 
If, for instance, m, is the power product of least value in B, then after the trans- 
formation 7, if h is sufficiently large, f will acquire the factor Aj" .-- An™. 


If we divide through by this factor, what remains will be of the form Gy + 
a multiple of the product A; A, --- A,,. Since v(G,) = 0 and v(A; --- Am) > 0, we 
conclude with the following 


THEOREM 3. Given a polynomial f(x: , --- , 2m) with coefficients in K*, if h 
is sufficiently high, the transform of f by T” will have the form: 
(28) f = AVtAg? «.. AN™F(X1, +++, Xm), 


where F is a polynomial and where v(F) = 0 (i.e. Fy, +++ » Ym) # 0). 
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III. Rationally dependent values 


9. Let 71, ---, Tm be rationally independent real numbers and let tm be 
rationally dependent on 7, ---, Tm: 


ATmo = ATi + +++ + AmTm,; A > 0, (A, Ar, -°*,Am) = 1. 






have 


In that case we have Theorem 1 (12). Let us assume that the residue field of a 








‘= given zero-dimensional valuation B of = (of rank 1) coincides with the ground field K, 
Em), and let 4, --- , %m41 be elements of 2 such that v(x; — c;) = 7;, where ¢; = 
(d), B(z1) C K. We associate with the transformation (6) of Theorem 1 the fol- 

ad lowing Cremona transformation: 

also m+1 

she (29) a — 0 = I] X3", i= 1,2,..-,m+1. 

ta 
Then 
o(X;) = 73 > 0, += 1,2,---,m, 
(30) 
v(X m+1) - 0, 
where naturally 7; , --- , T, are rationally independent. The way in which we 
ma- will apply the transformation (29) will be as follows. Let 
m+1 m+1 ’ 
r=[[@:-¢)", vr =] @- a)", 
t==1 i=1 
be two power products of the differences x; — c;, where the y; and the uy are 

) = non-negative integers, and let us assume that x and 1’ have equal values in B: 
fh : 

After the transformation (29), the power products 7 and x’ assume the form: 
ea m+1 m+1 ? 
K, x =|] x*, nr = [J] x, 
ich i=l st 

where 

(0. (32) Mi = mii + ++ - + Bmp Bmti 
ns- Mi = miBis +--+ + omg tBmass - 
sit Since v(m) = Mitt + --- + Mum and v(x’) = Mint + --- + Matm , and since 
+ Tl +++, Tm are rationally independent, it follows, by (31), that 
we 

(33) M; = M, too eon * 
fh 


In view of the relations (32) we have therefore the following equations: 

Brs(ut — wx) +--+ + Binst,i(Hmtt — my) = 0, *=1,2,---,m 
Bimer(ut — pa) +--+ + Bmttimet (mst — met) = Mma — Mmit- 
The (m + 1)-rowed determinant | 8;;| is +1. Hence, by (34), we have 


(34) 
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, 
(35) Maat — Mngi = a et 
where d is, to within a + sign, equal to the m-rowed determinant | 8;; |, 7, 7 = 
1,2, ---,™. 


10. In order to generalize the considerations of the preceding section to the 
general case of an arbitrary residue field, we first prove two lemmas. 

Let R be a finite algebraic extension of the ground field K, of relative degree 
g. Let Pj(a1;,---, @mj),J = 1, 2,---, 9, be g distinct conjugate points over 
K in the affine space S,(%1,---, 2m)(ai; GC R). Let, moreover, A;(z,, 

-, 2m), Bi(a1, +--+, 2m) be polynomials with coefficients in R, and let 
A,(%1, +++, Lm), Bj(a1, +--+, Lm) be the conjugate polynomials over K (j = 
1, 2, ao g). “ 

Lemma 1. Jf 


(36) A ;(a1;, +++ , &mj) # O, j=1,2,---,9, 


then given any positive integer po , there exists a polynomial H(a,, +--+, Xm) with 
coefficients in K such that A;H + B;, written as a polynomial in the differences 
1 — Qj, +++, tm — Om; , begins with terms of degree = po. 

Proor. Let p; denote the prime zero-dimensional ideal (a1 — a1; , +--+ ,%m— 
Qmj) in the polynomial ring R[z,--- , 2m]. Since the ideals p;, --- , p, are 
distinct, any two of them are free from common divisors (teilfremd), and the 
same holds true for the powers p{°, --- , p?°. We therefore can find a poly- 
nomial ¢; in Riz, --- , 2m] such that 


(37) oi = 0(p}°), 7 F 2; $i = 1(pi°), 


and we may assume that ¢1, --- , ¢, are conjugate polynomials over K. 

Since, by hypothesis (36), A; # O(p,), the ideal (A;, p§°) is the unit ideal. 
Hence we can find a polynomial h; in R[x, --- , 2m] such that h;A; + B; = 
O(p;°), and again we may assume that h,, --- , h, are conjugate polynomials 
over K. We put H = hd: + --- + hy,. Then A is a polynomial with 
coefficients in K. Moreover, by (37), we have: H = h;(p§°), whence HA; + 
B; = h;A; + B; = 0(p}°), q.e.d. 


11. Let \1, --- , Am be arbitrary non-negative integers. 

LemMa 2. Under the hypothesis that ay,---, aig are distinct conjugates, 
given a set of conjugate elements y; , --- , ¥, of R over K and given a positive integer 
po, there exists a polynomial y(2,, --- , Lm) with coefficients in K and, for each 
t= 1,2,.--, m, there exists a set of conjugate polynomials 6;;(%1 , --- , Xi) (J = 
1, 2, --- , g) with coefficients in R, such that: 


(38) 9 — ¥j = 5162; +++ bmj 5 
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j = Aj;(t1)- (a1 — ay;)"', 
8:5 = Ait, --- , ti)- (ti — aij)“ + Bilt, --- , 20), 





















J _ 
(40) each B;; begins with terms of degree = po in a — ayj,-++, Xi — ai; 3 
7s (40’) Aislarz, +++ , aj) ¥ 0; 
(40’’) 5; ;(a1;" Cie 9 aij") 0, if 7 yt f. 
mare Proor. Form = 1 the lemma follows directly from the interpolation formula 
isaeaee of Lagrange. We assume the lemma to be true for a given m and for given 
‘hn Mi, +++) Am(Am 2 0), and we prove it for m, \1, «++ , Am—1, Am + 1 (if Am = 
1] we we put dm; = 1, and our induction is actually from m — 1 to m). 
g 
(j = Let d; = [] 6,; and 83; = d;/é,;.. Then d; is a polynomial with coefficients 
7=1 
in K. We put 
g =o¢+ [crn + A(x, - » Lm—1)] dide --+ dm , 
th where c is some element of K and where H is a polynomial with coefficients in 
<a K, both to be determined. From (38) it follows that 
(41) go! — V5 = brjbaj ++» bmj-8;, 
= where 
- (41’) = 1+ [cam + Har, --- , m—1)]61; +++ Ong « 
oly- 
Let a; and b; be respectively the constant term and the coefficient of 2m — am; 
in the product (61; 82; --- nj), When this polynomial is written as a polynomial 
IM 1 — O17, +++,%m — Qmj. In view of (40”), we have a; # 0. We choose c 
in K so as to have —b;/a; + ca; # 0. Having fixed the constant c, we find 
” H(x,, +--+, 2m—1) in such a fashion that after the substitution 7, = am; the 
ae polynomial 6;, written as a polynomial in 2, — aj, --+ , m1 — @m-1,;, begin 
‘als w ith terms of degree = p. This is possible, by Lemma 1, since a; ~ 0. Then 
; 6; has the following form: 
vith 
i + 8; = Ajai, +++ , tm)-(%m — mj) + Bila, +++ , tm-1); 
where B; begins with terms of degree = pp in 21 — ayj, +--+, Lm—1 — Gm-1,;- 
Moreover, A ;(a1;, -- + @mj) ¥ 0, as a consequence of our choice of the constant 
c. It is clear that if we put dn; = 5m, 6; , then 6,; will be of the same form as 
” bm;, With Am + 1, instead of A», and that the condition analagous to (40’) 
wel will be also satisfied. As to condition (40’), for 5,;, its validity follows from 


the definition (41’) of 6; : namely, we have obviously 
(5; )e;me" = 1, ifj ~ j’. 


Since, by (41), g’ — vy; = 61j60; --- 5m—1,j-8m;, the proof is now complete. 
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/ 
(35) Mast — Mngt = =, 
where d is, to within a + sign, equal to the m-rowed determinant | ;; |, 7,7 = 


1,2,---,m. 


10. In order to generalize the considerations of the preceding section to the 
general case of an arbitrary residue field, we first prove two lemmas. 

Let R be a finite algebraic extension of the ground field K, of relative degree 
g. Let Pj(ai;, +--+, @mj),J = 1, 2,---, 9, be g distinct conjugate points over 
K in the affine space S,(%1,---, %m)(ai; CG R). Let, moreover, A,(2, 
+++, 2m), Bi(ti, +++, 2m) be polynomials with coefficients in R, and let 
A,(t1, +++, Lm), B;(t1, +--+, 2m) be the conjugate polynomials over K (j = 
1, 2, et g). 

Lemma 1. If 


(36) A ;(a1;, +++ 5 &mj) # 0, j=1,2,---,9, 


then given any positive integer po , there exists a polynomial H(a,, --- , Xm) with 
coefficients in K such that A;H + B;, written as a polynomial in the differences 
1 — Qj, +++, tm — Om; , begins with terms of degree = po. 

Proor. Let p; denote the prime zero-dimensional ideal (41 — a1; , --+ ,%m — 
Qmj) in the polynomial ring R[z,--- , 2m]. Since the ideals p,, --- , p, are 
distinct, any two of them are free from common divisors (teilfremd), and the 
same holds true for the powers pj{°, --- , p?°. We therefore can find a poly- 
nomial ¢; in R[x, --- , 2m] such that 


(37) oi = O(P)"),7 At; oi = 1(p7), 


and we may assume that ¢:, --- , ¢, are conjugate polynomials over K. 

Since, by hypothesis (36), A; # O(p,), the ideal (A;, p§°) is the unit ideal. 
Hence we can find a polynomial h; in R[z, --- , 2m] such that h;A; + B; = 
O(p°), and again we may assume that h,, --- , h, are conjugate polynomials 
over K. We put H = hii + --- + hyo,. Then A is a polynomial with 
coefficients in K. Moreover, by (37), we have: H = h;(p§°), whence HA; + 
B; = h;A; + B; = 0(pj°), q.e.d. 


11. Let \1, --- , Am be arbitrary non-negative integers. 

LemMa 2. Under the hypothesis that ay,---, aig are distinct conjugates, 
given a set of conjugate elements y: , --- ,¥g of R over K and given a positive integer 
po , there exists a polynomial g(2,, --- , Lm) with coefficients in K and, for each 
t= 1,2,.--, m, there exists a set of conjugate polynomials 5;;(11, --- , Xi) (J = 
1, 2, --- , g) with coefficients in R, such that: 


(38) 9 — ¥; = b1jbe; +--+ bm, ; 








eal. 
ials 
rith 


















LOCAL UNIFORMIZATION ON ALGEBRAIC VARIETIES 


51; = Axj(a1)-(t1 — a)", 
63; es Ai;(1, sda oe Xi) + (4; ace aij) + Bi(x1 , ‘aie » 2); 





(40) each Bj; begins with terms of degree = po in % — aj,--+, %i — ay} 
(40’) Adj(arj, +--+ , aij) #0; 
(40”) Si(ory +--+, ai) #0, if 7 #7’. 


Proor. For m = 1 the lemma follows directly from the interpolation formula 
of Lagrange. We assume the lemma to be true for a given m and for given 
hi, +++) Am(Am 2 0), and we prove it for m, Ay, «++ , Am—1, Am + 1 (if Am = 0, 
we put 6; = 1, and our induction is actually from m — 1 to m). 

g 
Let d; = [J 6; and 67; = d;/6,;.. Then d, is a polynomial with coefficients 


j=1 


in K. We put 


yg =o [crm + H(t, +--+, tm-1)] dide --+ dm, 





where ¢ is some element of K and where H is a polynomial with coefficients in 
K, both to be determined. From (38) it follows that 


, 


(41) e — ¥;5 = 51760; «++ bmj-5; , 





where 


(41’) 





* 


= 1+ [crm + H(x, «++ , tm-s)]61; +++ Ong 





Let a; and b; be respectively the constant term and the coefficient of tm — am; 
in the product (81; 53; --- dj), When this polynomial is written as a polynomial 
in %1 — Q1;, ++: ,2m— Gm;. In view of (40’’), we have a; ~ 0. We choose c 
in K so as to have —b;/a; + ca; # 0. Having fixed the constant c, we find 
H(a,, +++, 2m-1) in such a fashion that after the substitution zm = am; the 
polynomial 8; , written as a polynomial in 2; — a1;, --+ , 2m—1 — Gm—1,; , begin 
w ith terms of degree = pp. This is possible, by Lemma 1, sincea; ~ 0. Then 
5; has the following form: 


8; = Aj(ar, +++, Lm)+(tm — Omi) + Bia, +++ , m1); 





where B; begins with terms of degree = po in 4% — aij, +--+ , m1 — Om-1,;- 
Moreover, A ;(a1; , +++ @mj) ¥ 0, as a consequence of our choice of the constant 
c. It is clear that if we put dn; = 5m,6; , then 5,; will be of the same form as 
bmj, With Am + 1, instead of Am, and that the condition analagous to (40’) 
will be also satisfied. As to condition (40”), for 6n;, its validity follows from 
the definition (41’) of 5; : namely, we have obviously 


(5;)e;—05;' = 1, ifj xj’. 


Since, by (41), o’ — 7; = 51j82; +--+ Sm—1,;-8m;, the proof is now complete. 
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12. The significance of Theorem 3, as shown by (28), resides in the conclusion 
that the transform of a polynomial f(x, --- , 2m), under T”, if his sufficiently 
high, differs from the transform of a power product of the differences x, — 
Qi, +++, 2m — Om (see (20’)) only by a trivial factor, i.e. by a factor whose 
value in B is zero. If, namely, v(f) = witi + --- + uUmtm, then the power 
product in question is (z1 — a1)! -++ (tm — am)”. In particular, if we have 
m arbitrary polynomials 6; , 62, --- , min K*[x, --- , &m], such that v(8;) = 7;, 
then, to within trivial factors, the 6; will transform under 7 like the differences 
2; — a;, provided h is sufficiently high, i.e. we will have: 


(42) Ts, ‘a are oa ee Lt c fianie x2. 

where v(L;) = 0. These relations are similar to (20’). More generally, a power 
product 6{' --- 6," will transform, to within trivial factors, as the product 
(a — a)"' --+ (2m — Om)*”; i.e., for h sufficiently high we will have: 

(42’) T (ot... MP) = Art... AN"G(Xi, --- , Xu); 

where v(G) = 0. While the real numbers 71, --- , tm undergo the Perron trans- 
formation (3), it is clear that the exponents yw, --- , um undergo the contra- 
gredient transformation (13), i.e.: 

(42"’) M; = pA?” +... + weAS), ¢£=1,2,---,m. 
Note that the polynomials A; , --- , A» themselves form a particular set of poly- 
nomials such as 6,,---,6mn, with respect, however, to the new variables 


Xi,---,Xm. This is so because of property (e): v(A;) = 7” (see B II 6). 

More generally, suppose we consider a polynomial f which depends on 
%1, +++ Xm and on other elements tm41, - ++ , X, contained in the valuation ring 
Bof B. We write fas a polynomial in 2; — a, --- ,%m — am, With coefficients 
which are polynomials in 2m41, +--+, 2n- Let A(atmii, +++, 2n)(ti — a)” 
+++ (Um — Om)” be the term for which wi71 + --- + umtm iS Minimum. We 
shall say that f is monovalent in 2, --- , tmif v(A) = 0. If f is monovalent, 
then v(f) = witi + --- + umtm , and it is obvious that under the transformation 
T, which affects only 21, --- , tm, f will transform like (2; — a)" --- (tm — 
am)’, to within a trivial factor; provided h is sufficiently high. Similarly, if 
61, ---, dm are monovalent in 2%, --- , %m and if v(d;) = 7;, then they also 
transform under 7 according to (42); only the trivial factor L; now depends 
on Ay, +++, Ae GA Sau, -+- , Be. 

Remakk. It is important to bear in mind that while the coefficients of the 
Cremona transformation 7 are elements of K, the equations (20’) are the 
equations of T written over the field R. Here R is the field generated by the 
B-residues of 2, --- , Xm and by their conjugates over K. Thus all the poly- 
nomials A;, L; in (20’) have their coefficients in R. As a consequence, if a 
given polynomial fin 2, --- , 2m, and perhaps in other variables Xm41, - ++ »%n; 
has its coefficients in R, the coefficients of f, after the transformation T”, will 
remain in R. 
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13. Let 2m41 be an element of = whose B-residue am4+1 is in the field R, i.e. in 


the field of the B-residues of 2; , --- , 2» and of their conjugates. Let v(tm4. — 
Anyi) = Tmyi > O, and let us assume that 7,4; is rationally dependent on 
T1ly eee y Tm . 





(43) 


The transformation (6) of Theorem 1 consisted of two steps: the first step 
served to lower the value of \ [see (7), (10) and (7’)], and at each stage of this 
step the transformations affected only rationally independent numbers. For 
\ = 1, we had the second step which consisted of a preliminary Perron trans- 
formation (which led to (11’)) and of the transformation (11’’). At this stage 
we shall be concerned with the first step. We wish to generalize in some way 
the considerations of the preceding section. 

Let 5;, 52, --- , 5m be polynomials in R[x, --- , %m] of the same form in 
t1, +++ , 2m as the A,’s were in the X;, i.e. (see (21)): 


ATm41 = AuT1 + cee + Lala; A > 0. 


jin = In — Am ; 
(44) 6; ess Ai(Xis1 , ene , Lm) + (2; me a) + (Lm w Om) hi(Xi4s , adie » Bm); 
a=1,2,.--,m-— 1, 


and with properties similar to (d), (e) and (f) (BII 6). Moreover, let 


(44’) Smtr = Amer(X1, +++ 5 Lm)+ (mer — Ames) + (Lm — Om) *hmyi(Ti , +++ , Lm) 
be another polynomial, of the indicated form, with coefficients in R. Such a 
set of m + 1 polynomials shall be called a normal set for x, --- , 2m, Lm4i, 
provided o is sufficiently large. How large must o be will appear in the course 
of our considerations. We also assume that, for each i = 1, 2,---, m, the 
conjugates a; (= ai), aie,---, ig are distinct (compare with property (a) 
of B II 6). 

We fix an integer pp such that 
(45) potm > 7%; a=1,2,---,m—I1,m+1. 
Our first condition on o will be: 
(45’) o = po. 
We now pass by a Perron transformation from 7, ---, Tm to sie Oe, 
getting (8) as the new relation of rational dependence between 7{”, --- , - 
and tm41. We take h so high as to satisfy the following conditions: 
(a) The coefficients dj”, --- , AM in (8) are all positive. 
(b) A > d (note that in view of (9), Lim Af” = +); 

h->+00 

(c) A # OA). That it is possible to satisfy this condition can be seen as 
follows. The coefficients 4%, AS*?,..-, Aw ’">”, corresponding to m con- 
secutive values of the upper index, are linear forms of \:, --- , Am, and the 


determinant of the coefficients of these formsis +1. Since (Ai, --- ,Am,A) = 1, 
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at least one of the integers ere, ... At”? is not divisible by d. If, 

say, \*? = O(A), then we replace h by h + i. 

(d) mae > ware? 4 bite + wher, ie. sled > » 
This inequality, for all high values of h, follows from the inequality (45): potm > 

Tm41, and from (48). 


(e) 6, --+ , 8 should transform under T as x — a1, +++ 2m — Om respectively. 
That this is the case, for sufficiently high values of h, follows from (45), for 7 = 
1, 2,---, m — 1, and from (45’). Namely, these inequalities tell us that 
5,,---, dm are monovalent in 2, --- , » and that v(6;) = 7;. How high h 


must be in order to satisfy the condition (e) depends of course on the value of 
a: the larger the value of o is the sooner we will encounter satisfactory values 
of h. However, we wish to fix a lower bound for h which is independent of o, 
since o has not yet been fixed. For that it is sufficient to subject h to the fol- 
lowing condition: h should be taken so high that 6,, --- , 6» transform under 
T” asa — a1, +++, 2m — Om, also if in (44) we replace o by py. This condition 
is stronger than condition (e), in view of (45’). 

Now that h has been fixed we apply the transformation T” (ams is so far not 
affected). The integer p in (21) we take so high as to satisfy the condition: 


(45’’) pr” > rf", 4=2,---,m-—1. 
The polynomials 6,,--- , 6m are transformed according to (42). Instead of 
the set 6:,--- , 5m, 5m41 we have now to deal with the polynomials A,, --- , 


Am, 5m41- Concerning 6n4; we only wish to observe that the factor (tm — 
am) in the second term of (44’) now takes the form: 


(46) (x tiie y a AgAm asa t? assate-> Pa 
" na)’ = _ yA 

where A, = X» — ym and where L is a trivial factor. Since, by (d) and (45), 
(h) 

i lU> * it follows that if we put 

(47) me gh tr’, O<rN <d (by (c)), 

then 

(48) (2m — Gm)” = O(mod (Xm — Ym)’). 

We now operate on 72? and tm4, only. We put, namely 

(47’) Tm41 = Tm4i + gts, Tm4+1 > 0, by (47). 


For this elementary transformation involving two real numbers we have of 
course a Cremona transformation of the type 7, from the variables Xn, 
tm+41 to the variables Xn , Xm (note that the conjugate residues ¥m1,Ym2, °°") 
Ym, Of Xm are distinct, by property (a), BII6). Written in the field R, the 
equation of the transformation 7 is of the following form (compare with 


(19’)): 
(49) &m41 — @ mss = (Xm — Ym)" {C(Xm)- (Xmas — Ym) + (Xm — ¥m)?-D(Xn)}. 











5’), 


¢)), 





LOCAL UNIFORMIZATION ON ALGEBRAIC VARIETIES 877 


Here we may assume that f is as high as we please and that the conjugate 
B-residues ¥ m41,1 (= Ym41)) ¥m41,2,--- 5 ¥m+i.g Of Xm41 are distinct. These residues 
are in the field R. 

By (48) and (49) 6,4: acquires the factor (Xm — ym)*. Let 


(50) bm+41 = (Xm — Ym)" Am+1 . 
Then, in view of (46), (48), and (49), 
(50’) Amar = A(X1, --- , Xm)C(Xm)(Xmar — Ym41) mod ((Xm — Ym)’, AT4”’), 


and 


(50’’) v(AC) = 0. 

We now have our new variables: X,,---, Xm, Xm4:, and our new set of 
: h h a 

polynomials: A;,--- , Am, Ami whose values are 7;”,---, 7” and Fm 


respectively. The transformation (50) from 6n4; to Am4: is in an obvious rela- 
tionship with the transformation (47’) from Tmi1 tO 7m41-. 
We assume that # is so high as to satisfy the inequality: 


(51) prt” > ten. 
We now impose our second condition on the integer o (in addition to (45’)): 
(51’) mS eo” > tas. 


We know that 7 > -{” (by (2)). Our final step will be an operation on 
7? and 7{”; namely, we put: 
tt! = 1 + tm. 


At the same time we operate on X,; and X,, by the corresponding Cremona 
transformation 7, getting a new variable X,, : 


(52) . - te (Xi, — 71)4m , 
where 
(52’) Am = C(X1)-(Xm — ¥m) + (Xi — 1)? D(X), v(C) = 0. 


Here again p’ can be as high as we please, and the conjugate B-residues 
Ymi(= Ym), ¥m2,-*** » ¥mg Of Xm may be assumed to be distinct. They are 
elements of R, and so are the coefficients of C and D. 

From the expression (21) of A; , we find: 


53) A; = (X1 ae 71) G(X, Seg » Xm—t ’ Xn); v(G@) = 0. 
We put 
(53’) Xy ~~ A, . 


Again from the expression (21) of the A; , we deduce that each A; , 7 = 2, --- , 
m — 1, is monovalent in X; and X, : 
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(54) A, = A(X, Xign, --- , Xm1, Xm)-(Xi — ys) mod (Xi — 11)’, 
v(A;) = 0, t= 2,.--,m—1, 


Finally, as far as An4: is concerned, we deduce from (50’), (51), (51’), and (53) 
that Ans: is monovalent in X41 and X;. In conclusion, our new set of poly- 
nomials is the following: A;, As, --- , Am—1, Am4i; Am. The polynomial A; 
differs from A, by a trivial factor G(X, --- , Xm-1, Xm) (see (53)), which, 
however, has this important property: 


(55) Gy 9 *°°* » Yuet, Ew = const. 


This follows immediately from (53) and from the expression (21) of A,. Asa 
matter of fact, it is immediately seen that G(y1, X2,--- , Xm-1, Xm) is a con- 
stant. As for A, , we have, by (52): Am = A,A» , and this corresponds exactly 
to the relation 7” = 7{” + 7m. Finally, A,, As, ---, Am—-1, Amy are mono- 
valent in X,, X2,--- ,Xm-1, Xmu1, and we have: v(A;) = 7)”, v(A;) = rf” 
i= 2,---,m—1;0(Ams) = Fm41 and v(Am) = 7m. In the vebitiate of rational 
dependence between 7), «++, 1, Fm41 aNd 7m, the coefficient of 7m is d’, 


where \’ < X (see (47)). 


14. Our result will become clearer if we change our notation. We denote 


7” by tm 3 7 by r; (¢ = 2,--+,m — 1); Fmy1 by 7 and Fm by Tosti Ac 
suthatie we denote X;, X%,. ee meee oe ae ee Sere 1 Tmt 
tm4i, 1 respectively and A,, As, --- ,Am-1, Am, Amt respectively by Sn, 
5, pods i. , 5n41, 6,. We denote the B-residue of a; by a;. We reassume 


our results by listing the following properties of the Cremona transformation 
from the z’s to the x’’s 
a). The variables z;(i = 1, 2, --- ,m + 1) are polynomials in 21, --+ , 2m41 
with coefficients in K. These polynomials reduce to constants, namely to 
‘ , ’ " ‘ ’ 118 
O1, +++ ,Qmz1, If 41, +--+ , Lm are replaced by their B-residues a; , --- , @m 
b). The conjugate B-residues ai;(= a), aie, ---, ai, of x; are elements of R 


and may be assumed to be distinct. 
m+1 


c). If r: = Do Bij; ,i = 1,2, --- , m+ 1, are the equations of transformation 
7=1 


of the values 71, --- , tm41, then 5; = G,(ai, «++ , Dmyr) O18! «+ + Spee t?. 

d). o(G;) = 0 and G;(ai, --- , am, Zm41) is a constant; the coefficients of 
G; are in R. 

e). The polynomials 6; , --- , 5, are monovalent in 21, ---,2%m. The poly- 
nomial 5,41 is of the form C’(xn)-(t41 — anit) + (tn — am)’ D’(xm), where 
v(C’) = 0 and p’ is as high as we please. The coefficients of 6; , --- , Sn41 are 
in the field R. 





18 In other words: all the points of the line zy = ay 5 aa Ln = a, in the space of 
he 5** ip Ms Mee correspond to the point (a:, +--+, @m, @m4.i1) in the space of 21, °°"; 
Tm, m41- Our assertion follows directly, by inspection, from the consecutive steps of 


the inverse Cremona transformation (from X;, +++, Xm—1, Xm, Xm41 tO Di, °**y Lmy1)- 
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f). v(ai — ai) = v(8;) = 73. 

g). We have the relations of rational dependence: 
Atma = M71 + +++ + AmTm and N’ Tat = MT tere + Nitin and in these 
relations \’ 7s less than X. 
We now operate on 21, --- , 2» alone, by a transformation T”’. Under such a 
transformation, for h sufficiently high, the polynomials 6; , - -- , 6 transform as 
ti — a@,+++,2%m — @. It is clear that none of the above listed properties 
will be affected (in particular, the coefficient \’ in g) is not changed). The 
polynomials G.+:+ oe replaced by new polynomials, which we shall con- 
tinue to denote by &, ---, 5, : they are of the same type in the new variables 
(which we shall continue to call 2; , --- , 2m), as the polynomials A;, --- , An, 
given in (21), are in X,,---,X,. It is therefore clear that, provided we take 
the exponent p in (21) and the exponent p’ in e) sufficiently high, the polynomials 
aoe e 5.41 Will form a normal set. Hence we may replace property e) 
by the following: 

e’). The polynomials 6; , «++ , 5m , dn4i forma normal set (with coefficients in R). 

Proceeding in this fashion we shall ultimately get a Cremona transformation 
which enjoys all the above properties and such that in addition the coefficient 


\’ in g) is equal to 1. 
15. Suppose now that the coefficient \ was originally equal to 1: 
Tm4t = ATi + +++ + AmTm- 


Let 01, +++ ,@m4: be a normal set of polynomials in R[x, --- , %m, Lm4al- 
We apply Lemma 2, where we put y; = @m4i,;. Let 


(56) nga = te + H(x1,-++,%m), HC Klar, «++, tml, 
142 °°° Um 


g 
where ¢ is the polynomial satisfying (38) and where d; = I] 6:;. In view of 


j7=1 
(38), we can rewrite (56) as follows: 


(57 aah... a ef 
) 41 eh, oi &, 5, - * A 


where 8;; = d;/8;; . 
In view of (40’’) and of Lemma 1, we can find H in such a fashion that 
57’) Hoy; , - ++, 8mj — 1 = Bia, +++ 2m) = Ges — Oj, +++ » Lm — Omi) 
+ terms of higher degree, 
where ¢,; is a form of arbitrarily high degree co. 

Substituting into (57) we get 


(57’’) Em+1 — Am+1,j = 1 62; Tocca 5m j(01) 99 SajLngt an B)). 


)/) oe 
ae 
+ Art a BB NESE ARE GEER ERE Se GE) 
Boa Sie 
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If po in (40) is sufficiently high, then v(5;;) = As7:, 7 = 1, 2, --- , m. Hence, 
by (57"), 

v(t; --+ Omitmer — Bi) = 0, 


and since v(B;) > 0 (if « = 1), it follows that v(%m41) = 0. By substitution of 


(57’’), the polynomial om4: will assume the following form (we denote 6; by 6;) 


om+1 = 6169 “ers Start + (im aa Qm)” h(a, c++ y>Um, Lm+i); 
where 
Pett = A(a, edi , Lm) Lm41 + B(x , spit » Tm) 

and v(A) = 0, v(om41) = 0. In this form om41 now appears as a monovalent 
polynomial in 2; , --- ,2%m. Moreover, from (57’’) it follows that if we replace 
t1, +++ ,2m by their B-residues a, --- , am (while letting x4: be arbitrary), 
the expression of 2m41 as a polynomial in 2, --- , Xm, m4: reduces to a constant, 
namely to the B-residue am41 Of Xm4i1. If we now apply to 2%, --- , tm a Cre- 


mona transformation 7, h sufficiently high, we obtain, in view of the results of 
the preceding section, the following 

THEOREM 4. (Given a normal set of polynomials 6; , -- + , bm , dm41 , there exists a 
unimodular integral non-negative transformation: 
™% = ym Bijt; , such that *— = 0; and there exists a corresponding Cremona 
transformation 


(58) iy PNM, «+: Be ta ets. Bs 
where 
(58’) Pilyi,+++,¥m,Xmu) = Oi, Yi = Bresidue of X;, i=1,2,---,m+1, 
such that 
& = GA(Xi, --- , Xm, XmyrAf ... absegheots, gf 1,2, .-- m+, 


and 

(a) A, --- , Am are of the form (21); 

(b) (Xs — ys) = os) = 77,4 = 1,2, «+, m; 

(c) Amt = A(X, as » Xm)X mi + B(X, eet Xm), V(Am+1) = v(A) - 0; 

(d) Givi, +++, Ym, Xm41) = const. 

(e) The residues y; of the elements X;(i = 1, 2, --. , m) and the coefficients of the 
A; and of the G(t = 1, 2, --- , m+ 1) are in the field R. 

It is important to point out that the B-residue of X m4; need not be in the field R. 
Namely, from (57”) it follows that the B-residue of x41 may very well be a 
proper algebraic quantity over R. Thus, of our various Cremona transforma- 
tions, it is the last transformation, namely (56), that may lead for the first time 
to new variables whose B-residues generate a larger field than the one generated 
by the B-residues of the original variables 2, , --- , 2m4: - 
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performed, x and 7’ assume the form: 





where Gin 9 °° Rg Vasey X m+) and G'(n o 









containing K’. 


exists a Cremona transformation: 


a PERE: 


in terms of the new variables X ; is of the form: 


(59) 





where: 
(a) o(X,) 20,7 = 1,2,---,r +1; 





over K. If K’ = K, then A; = X;. 
(e) o(F) = 0. 


extended valuation of B in K*2. 





I. Zero-dimensional valuations of rank 1. 





f= Ae... AMmP(X, «> 
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m+1 


i=1 


m+1 


m+1 


i=1 


C. UNIFORMIZATION OF VALUATIONS 








’ X41), 


’ X +41), 


(b) v(A;) = v(X; — ;), where y; is the B-residue of X; ; 

(c) v(Ai), --- , (Am) are rationally independent numbers; 
(d) Ai, --- ,Am are polynomials in X1, --- , Xm, of the form (21); the coefficients 
of the A; and of F are in the field generated by y1, - - 


From this theorem we can draw the same consequences as those given in 
BIII10. Namely, given two power products of 6, - - - 


’ bm+1 : 


and assuming that v(7r) = v(x’), then after the transformation (58) has been 


r= G(X, remy Xm, Xm+1) II Ay, 
i=1 


mw = @(X1, +++, Xm, Xmas) IT] at, 







- 5m, Xm4i) are constants different 
from zero, and where the exponents M;, M; satisfy the relations (33) and (35). 


A lemma 


1. The proof of the main theorem is based on a lemma concerning rank 1 
zero-dimensional valuations in a field K(2,, - - 
are algebraically independent elements. Let B be such a valuation, with K’ as 
residue field. Let a;, --- , a4: be the B-residues of 2, --- 
(we assume that v(z,;) = 0), and let R be the field generated by these residues and 
by their conjugates over K. Finally, let K* be the least Galois extension of K 


+ Zp, Lyi), Where 7%, --- 


é=1,2,- 
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, tr41 respectively 


Lemma. Given a polynomial f(x, --- , Xr41), with coefficients in R, there 





- r+ i, 


where the P; are polynomials with coefficients in K, such that the expression of f 


- , Yr41 and by their conjugates 


It should be understood that the values v(A;), v(F) are taken relatively to some 
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Main theorem and Lemma will be proved simultaneously, under the hypothesis 
that the lemma is true in the case of r independent variables. 

In the case r = 1, the lemma is trivial. In fact, let a, = B(x). If v(f(a)) = 
0, there is nothing to prove. If v(f(a)) > 0, then f(x) is divisible by 2, — a. 
If f(;) is exactly divisible by (x1 — a)", then the factorization f(a) = (a, — a)" 
F(a) yields (59). 


II. Special case: residue field = ground field 


2. Weshall first treat the case in which the residue field of B coincides with the 
ground field K. Let f(a, 22, --+ , 241) be the given polynomial with coeffi- 
cients in K. In the case of the main theorem, f is irreducible and f = 0 is the 
defining equation of our hypersurface. In the case of the lemma, 2, --- , 
2,41 are algebraically independent elements. Without loss of generality we may 
assume that v(7;) > 0,7 = 1, 2, --- ,r+1,i-e. that the point (0, --- , 0) is the 
center of the valuation. We write f as a polynomial in 2,4; : 


f = a(t, +--+, 2r) + a(t, +++ rrp +: + A,(t1, +++ , Xp)Er41. 


In the case of the theorem we assume that f(0, --- , 0, 241) ¥ 0, ie. that our 
hypersurface does not contain the line 7; = --- = z, = 0. In the case of the 
lemma, if h(x, --- ,2,) is the h.e.d. of a, --- ,a,, and if we put f/h = g, 
we assume that (0, ---, 0, 24:1) # 0. These assumptions can always be 
satisfied if we perform a preliminary linear homogeneous transformation on 
TN, eee > Ur41- 

Whether we are dealing with the theorem or with the lemma, it is true in both 
cases that x, --- , 2, are algebraically independent elements. Hence, by our 
induction, we can apply the lemma to the product aoa, - - - a, and to the valuation 
induced by B in the field K(2;, --- , 2,).. There exists then a Cremona trans- 
formation: «; = P,(X,,---,X,), 7 = 1, 2, --- ,7, such that each polynomial 
a; assumes the following form: 


a(x ee Ir) ia Xj <a Xm bi(X1 a tp X;), 


where ii, ---,Mmi are non-negative integers and v(b;) = 0. Moreover, 
v(X;) = 0,7 = 1, 2,---, 7, and v(X)), --- , v(Xm) are rationally independent 
numbers. We assume that this Cremona transformation has already been 
performed, and we identify the X’s with the z’s. For convenience, we denote 
Xmyi,+++,X, and X41 by mie, +++ ,2ry1 and Xm4i, respectively. Then f 
has the following form: 


(60) f = boat? «~~ wir? + bya! -- + ame atmgr +++ bya” ++ + Lee Lint » 


where bo, bi, --- ,b, are polynomials in 21, ---,2m, mi2,°** »Ur41, and 
v(b;) = 0. 
Let v(x) = 75,7 = 1,2,---,m+1. Wehave two possible cases: (1) 11, --°; 


Tm+i are rationally independent; (2) they are rationally dependent. 
In the first case we are dealing necessarily with the lemma, since in the case of 
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the theorem the defining equation f = 0 implies, in view of (60), that tn . is 
rationally dependent on 7, --- , tm (if f = 0, at least two of the vy + 1 terms of f 
must have the same value in B). In this case the lemma follows directly from 
Theorem 2 (BII3). Namely, if we replace in Theorem 2 the integer m by 


























a1 m + 1 and if we identify the power product 7; with z{"* ..- 24"™*2%,,,7 = 0, 1, 2, 
. ,v, then under our Cremona transformation 7, applied to 2; , --- ,2m41, 
h sufficiently high, f will assume the form: 
he f= XP... Xogt[be + XiXs --- XensH(Xi, --- ,Xna)], 
st X,;=2%,t=m+2,---,r+1, 
1e 
where we assume that 7, is the term of lowest value in B. Since v(b.) = 0 
Ly and v(X,;) > 0, our lemma is proved. 
ne 
3. We now consider the case in which 7, --- , tm4; are rationally dependent. 
In the case of the theorem we have assumed that f(0, --- , 0 2,41) ¥ 0 and also 
that f(0, --- , 0,0) = 0, since, by assumption, v(x;) > 0,7 = 1, 2,---,r+ 1. 
Ir In the case of the lemma we have assumed that ¢(0, --- , 0, 24:1) # 0, where 
1e f= h(m,---,2,). o(t1, +++ , 241), and where h is the h.c.d. of a, --- , a. 
o, Let s be the multiplicity of the root z,,; = 0 for the polynomial f(0, --- , 0, 
ye 2,41), in the case of the theorem; for the polynomial ¢(0, --- , 0, 2,41), in the case 
n of the lemma. Then s 2 1, in the first case; s = 0 in the second case. In the 
case of the theorem, if s = 1, then the center (0, --- , 0) of B is already a simple 
h point of our hypersurface, and there is nothing to prove. In the case of the 
ir lemma, if s = 0, then v(g) = 0 and, by our induction, the proof of the lemma is 
n completed by applying the lemma to the polynomial h of the r variables x , --- , 
- «,. We proceed to show that it is always possible to achieve a reduction of the 
| multiplicity s, by Cremona transformations of the desired type, as long as 
s > lors > 0, according as we are dealing with the theorem or with the lemma. 
4. To the rationally dependent numbers 7; , --- , Tm, Tm41 We apply the trans- 
,, formation (6) of Theorem 1, and we operate on 2, --- , 2m, Lm41 by the cor- 
t responding Cremona transformation (29), where we now put c; = 0 (B III 9). 
n Let 
f i = batt «+ tetas i=0,1,---4%, 
and let ra, ™g +--+ ,™,a<B<--- <édbe the terms of lowest value. Then 
ow; = b Xt... XEXSe™, 
d where the M;; are given by relations similar to (32), in which, however, #m41,i 
should be replaced by 7. In view of (33), the polynomial f assumes the form: 
f= XM... XM™(BXMEIM + BeXmgih! + --- + BiXmtih 
(61) , Mat ylet1.6 
f + , B xt" oo an aa ’ 
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where M; = Miz = Mis = --- = Mos (¢ = 1, 2,---,m). The summation 
symbol >.’ is extended to all terms 7; other than the minimum value terms. 
Moreover, Bi(X1, +--+, Xm41) Gme2, ¢**, Lryi) = LAM, +++, Tri). We know 
that v(Xm4i1) = 0. Hence, by (29), it follows that, for a given 7 = 1, 2,-.., 
m + 1, the exponents Bi, --- , Bim cannot be all zero. Hence 
(61’) B,(0, --- , 0, Xmyi,0,--- ,0) = 5,0, --- , 0). 
By (35) we have 

Mis — Mmtie = - ~ 
ie eta eediad enedennedinees 

6—a 





Mm+1,é 


According as d > 0 ord < 0, the power XM", or the power XMM" will 
factor out from all the terms in the square brackets in (61), i.e. we shall have 
either 


Ta + tpt ess +15 

= XM... XMM XM [Ba + Bp Xm + ++ + BeXm, 
or 
Ta + opteee +5 

= XM... XM= XMet(B, XGGO! + BX G4 + ... + Bal, 


according asd > Oord < 0. 

Since ta, ™,--:- , 7 were the lowest value terms, we have M wee see + 
Mntm < Mutt + --» + Mnitn, for all 7 such that 7; is not a lowest value 
term. We now operate on X,, --- , Xm by a Cremonatransformation 7, h 
sufficiently high, and weapply Theorem 2. Let y;, --- , ¥m be the new variables 
(in Theorem 2 the new variables were denoted by Xi, X2,---). For con- 
venience we denote by Ymii, Ymi2,°°* , Yrui the variables Xm4i, Tmi2, °°" » 
2,41. Then the polynomial f assumes the following form: 


(63) f= ahah Yn” Fly, --- » Yr+i)s 

where 

(63’) F = ym3t'W(yr <->, Yrs) + yrye «+> YmG (yr, +++ 5 Yrs1), G, a polynomial. 
Here 

(64) p=A.+t+Apyenr +... + Asya?’ and Amt = Mmita if d > 0, 
and 


(64’) y = 1a" + Apy 2"? + ves + A; and Am+1 = Mn41,3 if d < 0. 
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Moreover 

Ailyr, +++ Yrtt) = Bi(X1, +--+, Xm, Xmery Lmgzy ++ » Lr), 
whence, by (61’), 
(65) A,(0, --+ , 0, Ymyi, 0, --- , 0) = B00, --- , 0) #0. 


In the case of the theorem, the defining equation of the transformed hyper- 
surface is either F = 0 or is F; = G, where F, is a factor of F. 

Let c be the B-residue of ym4i1. Then c # 0, since 0(Xmi1) = v(Ymii) = 0. 
By (65) it follows that y does not vanish identically if we put y; = 0,7 # m+ 1. 
Hence, by (63’), the same holds true for the polynomial F. Let ym; = c be a 
root of multiplicity s’(s’ = 0) for the polynomial F(0, --- , 0, ymsi, 0, «++ , 0). 
From (64), (64’) and (65) it follows that s’ S (6 — a@)/|d|. Let us compare 
(6 — a)/| d| with the original multiplicity s. We have mr, = a,(%,---,2m, 
Tm42,°** » Cr41)-%m4i- In the case of the theorem, we must have a,(0, --- , 0) 
~ 0, since Ymy1 = 0 is an s-fold root of f(0, --- , 0, &m4i,0,---,0). In the 
case of the lemma, f = hg and a, = ha, , where h is the h.c.d. of a , a, --- , a 
and again we must have 4,(0, --- ,0) # 0. In either case we conclude that 
v(r;) > v(rs) for all i > 8, since v(4;) = v(xi41) and v(4,) = v(x41). Since 
Tx ,™s, +++ , 7 are the lowest value terms, it follows that 


(66) OXSa<bS sz. 
Hence 
5—a| 
(66’) (og fst se 
|d| 


Let us suppose that there is no reduction in the value of s, i.e. that s’ = s._ (Note 
that ym4i1 plays now the role of 2m4;, or, in our old notations, of 2,4:). This 
implies in the first place (6 — a)/|d| = s, by (66’), whence, by (66), a = 0 and 
5 = s,|d| = 1. In the second place, we must have that (0, --- , 0, ym41, 0, 
--» ,0), to within a constant factor, is equal to (y¥m41 — c)*. This implies that 
a=0,8 =1,.--,6=s,i.e. originally there must have been in the polynomial f 
terms a; of degree 7 in 2m4;, for alli = 0, 1, --- , s, and these terms were the 
lowest value terms. In particular, we have the terms m1 = 417,41 and 
T; = Astmy1, and since v(m,-1) = v(m), it follows that v(a,1) = v(a.) + v(2m41). 





In the case of the theorem we have a,(0, --- , 0) # 0, whence v(%m41) = v(as-1). 

Similarly, in the case of the lemma, we have v(G@.1) = v(ds) + v(%m4i1) and aint 
v(ds) = 0, whence v(2m41) = v(G.1). In either case we conclude that if the Sa eral 
multiplicity s is not reduced by our Cremona transformation (from the x’s to the ? Bey ‘: 


y’s), then the value of Xm41 must be equal to the value of a polynomial in the remaining 
variables 2, --- ,%m, Duis, *°* » Lri- 


5. For convenience we go back to our original notations in which z,,: was the 
variable which latter was denoted by 2m4i1. We assume that our Cremona 
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transformation failed to achieve a reduction of the multiplicity s, and that 
consequently 


(tra) = v(H), HC Klm,--- , a. 








Since v (3) = 0, there exists a constant c ~ 0in K, such that» (= :_ c) > 0. 
Let 


(1) 
Tre = Tri — CH, 


whence v(ar41) < v(a%2r). 


Let fi(ti, «++ ,%r, 201) = f(ti, +++ ,%r, 24, + cH). We now deal with 
the polynomial hi in the same way as we dealt with f. We note that the mul- 
tiplicity of the root x{2, = 0 is still s, both in the case of the theorem and of the 
lemma. If our Cremona transformation, applied to mn yt, Sp, Ty, again 


fails to achieve a reduction of s, then we must have v(2,) = oH 1), WiC K[a,, 
1) 


. , 2,]. We then determine a constant c such that v (= _ a) > 0, and we 
1 
(2) (1) 


put 2 = 2. — eH, whence v(x) < v(x), and so we continue indefinitely. 

Let us suppose that we get in this fashion a sequence of polynomials f;(2; , 

, t,, 24) for which no immediate reduction of s is possible by the method of 
section 4. Here 





(67) ta = ta — CaHia(t, +--+ , 2), 
(67’) fila ee ae) ai}1) a fia(u , ses Dr, a) + eH), 


(67’’) o(try1) < v(2,) < --- < vf) <---, 
and where, in view of (67) and (67’’), we have: 
(68) v(ar1) = v(Hi). 


We assert that such a sequence must be finite, provided s = 2 or s = 1, according 
as we deal with the theorem or with the lemma. The proof of this 2 assertion will 
complete the proof of both theorem and lemma. 
of 
Ur41 
be a minimum value term (as a consequence of our hypothesis that our Cremona 





In the case of the theorem we observe that v ( F )e v(x°51), since +, must 





transformations fail to reduce the multiplicity s). Hence, if s > 1, then v ( = ) 
r+1 








re Of; i ; 
> v(441). Similarly, we find o( 2 Yi .) > v(x*?,), and consequently, since of 
ax\ OLp+41 
+) ae 
ai’ 





(69) o( of ) > v(x). 


OX p41 
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Now v(241), ofal.), :--, v(x), - +. , is a strictly ascending sequence of real 
numbers, and each element of the sequence is, by (68), the value of a polynomial 
int:,-++,%,. Itiseasily seen (see [10], p. 659, footnote) that this last property 
implies that if the sequence v(x\}1) were infinite, then its limit would be + @. 


But then (69) would imply that is necessarily the zero element of the field 


OXr41 
K(a1, +++ ,%r,2%r41) (= 2). This is impossible, since f is irreducible. 

In the case of the lemma, we observe that v(f) = v(zi4:). Hence, if s = 1, 
then v(f) = v(a41). Similarly, v(f;) = v(x2,), and consequently 


v(f) = v(x). 


Again, if the sequence {f; } was infinite, then by the same argument as above 
the above inequality would imply that f = 0, and this is impossible since 2, , - - - , 
Ir, tr41 are algebraically independent. 


III. The general case 


6. Let a1, ---+ , a4: be the B-residues of 2, --- , 241 respectively, and let 
ain(= ai), @i2, +++ , Gig be the conjugates of a; over K(i = 1, 2,---, r + 1). 
As before, we denote by R the field K(an, --+ , aig, «++ , Qr4ig +++ , Qrtig): 
By a linear transformation of the coérdinates x, --- , 2,41, with coefficients in 
K, we may arrange matters so that, for each 7, the g conjugate elements ay , 

- , aig be distinct. We write our polynomial f as a polynomial in 2,4; — a,+; : 


f = a(t, +++ , Lr) + a(t, ++ , Xr) (Geer — Orgs) + oes 
+ a,(a, +++ 5 Lr) (Lr41 — Orgs)” = mo +m + eee +,. 


By hypothesis, the coefficients of f are in R. Since a,4; C R, it follows that 
the coefficients of the polynomials a , a , --- , a, are also in R, i.e. in the field 
generated by the B-residues of 2, --- ,z, and by their conjugates. By our 
induction, we therefore may apply the lemma to the product aa; --- a,. We 
have therefore a Cremona transformation from 2, --- , 2, to new variables 
X,,---,X,, where the z’s are polynomials in the X’s, with coefficients in K, 
and such that each polynomial a; assumes the form: 


a;(%,--- ie = Ai... Abw'b(X1, --- , Xe). 


Here A; , --- , Am are polynomials of the form (21) and v(b;) = 0. Moreover, 
if y1, +--+ , yr denote the B-residues of X,, --- , X, and if we denote by 2 the 
field generated by these residues and by their conjugates (over K), then the 
polynomials b; are in O[X,, --- , X+] (since this is true of A, , --- , Am). 

The »v + 1 terms 7; are, to within trivial factors b; (i.e. factors having value 
zero in B), power products of Ai, --- , Am, 2r41 — @r41- The field 2 contains 
the residues a, , --- , a, and their conjugates, since 2, --- , 2, are polynomials 
in X,,--- , X,, with coefficients in K. Hence this field @ also contains the 
B-residue a,+; of 2,41; and its g conjugates, since the g conjugates aj, --- , ag 
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are distinct. Now if we assume that the value of 241 — a4: is rationally 
independent on tT, ++:,Ta(te = v(Ai) = v0(X; — y:)), then we can apply 
Theorem 3 and our lemma follows immediately by the same argument as that 
used in the preceding special case (C II 2). It is only necessary to recall from 
BIII 12 that Ai, --- , Am, %41 — oy: transform under 7 as Xi; — y1,---, 
Xm — Ym, %r41 — O41, provided h is sufficiently high. 


7. If the value of 2,4; — a4: is rationally dependent on 4 a HL t™ , our prob- 
lem will be to achieve a reduction similar to the reduction achieved in the 
preceding special case (CII 4,5). We go back to the original polynomial 
f(t, +++, 2%, 241). We assume first of all, both in the case of the theorem 
and of the lemma, that f(a: , --- , a, X41) is not identically zero. In the case 
of the theorem we write f as a polynomial in 7; — a, --- , 2% — Q@, Lry1 — Arq. 
Let f begin with terms of lowest degree s in these differences. Then without 
loss of generality we may assume that a,+; 1s.an s-fold root of f(a1, +--+ , &, Tr41). 
All these assumptions can be satisfied by applying a preliminary linear trans- 
formation, with coefficients in K, to the elements 2, --- , 2-41. 

In the case of the lemma we decompose f into its irreducible factors in R[z, , 

- , 4;] and for each irreducible factor g; we make the same assumptions as 
we have made above for f in the case of the theorem, namely: if yg; begins with 
terms of lowest degree s; in the differences 7; — a1, ---, 241 — @r41, then 
@r41 is an 8-fold root of gi(a1,---,a@-, %r41). To indicate the fact that ¢; 
begins with terms of lowest degree s; , we shall say that 9; has an s,-fold point at 
the center of the valuation B. Similariy forfands. In the case of the theorem, if 
s = 1, and in the case of the lemma, if all s are zero, there is nothing to prove.” 

For convenience we indicate by ¢ a typical irreducible factor of f. Wewrite 
f—or each ¢ (if we are dealing with the lemma)—as a polynomial in 2,41 — ar41: 


f(or ¢) = (21 , roe » %) + ay(2 , sti » Lr) (p42 ia Or+41) i oe 
+ a,(X1, +++, 2r)(r41 — Ort)”. 


By our induction we may apply the lemma to the product aoa; --- a, , or, if we 
are dealing with the lemma, to the product of all the coefficients a; of all the 
irreducible factors g;. Then f—or each irreducible factor g—assumes the form 
(we replace 241 by 2m41): 


f=mtmt---+m, 
where 
m= b(Xi,--- Xm, Xmia, +: » Xrqa). AGM oe AN (Sry — Or41)'. 
Here A, , --- , Am are polynomials in X,, --- , Xm of type (21), and v(b;) = 0. 





1° In the case of the theorem, if s = 1, the derivative 3f/dz,,, is + 0 at the center of 
B, and hence the center is a simple point ({11], p. 214, Theorem 11). 
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Moreover, the coefficients of 6; and of the A; are in the field Q of the B-residues 
V1) *** y Vm, Ymt2, *** » Yr¢1 Of the X’s. Let v(A;) = 7, v(%ma1 — Qmu) = 
tmsi- We have to assume that rm,, is rationally dependent on 7, --- , Tm. 

The polynomials A; , --- , Am, Zm41 — Qm4i form a normal set for the variables 
Xi, -+:,Xm,2%m4i. We apply Theorem 4 (BIII 15). We shall continue to 
denote the new variables of that theorem by letters X. We have: 


mi = B«X1, +--+, Xm, Xmu,--, Xr4i)Ot"* nae “an, 


where the M;; are given by the relations (32), with u;; instead of u;. The factors 
B now depend on all the r + 1 variables X; , but in view of (58’) and of property 
(d) of Theorem 4, we have 


(70) Biv, «++ 5 Ym, Xmti, Ym2,*** , rai) = const. ¥ 0. 


Let te, ™,-+- ™s be the terms of lowest value. We know that A,,,; has value 
zero and that the values of A; , --- , 4, are rationally independent. Recalling 
what we said in section 12 concerning the behavior of the polynomials A, , -- - , 
Am under a Cremona transformation of type T, and taking into account 
Theorem 3, we conclude that by a Cremona transformation 7 applied by X, , 

, Xm Only, we can force the exponents M ja , Mig, --- , Mjs to become equal, 
for all 7 = 1, 2, --- , m, and to be less than M;; for any 7 such that 7; is not a 
lowest value term. We can do that for all irreducible factors ¢; of f simul- 
taneously, in the case of the lemma. This transformation does not affect the 
exponents Mm41,; and the validity of (70). Suppose that this has already been 
done. Then, if we put Mjez = Mig = --- Mjs = M;, and if we recall the relation 
(35), we find that f(or each ¢) has the following form: 


(71) f(or g) = Att .-- An” F(X1, --- , X+41), 
where 

F = Anti'W(X1, +++, Xry1) + Aide - ++ AmG(X1, «++ , Xr41). 
Here 
(71') W= Bat BAG? +... + BAS? and Mngt = Matic; 
ifd > 0, and 
(71'") v = BAS?! + BAS’ +--+ + Beand May = Mmiis, 


ifd < 0. We continue to denote by 71, --- , Yr41 the B-residues of X1, -- , 
X41, and by @ the field generated by these residues and by their conjugates. 
The coefficients of the A; and of the polynomial F are in. Let 7,4: be a root of 
multiplicity s’ for the polynomial F(y:, --- , Ym, Xm41,Ymt2,°°° »Yr+1). Let 
us assume that s’ < s; we assume that this is so for each irreducible factor ¢, if 
we are dealing with the lemma. 
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We consider first the situation in the case of the theorem. Our Cremona 
transformation from the z’s to the X’s has its coefficients in K. Let Fi(X,, 

. , X41) = 0 be the new (irreducible) equation of the hypersurface (over K). 
The polynomial F has its coefficients in K and must be a factor of Aj‘'A}? . 
AM=F. The polynomials A; depend only on X;, --- , Xm, and these m elements 
of = are algebraically independent, since the values v(X1 — 71), --+ , 0(Xm — Ym) 
are rationally independent. On the other hand Fi(Xi, --- , X41) = 0 in &. 
Consequently, for any i = 1, 2, --- , m, F; and A; can have no common factors in 
Q[X,, --- , Xr4i] (as a matter of fact, F; and A; remain relatively prime even if 
we pass from 2 to the algebraically closed field determined by ). It follows 
that F, is a factor of F. Since F does not vanish identically in X m4; when we put 
X; = yi(i = 1, 2,--- ,m,m+ 2, ---,r +1), the same holds true also for F, . 
On the other hand, since ym4: is a root of multiplicity s’ of F(y,---,ym, 
Xmii,Ymi2,°** »Yr41), F has at most an s’-fold point at the center of B (in the 
space of the X’s). Hence also F; has at most an s’-fold point at the center of B, 
and since s’ < s, we have achieved a reduction. Ultimately, we will get an 
hypersurface for which s = 1, and our main theorem will be proved in the case 
under consideration.” 

Let us now consider the case of the lemma. We observe that A,, --- , Am 
have each a simple point at the center of B; this follows from the expression 
(21) of the A;. Hence our Cremona transformation has the effect of replacing 
each irreducible factor ¢; of f, by a factor F; which has at the center of B (in 


the space of X,, --- , X,41) a multiplicity s; which is less than the multiplicity 
s; of y; at the center of B (in the space of 2, --- , 24:1). In addition, new 
irreducible factors A; appear, but these have each a simple point at the center of 
B(s = 1). If we now apply the same procedure to f, expressed in terms of the 
new variables X,, --- , X,41, and if the reduction (s’ < s) succeeds at each step, 
then it is clear that ultimately f will assume the form (71) and in this F will 
have value zero, which establishes the lemma. 


8. There remains the case in which s’ = s for f, or—in the case of the leomma— 
for at least one irreducible factor g of f. The reasoning given in the special 
case (CII 4) can be repeated here. The equality s’ = s implies a = 0, 





* We add a remark which will be useful to us in the sequel. We know that in the ring 
K[X1, +--+ , X-41] the polynomial f(z, , --- , 2-41) (expressed in terms of the X’s) is 
divisible by Fi(X1, --- , Xr41). We assert that f is not divisible by F? (the z’s as well as 
the X’s are now regarded temporarily as indeterminates). To see this, we observe that 
the prime principal ideal (F:) in the ring K[X, , --- , X,4:] defines in the field K(X1, --- , 
X41) a valuation of rank 1 and of dimension r. In this valuation the value of F; is 1. 
The prime ideal of this valuation in the smaller ring K[z:, --- , 2-41] is (f) (since 
Jf = O(F;) in K[X,, --- , X,4:]). Hence the same valuation is defined by the principal 
ideal (f) in K[z:, --- , 241]. Therefore also the value of f is 1, and this proves our asser- 
tion. Thus we may write the following identity (the z’s and the X’s being indeterminates 
related by our Cremona transformation): f(21, +++, 241) = Fi(X1,-°°* , Xr41)- 
H(X,, +++, X+41), where H # 0(F;). 
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8 = 1,---,6 = 8, and we conclude, as before, that v(2,41 — ar41) = v(a,-1)." 
But at this stage there is a new complication. We can of course find a constant 
cin K* such that 


(72) “(28a ee :) > 0. 

Qs—1 
The transformation used in C II 5 was the following: 2,4; — ca,_; = x{2, , from 
which it would now follow that v(x), — ary) > v(2r41 — ays). But now this 
transformation cannot be used, since its coefficients are not in K. To overcome 
this difficulty, we proceed as follows, 

We first observe that the coefficients of a,_; are in the field R. We assert 
that also the constant cisin R. This is a consequence of our hypothesis s’ = s, 
and is shown as follows. 

We divide the polynomial f (or g) by aj1a,. Since v(a.-1) = (241 — 41), 
we have: v(aj_1@s) = v(ds- (241 — @r41)*) = v(m,), whence v(aj_,a,) = v(x.) = 
v(ms-1) = +++ = v(m). Hence the quotients m/a;_,a,,--- , 7s/a;1a@, have 
value zero, while the quotients 7;/a}_,a, , i > s, have positive values. On the 
other hand, the B-residue of f/a;_.a, , in the case of the theorem, and the B-resi- 
due of g/a’_ia,, in the case of the lemma, in zero.” Therefore, if we replace in 
f/a,_1a, (or in g/as_1a,) each term 7;/a;1a, by its B-residue, and if we observe 


that B(x;/aj_,a,) = B( ha (= be st) ) = cB “-), where c is the 
As—14s As—1 A,—14s 


B-residue of Ha according to (72), we conclude that c satisfies the 
s—l1 





equation: 

(73) d+de+---+d40' +c = 0, 
where 

(74) d; = B(a;/a‘=ja,), 

We have 





T. _ a; sy ( st 
Ts (X44 i Otr41)** As asi Qs \%r41 — Or+1 


whence, if we put 





*1We return to the original notation: z,,:, instead of 2m4:. The polynomials 
41, +++, d are the coefficients of f or—in the case of the lemma—of that irreducible factor 
¢ for which there is no reduction of s. 

* This is obvious in the case of the theorem, since in that case f = 0. In the case of 
the lemma, our assertion follows from the hypothesis that there was no reduction of the 
multiplicity s. This hypothesis implies at any rate that the polynomial F in (71) has 
positive value in B, i.e. v(F) > 0. Since v(a! --- AMm) = v(xq) = v(mg) = --- = v(m), 
it follows that v(g/ra) > 0. In the present case we have rq = mo and v(m) = v(a*_, as). 
Hence v(y/as_, as) > 0, i.e. B(g/at_,as) = 0. 
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(75) d; = B(x; /m.), i=0,1,---,8, 
then 

(75’) d; = d;-c"", t=0,1,---,8;d, = 1. 


On the other hand, from our hypothesis that the B-residue 7,4: of X41 is an 
s-fold root of the polynomial ¥(y1, --- , Yr , Xr41) (see (71’) and (71”’)), follows 
that if tis an indeterminate, then the polynomial dotdtt+t---+dait +0 
is a perfect s‘ power. Namely, 





do + htt... tae +e=(- : : 


Yrt+i 
Hence, by (75’), also the polynomial dy + dit + --- + d,t’* + t is a perfect 
s*” power, i.e., by (73), 


dt+dt+---+duat”' +¢ = (t—o)’. 


Consequently, 
c= = ie., by (74), fort = s —1, 
---19(0), 
8 as 
and since v(a,) = 0, whence a,(a1,---,a-) # 0, we conclude that c = 
1 


a —___—., and thereforec C R. This proves our assertion. 
$+ds(a1, a a a,) 


Now that we have recognized that the coefficients of the polynomial 
C-@s_1(%1, «++ , %,) are in the field R, we may apply Lemma 1 (B III 10), where 
we put A; = 1 and where we take for B,, --- , B, the polynomial c-a,1 and 
its conjugates over K. There exists then a polynomial H(x, --- , 2,) in 
K[z1,---,2,], such that H — c-a,., written as a polynomial in 2 — a, 
z, — a,, begins with terms of degree = py. If we now take po sufficiently 
high, then we will have: v(H — cas4) > v(@r41 — Qr41 — COs-1). If we put 


(76) Tr41 Sz at + H (a ety. 2) es 

then o(2{2) — Or41) = V(Xr41 — H — ayy) 2 min. {v(2-41 — Opp — CMs-1), 
v(H —_ C-As-1)} = V(tr44 — 4) — CAs-1) > V(r44 —_ Qr41), i.e. 

(76’) V(r + Orga) > V(Gr41 — Ori) = 0(H). 


Thus we have the transformation (76) whose coefficients are in K and, in view 
of (76’) this transformation plays the same role as the transformation (67) in 
the special case. Moreover, by (76’), the B-residue of x{2; is the same as that 
of 2,41 , whence the field R remains the same. Finally, the integer s is obviously 
unaltered by the transformation (76). The rest of the proof is now the same 
in CII 5. 
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IV. Valuation of arbitrary rank and dimension 


9. We assume that the uniformization theorem U; has already been proved 
for zero-dimensional valuations of rank ¢. We proceed to prove the theorem, 
first for valuations of rank o and of any dimension, and then for zero-dimen- 
sional valuations of rank « + 1. This will complete the proof of the general 
uniformization theorem Us. . 

Let B be an s-dimensional valuation of rank c, and let V be a given pro- 
jective model of 2. Let (&, --- , &) be the general point of V and let » = 
K[é, --- , &:]. We may assume that o belongs to the valuation ring 8 of B. 
The center of B on V is a subvariety W of dimension s’ S s, given by a prime 
s’-dimensional ideal p in 9. Of the elements &, --- , &, s’ and only s’, say 
f,--+, &, are algebraically independent mod », and their B-residues are 
algebraically independent elements of the residue field of B. Suppose that 
s’ < s. We can choose in 2 s — s’ elements 7, --- , mss’, such that the 
B-residues of & , +--+ , &, m, +++ , mss’ be algebraically independent (over K). 
Let V’ be the projective model of = whose general point is (1, --- , &n, m, - 
mss’), and let o’ = K[éi,---, &., m, +--+, ms]. The ring o’ is contained in 
the valuation ring of B. The center W’ of B on V’ is exactly of dimension s, 
since 0’ contains s elements whose B-residues are algebraically independent. 
The quotient ring Q(W’) contains Q(W), since 0 is a subring of 0’. Hence it 
is sufficient to prove the uniformization theorem for B and V’. We may 
therefore assume that the center W of B on the original variety V is of 
dimension s. 

Let the s &s whose B-residues are algebraically independent over K be 
f&,---,&. We take as new ground field the field A = K(&,--- , &). Over 
this new ground field the general point (& , --- , &,) defines an (r — s)-dimen- 
sional variety V*. The valuation B is now zero-dimensional, of rank ¢. Its 
origin on V* is a point P*, and we have: Q(P*) = Q(W) ({(11], p. 219). By our 
induction, there exists a projective model V+ of the field 2/A on which the origin 
of Bis a simple point Py , such that Q(P?) 2 Q(P*). Let (m, --- , nm) be the 
general point of Vi. We may assume that the y’s belong to the valuation ring 
of B. Let V; be the projective model of 2/K whose general point is (£1, --- , & , 
m, «++, Nm), and let W; be the center of Bon V;. We have: Q(W:) = Q(P?), 
and W, is a simple subvariety of V; ({11], p. 219-220). Since Q(W:1) 2 Q(P*) = 
Q(W), the proof in the present case is complete. 


10. Let now B be a zero-dimensional valuation of rank o + 1, and let V be 
the given projective model of =/K. The valuation B is composite with a 
valuation B,, of rank o and of a certain dimension s. Let P and W be the 
centers on V of B and B, respectively. Let &,---, & be the general point 
of V and let 0 = K[é&, --- , &n], where we assume that the é’s belong to the 
valuation ring of B. 

Let, by the preceding proof, V’ be a projective model of 2/K on which the 
center of B, is a simple subvariety W’ such that Q(W’) 2 Q(W), and let 
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m, +++ 5m be the general point of V’. Again we may assume that the 7’s 
belong to the valuation ring of B (note that the quotient ring Q(W’) is invariant 
under projective transformations of the coérdinates »;). A fortiori, the n; will 
belong to the valuation ring of B:. We consider the projective model V of =/K 
whose general point is (1, --- , 2, m,°::,%m)- Theringd = K[fi,---,&, 
m, °** 5 Nml is the join of the two rings 0 = K[&, --- , nl, 0° = K[m, --- , nm. 
Since 0 © Q(W) | Q(W’) and since 0’ & Q(W’), it follows that 5 ¢ Q(W’). 
On the other hand 0’ © 5. From this it follows that if W is the center of B, 
on V, then Q(W) = Q(W’), (and hence W is a simple subvariety of V). Since 
0 © 5, and since the center P of B on W is a point at finite distance, it follows 
that Q(P) [Q(P). It is therefore permissible to replace in the proof the variety V 
by the variety V. We may therefore suppose that the center W of B, , on the original 
variety V, ts simple. 


11. Let p be the dimension of W. We choose in 0(= K[é&, --- , &n]) a set 
of r + 1 elements m, --- , 41, such that: (a) o is integrally dependent on 
K[m,--- , ml; (b) 7411s a primitive element of 2 with respect to K(m, --- , n-): 
(c) mp4, -°* » 2 are uniformizing parameters of the simple‘subvariety W; (d) if 
p is the prime ideal of W in 0 and if F(m, --- , 7-41) = 0 is the irreducible rela- 
tion between m,---, 41, then F,,,, # O(p) ({11], p. 214). Let V’ be the 
hypersurface F(m, --- , mr41) = 0, and let W’ and P’ be the centers of B,, 
B respectively, on V’. Exactly asin A IV it is shown that it is sufficient to prove 
the uniformization theorem for V’ and B. 

The prime ideal p’ of W’ in K[m, ---, m4] is such that pM K[m, ---, m4] = 
p’. From (d) it follows that F,,,, 4 0(p’), whence W’ is a simple subvariety 
of V’. Hence we may assume that our original V is an hypersurface 


f(&, tile » & , &r41) _ 0, 


that £11, ---, are uniformizing parameters of W, and that f:,,, 4 0(p), 
where p is the prime (p-dimensional) ideal of W in K[é, --- , &4:]. Moreover, 
£41 is integrally dependent on é, --- , é-. 


12. The ideal p is p-dimensional. Since & = 0(p), i = p + 1,---,7, and 
since £4: is integrally dependent on K[é, --- , &], it follows that &, --- , & 
are algebraically independent mod p. Let g(é, --- , &, £41) = O(p) be the 
irreducible congruence which £,, --- , &, , 4: satisfy mod p. Since f(é, ---, 
£141) = S(& ee Te f,, 0, ee , 0, £41) (mod p); the polynomial f(é, oni Ep, 
0, -:- , 0, 41) is divisible by g(f,---,&, &41). It is not divisible by 9’, 
since f:,,, # O(p). Let therefore 


f(&, Hide » €, 0, aa , 9, £41) 
= g(& , -+- 1 &, §r41)-9(&1 , o-+ 5 &, £41), g # (9). 


If then x, --- , 2,4; are indeterminates, then we have identically: 


(77) 
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fla, pi » r41) am g(x , ~~ » 2p, Lr41)-9(%1, +e gps Tr41) 


(78) 
+ QXp41 + +++ + Op ,2, 


where a; C K[ai, --+ , 2ryal. 

The valuation B; , with which B is composite, is of rank ¢. Hence B defines 
in the residue field of B, a zero-dimensional valuation of rank 1. Since p is the 
prime ideal of B, in K[é, --- , &4+:], the B-residues of &, --- , &), $4: are the 
residues of these elements mod p. Let &,---,£&,, £4: be these residues. 
We consider the ring 5 = K[é, --- , —,, £41] and its quotient field 5. This 
field is of degree of transcendency p over K, and the hypersurface 


(79) g(a »>*** Up, Tr41) = 0. 

is a projective model of =. The general point of this hypersurface is (&, -- - , 
~,, §41). The field = is contained in the residue field of B,. Hence the 
original zero-dimensional valuation B of = induces a zero-dimensional, rank 1, 
valuation B of =. By our main theorem, there exists a Cremona transformation 
(80) ri = Pilly, -++ Yo s Yrs); += 1,2,---,p,7r+1, 
where P; C K[yi, --- , ¥p, Yr4il, by which the hypersurface (79) is transformed 
into an hypersurface 

(81) Gy »°°' Yo, Yr) = 0, 


on which the center of B is at a simple point. Moreover, the codrdinates 
fh, +++ 5%», firs: Of the general point of (81) are in the valuation ring of B. 
The B-residues a1, --- , a@,, Orsi Of 1, --+ , Mp, fr41 are the codrdinates of the 
center of B on the hypersurface (81). Since the center is a simple point, we 
may assume that 


(82) Gps (0n *** tips Or41) ~ 0. 


The polynomial g(x, --- ,Z,, 241), expressed in terms of y1,--- ,Yp, Yrtis 
assumes the form 


hers G(m , "++ 5 Yo, Yr) Am , “++ Yo, Yr+t); 
where (see footnote”), 
(83) H # 0(G). 


If we now put (2 ytttyXpy Tr41) = v(Y »*** Yo, Yr+1) and a;(21 oe ei » Xr41) - 
Aili, +++, Yo, Lott, +++» 2ry Yrsi), the identity (78) assumes the following 


form: 


(84) f(a gee ey Lr41) = GHy + AjXp41 + -++ + Apotr. 


If we replace in (80) the indeterminates 2, ---,2,, 241 by the elements 
fi, +++, &,, &41 of the field 2, we have to replace the indeterminates y: , --- , 


Yo, Yra1 by well-defined elements m,---, 7», 41 Of the field 2, such that: 
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&; = Pilm,--- 9, mai). The By-residues of the n’s are the coédrdinates 
i, -°*+5 fo, fr4i Of the general point of the hypersurface (81). In view of 
(83), it follows that the Bi-residue of H(m,---,%., mr+1) is # 0, whence 
ve, (H(m,--+, >, tr+i)) = 0. Similarly, since ¢ # Og) (see (77)), also 
VB, (9( ki Qo £, ) £,41)) sad Ve, (¥(m »9*** 9 Nps Nr+1) = 0. Hence ve,(Hy) = 0. 
Since £41, ---, € are the uniformizing parameters of the center W of B, on 
the hypersurface f = 0, their values in B, are positive. Since B is composite 
with B, , it follows that if we put 


(85) nm = &/Hy, t~=p+l1,---,7, 


then noi1,--+ , Nr have positive values in B. We have now r + 1 elements of 
=:m,--:,m41- The elements &, --- , 41: are polynomials in the n’s, with 
coefficients in K. We have namely: & = Pi(m, +--+, 7), mr41),7 = 1,2,---, 
p,r + 1, and & = A(m,--- 520, mr)-¥(m,-++ 5 20, tr) m,t = p +1, 
.,r. The hypersurface f(&,--- , &41) = 0 is now transformed into an 
hypersurface F(m , --- , mr41) = 0, where, in view of (84) and (85): 


(86) F = G(m , oe 9 ee Nr+1) + Byno+1 + des fs + B,— ptr . 


The B-residues of the n’s are: B(ni) = Bai) = a, i = 1, 2,---,p,r +1; 
Bin) = 0,i = p +1,---,7r. The point Py (a, ---,a,, 0, ---,0, ass) is 
the center P* of B on the hypersurface F = 0 (or, more precisely: the center P* 
consists of that point Py and of its conjugates over K). From the form (86) 


of F it follows immediately, in view of (82), that P* is a simple point. 

If P is the center of B on the original hypersurface f = 0, the quotient ring 
of P is a subring of the quotient ring of P*, since &, --- , &4: are polynomials 
in m,-°-:,%41- This completes the proof of the uniformization theorem. 
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